PREFACE 


Welcome to UDAAN- a program to give wings to the girl students! 


The UDAAN programme has been initiated with the primary objective of increasing the 
enrollment of girl students in leading engineering institutions. The program is designed to 
provide a platform to deserving girls who aspire to pursue higher education in engineering and 
assist them in preparing for the entrance examinations. 


The study material covers the syllabus of the Joint Entrance Examinations. It has been designed 
to ensure that it is easy to understand. The progression of the content moves from simpler to 
complex concepts as the Unit/Chapter proceeds. Each topic and subtopic 1s followed by some 
practice questions for you to attempt. Answers to these questions are given at the end. In case 
you have difficulty in solving any of them, please email us at udaanhelpdesk2017@gmail.com 
or contact at 011-23231070. 


Best of luck and happy learning! 


Chairperson, CBSE 


INDEX 


Unit No. Topic Page No. 
Unit—6 Gravitation 01 
Unit—7 Properties of Solids and Liquids 145 
Unit—8 Thermodynamics 333 
Unit—9 Kinetic Theory of Gases 436 


Unit—10 Oscillations and Waves 538 


UDOON 


A program to give wings to girl students 


UNIT-6 : GRAVITATION 


Learning Objectives 

After going through this unit, you would be able to understand, appreciate and apply the following concepts: 
e — Newton’s law or universal law of gravitation. 

° Gravitational field, field intensity and potential energy. 

° Acceleration due to gravity (g), its variation with height and depth, for earth. 

° Kepler’s laws of plantary motion. 

° Escape velocity. 

° Satellites; orbital velocity, height, period and energy of satellite in orbit. 


° Geostationary satellites. 
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GRAVITATION 


Introduction 


The force between material objects is called gravitational force. It is caused by the mass of the objects. 
Gravitational force (or gravity) is one of four fundamental forces is nature which makes the universe exist as 
we know now. 


Newton’s Law of Gravitation 


The law of gravitation was discovered by Sir Issac Newton, a british mathematician, in the year 1665. 
Newton’s law states that every body in this universe attracts every other body with a force which is directly 
proportional to the product of the masses of the two bodies and inversely proportional to the square of the 
distance between their centres. 


According to this law, ifm, and m, are two point masses sepearted by a distance ofr, then the gravitational 
force between them will have magnitude ‘F’ given as: 


mm 


1 2 
F c — ~ 
r 
Gmm, 
or paan 
r 


Here, the proportionality constant ‘G’ is called the universal gravitational constant. The value of G is 
determined by the British scientist Henry Cavendish in 1798 and it is equal to 6.67x10"! N-m’Kg”. The 
dimensions of G are [M'L?T~]. 


The value of G is a universal constant which has same value every where irrespective of time, space and 
physical or chemical conditions. G is a scalar quantity. Because G is a universal constant, Newton’s law of 
gravitation is also called universal law of gravittation. 


Characterstics of Gravitational Force 

1. It obeys Newton’s third law of motion. 

2 Gravitational force is always attractive. 

3. Gravitational force between two bodies does not depend on the presence ofa third body. 
4 


It is a central force (This means that the line of action of the gravitational force pass through the 
centres of centre of gravity ofthe two bodies). 


5. Beng central force, gravitational force doesnot produce any torque. Hence the angular momentum 
(L) of the two attracting bodies will remain as a constant. Therefore gravitational forces do not cause 
any change in angular momentum (L). 
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6. Itis conservative in nature. That is the work done by or gainst gravitational force does not depend on 
the path followed. 


7.  Itis the weakest force in nature. Gravitational force is approximately 10°* times weaker than strong 
nuclear force and 10°° times weaker than electrostatic force. 


8. Gravitational force does not depend on the intervening medium, where as electric and magnetic 
forces depend on the medium. 


9. Gravitational force cannot be shielded. 
10. It obeys inverse square law. 
11. It obeys principles of superposition. 


12. Itisalong range force, which extend, theoretically, up to infinity. 


Newton’s Law of Gravitation in Vector Form 


F, = Gravitational on man m, due to m,. Let r, and r, be position vector 
of mass m, and m, respectively as shown in Fig. r, is position vector of 
mass m, w.r.t. mass m.. 


2 


Then, F,, = -| Sa | r; 
r 


Similarly, F, = Gravitational force on mass m, due to mass m, 


Gmm, 
=- -z | Fi 
r’ 


Obvisouly r,, =—r,,; therefore F,,=—F,, 





Superposition Principle for Gravitational Attraction 


Since gravitational force is always attractive, it is comparitively easier to find the resultant force on one 
body due to several other bodies. Suppose there are several bodies of masses m,, m,, m, etc. stituated at 
specific locations defined by position vector r,, r,, r, etc. 


The resultant force on m, due to all other masses can then be obtained as: 


where F, is resultant force on m, 
F „is gravitational attraction on m, by m, 


F, is gravitation] attraction on m, by m, and so an. 
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Also, F = 5 | + — > Wig mi? seas 
Ty 13 





N m. 
ATi 


Example-1: 


Two heavy bodies of200 kg and 500 kg are seperated by a distance of 10m. What is gravitational force 
between then? 


Solution: 

Given: m, =200 Kg 
m, = 500 Kg 
r=10m 


G = 6.67x10 " N-m’ Kg” 





-11 
F- Gmm, _ 6.67x10 x200x 500 -667x10 N 


r’ (10) 


(Please note that this force is negligible in magnitude, even though the masses are heavey. Our feeling that 
they are heavy is because of their weight which is none other than the gravitational attraction on then by 
earth). 


Example-2: 


Earth, considered spherical in shape, has a radius of 6400 Km. Its mass is 6.0x 10% Kg. A body of mass 
50 Kg is situated on the surface of earth. What is the gravitational force on the body due to earth? 


Solution: 
The figure represents the situation given inthe question. The distance between the centres of earth and the 
body =R. 
r=R=6400x10° m 
m =m=50 Kg 
m, = M = 6x10* Kg 


Gmm 

— 1 2 

Now, F = —= 
r 
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Gmm 





E 6.67x10!!x50x6x10” 
(6400x10° ) 


_ 6.67%3 495 
64 x 64 





= 488.5 N 


(Note that this attractive force on 50 Kg is practically large and it is directed towards the centre of earth. 
This is called the weight ofthe body. We all feel this gravitational attraction or ‘weight’ which enables us to 
walk and move on the surface of the earth). 


Example-3: 

Calculate the gravitational force between a proton and electron separated by a distance of 1 femtometer. 
Given mass of proton = 1.67x10°’ Kg 

Mass of electron = 9.1x107' Kg 


and 1 femtometer = 10°? m 


Solution: 
p- Gmm, 
r’ 


— 6.67x10" x1.67x107” x9.1«10™ 
7 5 
(10) 
= 101.36399x10° N 
= 1.01x10°"N 


(Note that this force is extremely negligible. In comparision, the electrostatic force between the same 
proton and electron 1s: 


l l l 
F, = — dh [——=9x10° SI units 
Ane r ATE, 
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— 9x10" x1.6«10-" x1.6x10™ 
E (10 j q, = + 1.6x10"? Coulumb 


= 23.04x10 q, =— 1.610 Coulumb] 
= 230.4 N (Attractive) 


This is very large compared to the gravitational force between them). 


Example—4: 


Three identical particles, each of mass ‘m’, are placed at the vertices of an equilateral triangle of side ‘a’. 
Find the gravitational force exerted by this system on an identical particle, of mass m placed at (1) the mid- 
point of one side of the triangle and (11) the centroid of the triangle. 


Solution: 


(1) 


(il) 


Figure represents the position of the fourth particle at D. It is clear that A 
two forces on m at D; due to mass at B and C, are equal and opposite. 
So they cancel out. 


<. The third force, directed from D to A is the resultant force on m at 
D. 








 Gmxm Gm’ 4 Gm’ 
3 


F =——.- = = 
(AD) 3 a | a” se m 


A m p B 


When the fourth particle is placed at the centroid O, the three forces on the mass m at O due to the 
other three have equal magnitude of F each. The angle between any two of these forces is 120°. 
Therefore the third force (1.e. along OA) will become the equilibrant of the other two. Hence the net 
force would be zero. 


Example-5: 


Two variable masses m, and m, are placed at a variable distance r from each other. Plot graphs showing 
the variation of the gravitational force (F) between then with: 


(i) product of the masses (m, m) 
(i) r 
Solution: 
We have, F = a 
r 
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or F xc mm, 
l 
and F œ — 
r 
(1) 
(r = constant) 
F 
O m,m, ——> 
i) 
m m, = constant 
F 








O r 
Gravitational Field at a Point 


_ mm, . SODE 
From Newton’s law of gravitation, F = ae , It follows that the magnitude of gravitational force becomes 
r 


zero, only when r +. But, as the distance increases to large value, F becomes negligible. Hence, 
practically the force F is pexperiened up to a limited distance. 


The region around a body in which the gravitational attractive force of it can be experienced by other 
bodies 1s called its gravitational field (or field region). 


It is a three dimensional space around a body (or source mass). At different points of this field region the 
strength ofthe force experienced by another body / mass will be different. 


In order to predict how much force would a body or mass experience when placed at a particular point in 
the field region of a source mass, it would be convenient if we instroduce a physcial concept called 
‘gravitational field intensity’ at a point. 
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Gravitational field intensity (I) at a point, near a source mass, is the force experienced by a unit ‘test’ mass 
placed at that point. 


, F , 
Le. I = — [m, = test mass, F = Force experienced by the test mass] 
M 
Consider a point P in the field around a source mass ‘m’. Let OP = P 
r be the distance of P from the centre ofthe source mass. © a D a aeee a E la x 
r m, 


Let us place a test mass m, at P. The gravitational force (attraction) O 
on this test mass m, due to mis: 


_Gmm, 


2 
r 


F 





By definition, [ = a 








Mo 
Gm 
I= 
r’ 
In vector farm, F = -( Sa Jr 
r 





1=-(S)r 
r 


The negative sign indicates that I is opposite to r measured from O to P. The unit of lis N Kg‘ or ms”. So 
I is infact an acceleration. Ifm, is allowed to move under the influence of F, it will accelerate towards the 


; F , 
source mass m, with a = I = — acceleration. 
Mo 
The net intensity of gravitational field I at any point P due to point masses m,, m,,..... Ma- My located at r,,, 
Pye PETR o is vector sum of intensity at P due to each point mass as if it was present alone. Let I be 
intensity at P due to mass m, then 


— 

| 
Mz 
Tag 


aw 
[l 
— 


Gravitational Potential at a Point 


Gravitational potential (V) at a point, in the gravitational field of a source mass, is defined as the work 
done, by an external agent, per unit mass, in briging a test mass from infinity (where F = 0) to that point. 
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If W is the work done, in bringing a test mass m, from infinity to the given point, then the potential at that 
point 1s: 


The S.I unit of V is J kg” 
Gravitational potential 1s a scalar quantity, while force and intensity of gravitational field are vector quantities. 


Gravitational potential at a point due to a point mass m is given by the formula: 


mc 
r 


V= 
(The negative sign for V shows that the force involved is attractive). 


Gravitational Potential Energy (U) 


Suppose we move a body of mass m, from r =oo to a point P where distance of P, from a source mass of 
m, is r. The work done for this 1s: 


r Gmm 
W= | —— dx 
J x e : P 
op w- 8mm, 
r 


As the mass m, is stationary at P, this work done gets stored with the mass m,. Thus W becomes the 
potential energy ofm, at P. This potential energy (U) ofm, is obviously due to m. 


Thus, we write: 


Gmm 
W=U=- ` 
r 
-Gm mai . 
But, = —— = V „the gravitational potential 
r 
U=Vm, 
or Potential energy = Potential x mass 


Since gravitational force is only attractive, the potential energy is always negative. The maximum value of 
gravitational potential energy (and thus potential) is zero (at r =oo fromthe source mass). 


10 
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When we move m, away from m, the potential energy of m, will increase. 


Relation between Gravitational Field and Potential 
A mass m, is moved from point A to a near by point B. 
Let AB = Ax. Since Ax 1s very small, the force on m, due to m is almost a constant, from A to B. 


Therefore, the work done in moving m, from A to B is: 


AW =FAx = : Ax 
—— eee — — @- — = m 
Now, the potential difference from A to B 1s: (+) B A 
V, -V, =-AV (V, <V,) 
AW 
But -AV = — 
mo 
l -AV=—.Ax 
Mo 
or —AV = 1.Ax 
Hence I = — 
Ax 


We can also write: 


1= u -) 
Ax>0 Ax 


mo 
dx 


or i 


Le. Field intensity =—ve potential gradient 


G 
[Note that the formuli for U and F namely U = — aa and F = MM leads us to the conclusion that 
r 


2 
r 





U and F are related as: F = oe ]. 


dr 
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Gravitational Field and Potential due to a Thin Spherical Shell 


Case—I: For a shell of mass M, point inside the shell, the field intensity 
will be zero as all the forces cancel out. (Don’t be confused with 
shielding — this is not shielding). 


<. [=0, inside the shell. 
Case—II: For point just on outer surface of the shell, at r = R, the field 
is Maximum. 


GM 
max = R? 





Case-II: Point outside shel; 1.e. r > R, I decreases inversely as square 
ofr, as shown in the graph (I-r graph). 


For any point on the shell or inside it, the gravitational potential will 
remain as constant and itis: 


Pa 
R 
For points outside the sphere, r> R, V = mack! 
r 





For r >R, V will vary inversely as r, as shown in the V —r graph. 
For a point on surface or outside; the entire mass of shell can be 
considered as concentrated at its center. This is not so for points inside shell. 
Gravitational Field and Potential due to a Uniform Solid Sphere 
Case—I: Point outside sphere. 


At point A (r > R), the gravitational field due to the solid sphere 1s: 





GM 
L =— (-r) 
r 
or J, = ov , along AO. 





2 
r 





The gravitational potential at this point is: 


ae 
r 


V= (r>R) 
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Case—II: Point on the surface of sphere 


For point B (r = R), just on the surface, 


GM 
I, = RZ (along BO) 
GM 
and V,= R (r = R) 


Case—III: Point Inside Sphere 
For any point C inside the sphere (r < R) 








GM /( r 
aay R (I o rforr<R) 
and V.= a (3R -r ) 


At the centre of this solid sphere: 
[,=O 


3 GM 
me OTR 


The graphical variation of I and V withr is shown in figure below. 


| l 
: l 
| l 
l 
-T + 2 l r —> 
I 
l O; l 
l 
l V oe 
T 
l 
l $ 
vi l 
l -GM 
I R 
' -3GM | 
-T4 | 4 2R | -p 
l l 
i l 
| la 
' . i 
l l 
' A 
l al n 
(inside) (outside) 
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For points outside or on surface the sphere behaves as if its entire mass is concentrated at its center. 


Gravitational Field and Potential due to a Circular Ring 





Gravitational field intensity at a point distance r on the axis of this ring 1s: 
I GMr 
= ¥% along PO 
i (r +R? j j 
The gravitational potential at point P is: 


M 
Veo 


i Vr +R? 
At the centre of the ring, where r = 0, 


I,=O 


R 
The value of I on the axis of the circular ring is maximum at r = E and this maximum value of I is: 


GM 


max 


The variation of I with r along the axis of a ring is show below. 
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Example—6: 


Three masses are placed in configuration as shown below. Find the total gravitational potential energy of 
the configuration. What is the binding energy of this system? 





(0, 0) 


m,= lkg he (0, 4m) 


Solution: 


Here, r,,=4mandr, =r,,=3m 


=r, =V4?+3? =5m 


r 32 


23 
m, = | Kg, m, = 2 Kg and m, = 2 Kg 


The gravitational poential energy ofthe system is: 


y- Smm, , Gmm,, Omm, 


r 


23 r 


Ty 31 








4 5 3 


= —6.67 x10"! - 
30 
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= —1.31x10 J 
The binding energy of the system is: 


B.E= - (U) 
= — (—1.31x10™ J) 
= ].31x10 "J 
Example—7: 


The radius of the earth is 6.37<10°m, its mean density is 5.5x10° Kgm”> and G = 6.67x10 " Nm’ Kg”. 
Calculate the gravitational potential at: 


(1) the surface of the earth. 
(i) adepthof = 


(i) the centre ofthe earth 
Solution: 


(1) For the surface, 


V __ OM_ es 
R R 3 
=——nGR°p 


= -5%3.14%6.67%10" x (6.37x10° ) x 5.5x10° 
= 6.23510’ J Kg"! 


(i) Atadepthof > 


_ GM 
2R? 


___GM 3p2_ Ro 
2xR? 4 


V= 





(3R? -r° ) 
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Sau ou R? 


 2xR? 4 





11 GM 


= ER 


= -x 6.23510’ 


=—8.57x107 J Kg" 


(m) At the centre, 


3 GM 


2 R 


~ 3 6.235107 
2 
=~9.35x10’ J Kg! 


Gravity and Acceleration due to Gravity of Earth 


Gravity is the property of heavenly bodies by virtue of which they attract other bodies towards their centre. 
Acceleration due to gravity is the acceleration produced for a body when it falls freely under the gravity 
alone. 


This acceleration is denoted by ‘g’. It is a vector quantity with unit ms” and it is directed towards the 
centre ofthe earth, in case of earth. 


It is common knowledge that the weight (W) of a body of mass m, near the earth’s surface, 1s: 
W=mg (where g = 9.8 ms ”) 
Also we know that weight 1s the force with which earth attracts a body towards its centre due to gravity. 


From Newton’s law of gravitation, this attractive force 1s: 


F=W-— > 





where M 1s the mass ofthe earth and R in tts radius. 


G Mm 
R? 





Therefore, mg = 
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Gm 
a= R? 





or 


This formula is true when the body is very near to earth’s surface. But this formula is applicable to any 


celestrial body. 


m 
For a body of mass m on the surface of the earth, the mass M of earth can 


be assumed concentrated at its centre O. Therefore, the gravitation force 


GMm R 


on m by earth is F =. 








M 
Now, the gravitational field intensity (I) at the point, where m is situated, 1s: ° n 
eart 
m R 


Therefore, we conclude that the gravitational field intensity (I) 1s same as the acceleration due to gravity (g) 
at the same point. 


or l=g 


Hence, here onwards we use ‘g’ instead of I. 


Acceleration due to gravity of earth can be written in terms of the mean density (p) of the earth as: 


GM 
8 = R? 


G(4 
els") 


4 
—-—7TR9G 
3 P 





For a point which is at a distance ofh from the surface of the earth, the value of g is given as: 


GM 
(R +h) 


Variation of g with Attitude 


On the surface of the earth we use the notation g for acceleration due to gravity. For any other position we 
use g' for it. Consider a point which is at an attitude ofh above the surface. A body of mass m is placed 


18 


here. The force of gravity on m, due to earth is: 





Fe G u 
r 
, GMm 
or 7 (R jet y ( W' = weight at height h) 
But W'=mg' ( g'=acceleration due to gravity at height h) 
— GM 
(R+h y 


Thus we see that g' decreases as h increases. 


Case—I: When his large or comparable with R, we use the formula: 


GM 
(R +h) 


' 


D = 


Case—II: When h is small (h << R), then: 


h =, 
'=g| l+— 
or g e( =| 


; 2h 
8 =8 [ z >| (neglicting higher powers) 


(This formula is used when h is very small i.e. only up to few kilometers). 


l 2h 
From the formula: 8 = 8 ( a >| 


Seip 
g-g'=85 
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m 


h 
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2h 
or e=e( 2) 


or 7” 


2h 
(i.e. fractional change in g = a ) 


<. % ge change in g is: 
AS 100% = any 100% 
g R 


Variation of g with Depth 


On the surface of the earth, 


GM 





g 


4 
or = ae 


M 
Here p = Z is the mean density ofthe earth. 
3 nR’ 





Now, at a depth d from the surface, 

F = net gravitational force on mass m at point P = F +F, 

F, = Force on m due to solid sphere of radius (R—d) (The mass m lies on the surface of this part of eath) 
F = Force on m due to the remaining part of earth. (mass m lies inside this shell and so F,=O) 

GM'm 

R-0) 





F=F = W'=mg'= 


M' = Mass of sphere of radius (R — d) = =(R — d) p 


g'=>nG(R—d)p 
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From (1) and (2): 
d 
= 1 -o 
5 e| 4 
d 
Here, % change in g = “a 100% 
(Note that at the centre of the earth, 8 =0 or w' =0. Hence weight of body is zero at the centre of the 


earth. But mass remains as m) 


The graph of g vs r (r = distance from the centre of earth is shown below. 


Variation of g with Latituc 





Due to rotation of the earth around O r —> alucof‘g’ varies shightly with 
change in latitude angle (A) . The variation is given by the formula: 
g'=g-Ro@ cosà (g=mean value) 
At equator, à = 0 
Betor = 8 — Rov’ 
At poles, 4, = 90° 
Spole 7 8 


(This shows that g at equator is slightly less than g at the poles). 


we obtain: 





GM 
From the formula: g = R2” 
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Therefore, when R increates, keeping M constant, g decreases and when M increases, keeping R constant, 
g increases. 


Gravitational Potential and Potential Energy due to Earth 
Assuming earth is solid sphere of radius R and mean density p ; M = EaR’ p = Mass ofearth. 


The gravitational potential (V) at a point due to earth will, therefore, be the same as that due to a solid 
sphere. 


. M 
Hence, on its surface, V = mci 


At a height h above the surface, 


E GM 
R+h 





_ GM 
r 


or V= (r =R + his the distance from the centre of the earth) 


The potential energy of body of mass m, on the surface of the earth is defined as the work done, is bringing 
this mass m from r = tor = R, without accelerating it. 


R 
~, Potential energy, U = | dW 





r=R 
GMm 
or Us Í dr 
GMm 
U =——— 
or R 


U ofm at height h above the surface is: 


E GMm 
(R+h) 





7 GMm 
r 





or U= (r=R+h) 


Change in Potential Energy, when h is Small 


Suppose a body be moved from the surface of earth to a height h above the surface (h << R). 
22 
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We have to do work against the gravitational attraction, to move the body up. Therefore the potential 
energy of this body will increase, here. 





ee me (on the surface) 
R 
U. =- GMm 
f (R n h) (at height h) 





U,-U,=GMm| 2 | 





R R+h 
h 
or AU = GMm| —— 
R(R+h) 
ar Ay = oMm ho 
R’ h 
1+— 
R 
h 
or AU = gmh [ -2| 
R 


or AU = gmh (as = << 7 


or AU = mgh 


Thus we say that when a body of mass m is moved through a height h, its potential energy increases by 


mgh. 


Change in Gravitational Potential Energy, when h is Large 


Let h= nR (Here his large) 


On the surface, U, = ae = Initial gravitational P.E ofmass m 


Ath=nkR, 
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UDA AN 
GMm GMm 


U,= The final gravitational P.E of mass m= — Rank R(n+1) 





.. AU=U, —U, The change in gravitational P.E 


or ay = S| L 
R n+] 


n av= Sj | 
R n+l 


or AU = mgR = 
n+l 


(Note that this AU 1s equal to the work done by us on the mass m). 
Example-8: 


If the ratio of radi and density of a planet and the earth is 3:4 and 2:3 respectively, what would be the 
weight of a person on the planet, if he weighs 600 N on earth? 


Solution: 


4 
We have, 8 = 37 GRp 


Sr _ Rop, sealed 
8r Rep; Re J Ps 


3 2 1 
= — X — = — 
4 3 2 
W, mg, 1 
W mg, 2 
o Ww, = te = OY N =300N 
2 2 
Example-9: 


The ratio of density and radius for two planets is 1:3 and 2:3 respectively. What is the ratio of time periods 
of oscillations of a simple pendulum on these planets? 
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4 
Here, g = Pu GRọp 





ete 
g R, p 
=2:9 
l = 
Now, T =2n É ( ¢ = constant) 
g 
T, _ V2 
T, Jg 
= 49: V2 
Example-10: 


The radius ofthe earth shrinks by 5%, mass remaining constant. What is thechange in the value ofacceleration 
due to gravity? 


Solution: 
We have 48 = eee 
g R M 

Here, AM = 0 
and = = —5% 

R 

AB __9x_5%, 
8 
= 10% 

<. gincreaes by 10% 
Example-11: 


At what height above the surface of the earth, the acceleration due to gravity will be - th ofits value at 


thesurface. Take R = 6400 km. 
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Solution: 
Note that the decrease in g is large. Therefore the height h is large. 


So, we don’t use the formula: 
. 2h oP | 
8 =8 ( - >) , which is applicable only for h << R. 


We know, g = ~~ 


GM 
(R +h) 


' 


and g = 


or 





or h=2R 
= 2x6400 km 
= 12800 km 
Example-12: 


What is the percentage decrease in the weight ofa body, when it is taken to a depth of 32 km below the 
surface ofthe earth? 


Solution: 


d 
We have g'= g| 1—— 
ve g el 4 


Ag | 
g 


|a 
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Ag | AW meh 
Now, = is same — > the %ge decrease in weight. 


Ag 
<. Yge decrease in weight = = <<) x 100% 


ae x 100% 
00 





= 0.5% 
Example-13: 


At what depth below the surface of the earth would the value of ‘g’ be same as that at a height of 64 Km 
above the surface ofthe earth! 


Solution: 


Atadepthd, g'= e(1-4) 


2h 
At a height h, since h << R; g'=g € = >) 
Equating, d= 2h= 128 km 


Kepler’s Laws 
The three laws of planetory motion, formulated by Johannes Kepler (1571—1630) can be stated as follows: 


(i) Law of Orbits: All planets move in elliptical orbits, with the sun situated at one of the foci. 


| 


2b 


| 


k— 2a — 


a = semi-major axis 


b = semi-minor axis 
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(ii) Law of Areas: This law states that the line that joins a planet with the sun sweeps equal areas in 
equal intervals of time. OR, it states that the areal velocity of a planet is a constant. 


Fig. shows planet moving from P to P in some finite time interval. It movesfrom Q to Q, in same time 
interval. Then area OPP, = area OQQ, or arc QQ, > arc PP.. 





Therefore, the planet moves slower when it is farther from sun and vice versa. 


(iii) Law of Periods: The law states that the square of time period of revolution of a planet around the 
sun is proportional to the cube of the semi-major axis of the elliptical orbit of the planet around the 
sun. 


ie. Toor 
r = semi-major axis of the orbit. 
(If not mentioned otherwise, we consider the orbit as circular is shape and ‘r’ as the radius of that 
circular orbit) 
Escape Velocity 


It is the minimum velocity imparted to a body which is on the surface ofa planet, in order that the body just 
escapes from the gravitation field region of that planet, and never comes back. 


Escape velocity is represented as v.. An expression for v, can be obtained easily from the concept of 
energy conservation. Suppose a body of mass ‘m’ be situated on the surface of planet of mass M and 
radius R. If we project this body with the just required escape velocity (v_), we find that the total energy of 
the body just at the moment of projection 1s: 





E, =U, +4 mv? 
2 
or E, =- a o 
R 2 


Since the body is capable of just escaping the field of this planet, as v = v., the final anergy E, at the 
GMm 


OC 





boundary of field is Es = 9 +— =0+0=0, 
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(Remember that when we say the body just escapes the field, we consider that the body just comes to rest 
at the boundary of the field). 


Now, E. = E, (conservation of energy) 


_ GMm 1 








+—mv? =0 
R 2 
y= h™ 
R 
GM 
or V, = V¥2gR g g= | 


Escape velocity of a body from the surface of the earth 1s: 


V, = V2gR (g = 9.8 ms”? and R = 6400 km) 
= 11.2 kms" 
Satellite 


A satellite is a comparitively lighter body which continously moves around a heavier body. 
Natural satellite is a celestial body revolving around a planet, like moon around the earth. 


Arfitical satellite is a man-made body which is put into an orbit around a planet. There are a large number 
of artifical satellites put in to orbits around the earth, including many by India. 


In order to put a satellite in to orbit, it is first taken to height beyond the dense atmosphere of earth using a 
rocket and then launched into the oribit, with certain specific velocity, called the orbital velocity (v,), 
because of which the satellite remain in that orbit, moving around the earth continously. 


Orbital Velocity of a Satellite 


It is the specific velocity required for a setallite to remain, continuously 
moving around the earth, in a particular orbit. It is denoted by v,. 


For the satellite to orbit around the earth, in a circular path of radius r, 





2 
MV : . 
0 . This must be provided by the Tn 
PUTT A A A$ 
r IILLLLLILLLLAAG, 


the centripetal force required is 


gravitational force exerted by earth on the satellite. 
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mv, GMm 








r r 


or Vo = — 


Ifh is the height ofthe satellite from the surface ofthe earth, then: 
r=R+h 


| GM 
Vo 
R+h 


Note that orbital velocity (v,) does not depend on the mass of the satellite. 





Also, longer the radius of the orbit smaller will be the value of orbital velocity. Ifthe satellite is very near to 
the earth surface, h << R,then: 


GM 
Vo al 
R 
or Vo =VgR 


We have, v, =./2gR 


Therefore, we = V2 (When h<< R) 


0 


This shows that ifthe orbital velocity, ofa satellite nearer toearth’s surface, is increased to ep) V, it will 


escape in to outer space. 
Note that this means we are increasing the velocity of the satellite by 41.4% of its orbital velocity tomake 
it escape from the gravitational field of earth. 


Time Period of Satellite 


The time taken by the satellite to complete one revolution around the planet is 
called its time period. It is denoted by T. 


KLLK @ YELEEEEL/ 
SAGAN AA A AL, 


p27 
Vo 
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= 2mr 
or GM 
r 
or T? = 4n'r’ x — 
An? 
T — r 
x T) 
or T ær’ 


(This is Kepler’s law of period) 


Height of Satellite 


The time period of satellite in an orbit of radius r 1s: 


T {E)r 


r (Mr 
Ant 


%5 
of r=] So 

















An? 
5 
or R+h= pa i 
T 
GM... |” | | 
or c h= - T? | —R (h = height of satellite from the surface of earth) 
T 


Energy of a Satellite in the Orbit 
A satellite in the orbit has: (1) K.E due to orbital velocity and (11) P.E due to gravitational field of earth. 


For both these energies mass of the satellite (m) is an important factor. 
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KE. = mv 
1 (=) 
= — m| —_— 
2 r 
_1GMm 
2 Tr 
GMm 
PE. = — 
r 
- PE=-2K.E 


The total energy of the satellite, therefore, 1s: 
E=K.E+P.E 

or E=K.E+ (-2 K.E) 

or E=—K.E 


ul GMm 


p= 
Or > i 


Note, K.E = |T.E| and P.E =2 (T.E.) 


Geostationary Satellite 


A geostationary satellite appears stationary to an observer on the earth. A satellite becomes geostationary 
ifthe following two conditions are satisfied. 


(1) Its orbitis circular and coplanar with the equatorial plane of the earth. 


(1) Its angular velocity is same as that of earth, in magnitude and direction. (So their period revolution 
around the earth is 24 hours). 


The height of geostationary satellite from the surface of earth 1s: 


¥, 
n=| Sr | -r 





2 
TU 


eRT? 
An? ~~ 





or h 
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UDAION 
On substituting the values of g = 9.8 ms’, R = 6.4x10° mand T = 24x60x60 second, we get: 
h = 36000 km. 
and =v, = 3.1 kms"! 


Weightlessness in an Artificial Satellite 


Consider a body of mass m, placed in an artificial satellite. Ifthis body experiences a normal reaction force 
of N from the floor of the satellite, we say, their is an apparent weight W = N for the body. 


Now, consider all the forces acting on this body. They are: 


Mm, 





(1) Gravitational force of attraction, towards the earth, equal to 


2 
MVo 





(1) Centrifugal force equal to , directed away from the centre of the earth. 


(im) Normal reaction N from the floor, directed away from the centre of the earth. 


Therefore, the net force on the mass m, inside the satellite is: 




















an ON- m, Vo -0 
r r 
an GMm, NE M,Vo 
r r 
or ss -N=~"x = 
r r r 
GM GM 
or —! -N= sua 
r r 
"n N=0 
or W=0 


Hence, the body of mass m, will experience weightlessness, inside the satellite. 
Example-14: 


Two bodies of masses m, = 10 kg and m, = 20 kg are at rest at a distance d= 1.0 m apart. They are then 
released from this position. Due to mutual attraction they move towards each other. Find their speeds 
when the distance between then reduces to 0.5 m. 
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Solution: 


Total initial energy of the system 1s: 
E, =K.E, + PE, 


-G mm, 


d 


=0+ 
When they start moving, their P.E. will decrease and the K.E will increase (from zero) 


When d becomes “ , the find energy becomes: 


E, =K.E, +A, 


2 | ; | Sam 
z Vi Ty MV2 


(5m +—m,v 
A 


= Lmv aN eA 
2 2 d 


Now, E,= E, (Conservation of energy) 


> l 2 Gmm, 
—m,Vv, +- m,v; =——— 
2 Z d 
2 2 2Gmm, 
or mv; +m, v; =————=> 
d 


Now, (from the conservation of linear momentum) 


m, v, +m,v, =0 


m 
or e~ _ V, (as they move along the same line) 
1 


2 
m 2G mm 
Therefore, m|- 2v +m,v; = A 2 
1 
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2 
m 2Gmm 
or E +m, = — 2 


2Gm?  2x6.67x10 "x10" 
(m +m, )d 30x1 


2 _ 
V, = 


or = v2 =4.45x10" 


a 2.1x10° ms! 


m, 
= —2x2.1x10” 
= —4.2x10” ms” 


Example-15: 


A saturn year is 29.4 earth year. How far is saturn from the sun, ifthe earth is 1.5x108 Km from the sun? 
Solution: 


By Keplers law: T? œ r° 


T 


E 


7s 

(2em) x1.5x10" km 
= 1.43x10° km 

Example-16: 


A body is projected from the surface of the earth with a velocity equal to three times the escape velocity (v. 
= 11.2 Kms") for the surface of the earth. Ignoring the presence of other celestial objects, find the velocity 


of this body far away from the earth. 
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Solution: 


Here, E, = E, or KE + P.E, = KE; + P.E, 








> -—GMm 1 , -GMm 
—mv, + =—mv; + 
2 R 2 oC 


or (3v,) -v =v 


a Sey, 
= 2.828x11.2 kms" 
= 31.67 kms" 
Example-17: 


Two heavy spheres, each of mass 100 kg and small radius, are placed 1.0 m away from each other, ona 
smooth horizontal table. What is the gravitational field intensity and potential at the midpoint of the line 
joinnig the two. Will an object of 10 g placed at this point remain in equilibrium? If so, is the equilibrium 
stable or unstable? 


Solution: 


At point O the intensities due to masses m, and m, are: 


Gm, Gx100 iC E ——2) i 


— = 400G, towards m, 





1 2 
r 


i (%) 
and, I, = 400 G, towards m, 
p0,.L,—— 1, 


had) 


0 


—Gm, —Gm, 


E _ —— = + 
Va 7 Vi + Vo E z) G 
2 2 


= — 6.67x10 "x400 
=~ 2.66108 J kg” 





As |, =0, there is no force on the 10 g body placed at 0. So it will remain in equilibrium at 0. However, if 
we move it aside a little, the attractive force due to m, or m, will become greater and therefore, it move 
towards that mass from which attractive force is greater, and will never come back. Therefore, the equilibrium 
is unstable. 
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Example-18: 


The gravitational field due to certain mass distribution is represented as: I= Ax ~* in the x-direction. IfA is 


a constant, what is the gravitational potential at a distance x? (Gravitational potential is taken as zero at 
x =O )/ 


Solution: 


We have I = ay 
dx 


“WV =—|Idx 


=-A Í x “dx 





Example-19: 


Consider two concentric thin spherical shells of masses m and 2m with radii r, and r, (r, < r,) respectively. 


r a b 





Find the gravitational field and potential at a point distant from their common centre. 


Solution: 


Let P be this point, which will be in between the two shells. 


There is no field due to the outer shell at P. |» 
ae field ofm, only 
Gm, 4G m, 
_ = L 
+t, (1, +1,) m, 
ee 
—Gm, 


Now, as P is inside the outer shell, the pointial due to m, is V, = 


D 


(Inside a shell potential due to that shell is constant) 
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Therefore, the net rotential at P 1s: 


Y ee 


= -Gm -Gm, 


x] 


=o] 2m e] 
t +E i 


Example-20: 








An artificial satellite is moving in an orbit with a speed equal to halfthe magnitude of escape velocity from 
the earth. What is the height of this satellite? 





Solution: 

l 
Yo 5 ve 

l 
ears 

GM 1 GM 
or = — X —— 

R+h 4 R 
- 4R=R+h 


orh=3R=3 x 6400 km= 19200 km 
Example-21: 


If gravitational force varies as — , then how will the orbital velocity vary with r ? How will the time period 








vary withr ? 
Solution: 
Suppose F oc 2 Lè F= = 
r r 
2 
Then 2 — —— (v= orbital velocity) 
r r 
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GM 
ve n-l 
r 
Here, n=5 
GM GM 1 
se 5-1 ~ 4 4 =- VGM 
r r r 
V œ — 
r 
Now poem 27 _ an Ree 
y GM v„4GM 
n-l 
r 
or T= 27 n+l 
VGM 
La os 
or T =——.,r\’ 
GM 
Hence, n=5 
_ 2T = 
GM 
o 2n ,; 
GM 
or Tor 
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PROBLEMS FOR PRACTICE 


Find the gravitation force between a proton and a neutron sperated by distance of 0.25A°. (given 
mass proton = mass of neutron = 1.67x10 7 kg) 


Ans.: 2.976x10 N 


Four masses of 5 kg, 10 kg, 15 kg and 20 kg are palced at the corners A, B, C and D respectively 
ofa square. ABCD ofside 50 cm. Find the gravitational field and potential at its centre. 


Ans.: 18.89x10" ms, 2.125x10* N/kg) 


A body weights 72 kg on the surface ofthe earth. How much will it weigh on the surface of mars, 
l 
whose mass is th and rading is 5 of earth ? 


Ans.: 32 kg 

Weigh the sun using the following data. 
Distance of earth from sun = 1.5<x10'' m 
Time period of revolution of earh = 3.1510's 
G = 6.67x10"'' N-nm kg” 

Ans.: M,= 2.0110" kg 


What is the percentage decrease in the weight of a 200 kg body when taken to the bottom ofa mine 
of 64 km depth. (R = 6400 km for earth) 


Ans.: 1% 


A rocket is fired from the earth towards sun. Find the location of point where gravitational force on 
the rocekt becomes zero. (Naglect the pressence of other celestial object). 


Given : Mass of sun = 2x10°°kg 

Mass of earth = 6x10“ kg 

Orbital radius of the earth = 1.50 x10" m 
Ans.: 2.58x 10° m from earth 


A geostationary satellite of 2000 kg orbits around the earth. Using the known data for its height from 
earth and the radius and mass of earth, find the gravitational potential energy ofthe satellite. 


Ans.: U = 1.888x10'°J 


Suppose that the radius of earth shrinks by 1.5%, mass being constant. What is the percentage 
change in its acceleration due to gravity? 


Ans.: 3% 
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What is the time period of a seconds pendulum when taken to a height of h =R, from the surface of 
earth? (R = 6400 km) 


Ans.: 4s 


A body is projected with a speed of 15 kms` from the surface ofthe earth. With what velocity woul 
it escape from the gravitational field of earth? 


Ans.: 9.78 kms"! 


A satellite of mas 1000 kg is to be put in to an orbit of radius, r= 7000 km around the earth, of radius 
R= 6400 km. Calculate the energy needed to place the satellite in this orbit, neglecting all the energy 
losses. Take g = 10 ms”. 








(Hint: E. = . +0, E, === ) 


Ans.: 3.47x10!° J 


The largest and the smallest distances of earth from the sun are 4 and 6 units. What is the distance of 
the earth from the sum when it is on the perpendicular, to the major axis, drawn through the sun? 


(Hint: Ifthe required distnace is r, then G + CE + L) ). 
r r ġġ 5 


Ans.: 4.8 units 


Assuming that the earth has become a black-hole what would be maximum radius ofthat black- 
hole? 


(Hint: For a black-hole v_ > c, the velocity of light. M = 6x10* kg for earth). 
Ans.: 9 mm 


Calculate the time period ofa simple pendulum of length 5R. 


OR 
R 
1+— 

rje 


Ans.: T = 1.287 Hrs.) 


(Hint: T = 27 , l= length ) 


Plot the graph between (1) gravitational field intensity and (11) potential, with distance from the centre 
for a spherical shell. 


Plot the graph between (1) gravitation field intensity and (11) potential with the distance from the 
centre, ofa uniform solid sphere. 
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17. 


20. 


A cyclic hexagon of side 20 cm has five equal masses of 5 kg each placed at its five corners. 
Calculate the net gravitational field and potential at its centre. 


Ans.: 8.337510" ms’; —8.3375x10° J/kg) 


Ifa and b are the minimum and maximum distances ofa planet from the sun, then what is the angular 
momentum (L) ofthe planet with respect to the centre of the sun, in terms of the mass (M) of the sun 
and mass (m) of the planet. 








Hint: r = aad and v= EA 
ae a+b r ) 
Ans.: L= m ow 

a+b 


A rocket is fired vertically from the surface of mars with a speed of 2 kms”. If 20% of its initial 
energy is lost due to martian atmospheric resistance, how far will the rocket go fromthe surface of 
mars, before returning to 1t? 


Given: Mass of mars = 6.4x10” kg 
Radius of mars = 3395 km 

G = 6.67x 10"! Nn’ kg” 

Ans.: 495 km 


Three particles each of mass ‘m’ are placed at the corners of an equilateral triangle of side ‘b’. What 
will be the gravitational potentialenergy of the system? How much work will be required to increase 
the sides of the triangle to three times b? 


Ans.: 





 3Gm? 2Gm’ 
b 
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Key Learning Points 


1. According to Newton’s law of gravitation, 


_ Gm,m, 


2 
r 


F 


where m, and m, are two point masses at distance ofr apart and G is universal gravitational constant. 
2. Value of = 6.67x 10" N-m? kg” 
and [G] = [M YL’T?]. G is scalar quantity. 


3. Asrin Newton’s law is the distance between the two point objects, when we consider extended 
objects / bodies, r is to be taken as the distance between the centres of gravity of the bodies. 


4. Gravitational force (F) is central force and hence no change in angular momentum is produced 
becuase of F, as t = 0 due to this force. 


5. Gravitational force (or field) is conservative. 
6. Invector form gravitational force is expressed as: 


Gmm 
F, = -| a In. 


Gm,m 
and F, = -| Sm | ro; 


"F, ,=-F,, (inaccordance with Newton’s third law of motion) 


7. Superposition principle is applicable to gravitational force. According to this principle, force on one 
mass m, due to several other masses m,, m, etc. is: 


8. Gravitational field intensity at a given point gives the strength of the field at that point and it is denoted 
as I. It is vector quantity. I is defined as the force per unit mass placed at the point. Unit of lis ms”. 





F 

[=— 

Mmo 
GM 

or I= a 


9.  Iinvector formis given as: 


_GM 


2 
r 


l= 
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Force 


Since Į = , lis an acceleration. This acceleration is called acceleration due to gravity. 





mass 


Gravitational potential (V) is defined as the work done is moving unit mass from infinity to a point, 
against force of gravity. 


V =— 
mo 
V is a scalar quantity with unit J kg `. 


V at a point distance r from a source mass M is: 


mc 
r 


Ve 


(The —ve sign, here, shows that the force involved is attractive in nature). 
The maximum value of gravitational potential is zero (at r= œ from an object). 
Gravitational potential energy (U) is the work done (total) is moving a body of mass m from infinity 


to a given pomt. 


7 GMm 
r 


U=W= 





U=Vm 
or Potential energy = Potential x mass 


_dv 


Į =-— 
dr 


or Gravitational field = - (potential gradient at the point) 


F=- ae , U = gravitional potential energy. 


dr 


For a thin spherical shell, of radius R and mass M, 


I=Oforr<R (R=radius ofthe shell) 








GM 
t=2M (rR) 
r 
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Also, V = -2 (for any point on or inside the spherical shell) 
v=-2" (ror) 


r 


18. For uniform solid sphere ofradius R and mass M, 


2 sR) 
r 


H) (forr < R) 


I= Oat the centre. 





Also, V = = (r>R) 


GM 





ae (r=R) 
GM 
Wes (3R?-1*) (r<R) 


3 GM 
=—— —— atthe centre. 
2 R 


19. For a circular ring of radius R and mass m, at any point on the axis, 


GMr 
[= 7; _,\%  (r=distance along the axis) 
(r +R 
GM 
V=- 
+R’ 


20. Acceleration due to gravity of earth is: 





GM 
g= z on the surface 
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22; 


23. 


24. 


23, 


26. 


27. 


28. 


UDOON 


A program to give wings to girl students 


,_ OM 
8 = (R+h) at a height h above the surface. 


For heights h above and forh<<R, 
g'=g € — >) (R = radius of earh) 


For depth ‘d’, the value of g’ is: 


let 
8 =8 R 


g= = 7RpG (p =density of earth material) 


Ag 2AR Am 
— = —-—— +— (Ag =change in 
‘ ep thy 648 geing) 


For height h << R, the increase in potential energy when mass m is moved from ground to a height h 








GMm -GMm 

a Uae | R 
=meh 
When h= nk, 


Kepler’s Laws: 
(1) | Law oforbits: planets move in elliptical orbits with sun at one foci. 


(1) Law ofareas: the areal velocity ofa planet is always a constant. 


(iti) Law ofperiods: T? œ r° 


Escape velocity (v_) 1s the minimum velocity with which a body be projected from a planet in order 
that it escapes from the gravitational pull of that planet. 


V, = a =,/2¢R 
R 
v,= 11.2 Kms" for earth. 
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29. Orbital velocity (v,) — the velocity required for a satellite to remain is an orbit. 


IGM | GM 
Ve — > — 
r R+h 
GM . 
Vo =,/—— ifh<<R 
R 


30. Time period ofa satellite (T) 








2 


1s 
. l GM 
31. Height ofa satellite: h = A T -R 
T 


32. Energy ofa satellite in orbit: 





TEE 1 GMm 
2 8 2 fr 
GMm 
PE = -—-—— 
PE =-2 (K.E) 


Total energy E =- K.E 


7 GMm 
2r 


or = 





33. Height of geostationary satelilte is 36000 km. 
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Unit—6 : Gravitation 
Easy Motion of Satellites 


1. The time period of satellite of earth at an attitude, equal to the radius of the earth, is 4 
hours. If the separation between the earth’s surface and the satellite is increased by 6 
times the radius of the earth, the time period of the satellite would become: 


(1) 90 hours (Incorrect) 
(2) 60hours (Incorrect) 
(3) 32 hours (Correct) 
(4) 26 hours (Incorrect) 


Correct answer: (3) 


Solution: 


By Kepler’s law, T? œ r° 


In the first case, 4° oc (2R y (c=R+h, », r=R+R) 
In the second case, T* « (8R) (his increased by 6R, ., h=R+6R=7R ».r=R+7R) 
4? 8R? 
T? SR 
T? =8 x4? 
T=8x4 
= 32 Hours 


Unit—6 : Gravitation 
Easy Gravitational Potential Energy 


2.  If‘g’ is the acceleration due to gravity on the surface of the earth, the percentage gain in 
potential energy of an object, when it is raised from sea level to an altitude equal to a fourth 
of earth’s radius is: 


(1) — Infinite (Incorrect) 
(2) 75 (Incorrect) 
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(3) 50 (Incorrect) 
(4) 20 (Correct) 
Correct answer: (4) 
Solution: 
h=~ 
4 
GMm GM 
LS mR =—(mgR 
At see level, U; R R? ) (mgR ) 
At a ü, __GMm __GMm_ _ É mgr) 
4 R+h `h 5 
4 
l 
Au =u, —U, = Fo 
l _ Au n 
Hence, %age increase is 7 X 100 = 20% 


1 








Unit—6 : Gravitation 
Average Gravitation 


3. An abtronaut in artifical satellite experiences weightlessness because: 


(1) The value of‘g’ 1s zero at the satellite (Incorrect) 
(2) The gravitational pull on him is balanced by that ofthe sun (Incorrect) 
(3) The astronaut and the satelite are in contmuous free fall (Correct) 


(4) The body of the satellite shields the astronaut from the gravitational pull ofearth (Incorrect) 
Correct answer: (3) 


Solution: 


A satellite is ejected into the orbit with a velocity v} = ,/—— . This satellite will have two motions — (1) free 
r 


fall with an acceleration equal to g at distance r and (11) forward motion due to v,. The forward motion is 
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such that the distance from the earth’s surface remains a constant, or in otherwords, the satellite orbits the 
earth. 


As the satellite and astronaut are in free fall, the apparent weight will be zero, or the astronaut feels 
weightlessness. 


Unit—-6 : Gravitation 
Difficult Satellites 


4. Two satellites are moving around the earth in coplanar circular orbits of radii r, and r, (r, < 
r,) respectively moving in opposite direction with respect to one another. The time internal 
which separates the periodic approaches of the satellits to each other, in terms of the time 
period T, of the first satellite, is: 


T, (Incorrect) 


E (Incorrect) 


-= |I Correct 
n+ r] l (Correct) 

Jr (Incorrect) 
Correct answer: (2) 
Solution: 


Let A&B be the satellites. The relative velocity ofA with respect 
to B, as observed from ground, is: 


v=V +V, 
The time interval of approach of A to B is: 


2nr 
At = ——— 
Vv; + V, 
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2NF, 
- GM 
ou. GM ( Vo = cn) 
I D 
2r l 
At = —— _. 
or vGMf1ı 1 
+ 
o I, 





r 
At = I SS 
i i Lz | r] 


Unit—6 : Gravitation 
Average Acceleration due to Gravity 


5. The acceleration due to gravity of earth, on its surface, is 9.81 ms’. Moon is at a disatnce 
of 59 earth radius away from earth. The centriptal acceleration of moon due to its orbital 


motion is: 

(1) 0.16x10° ms” (Incorrect) 
(2) 2.82x10>° ms” (Incorrect) 
(3) 2.72x10>° ms” (Correct) 
(4) 1.64ms” (Incorrect) 


Correct answer: (3) 
Solution: 
The centripetal acceleration of the moon is equal tothe acceleration due to gravity of earth at the moon. 


GM 


, =o M 
Pr Rhy 
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[.-r=h+R=(59+1)R=60R] 





= 9.81 
60 x 60 





= 2.72x10° ms?” 


Unit—6 : Gravitation 


Average Gravitational Potential and Field 


6. 


A particle of mass M is at a distance ‘r’ from the surface of a thin spherical shell of radius 
R and mass M. The net gravitational potential and field at the centre of the shell are, 
respectively: 








(1) a and = , towards the particle (Incorrect) 
r r 
om -aM ana = towards the partici (Correct) 
a) E 7 ,„ towards the particle orrec 
(r+R)R  (r+RÝ j 
r+2R GM 
(3) -om( l d —— , towards the particle (Incorrect) 
R (r+R) 
(4) -GM EELS and zero (Incorrect) 
(r+R)R 
Correct answer: (2) M 
Solution: 


At O, there are two gravitational potentials: 


(1) 


—GM 
r+R 





Due to the particle, V, = 
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(ii) Due to the shell, V, =— ri 


~, Net gravitational potential at O is: 





r+R R 


At O, the field intensity due to the shell is zero. So, gravitational field at ‘O’ is due to the particle only. 


V=V, +V; =-GM| _ | 


GM . 
| = ——_,, , towards the particle. 


(r+R) 


Unit—6 : Gravitation 
Average Gravitational Force 


7. Two thin shperical shell A and B of mass M and 3M and having radii a and 2a, respectively, 


3 
have common centre at O. A particle is moved from a point distant > a from O to a point 


which is at 3a from O. The percentage change in the force on this particle due the spheres 
is equal to: 


(1) zero (Correct) 
(2) — Infinite (Incorrect) 
(3) 300% (Incorrect) 
(4) 50% (Incorrect) 


Correct answer: (1) 
Solution: 


Let ‘m’ be the mass ofthe particle. 


At C, [ = za) , the force due to shell B is zero because C is inside shell B. 
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r= GMm _45_4 GMm 





C É ) 9 a? 
— a 
2 
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At point D, (r = 3a), the shells A and B behave like point masses at -iisa 
O because D lies outisde both A and B. 


<. Total mass at O is 4M 


Hence, force of the particle of mass m, at D 1s: Ja 





p G4Mm _ 4 GMm 
"(Bay 9 a 


From (1) and (2), we get 


Fo Es 


.. Change in force is zero. 


Difficult 





Unit-—6 : Gravitation 


Gravitational Force 


8. A uniform ring of mass ‘m’ and radius ‘r’ is placed directly above a uniform sphere of mass 


‘M’ and of equal radius. The centre of the ring is at a distance of ./gy from the centre of 


the sphere. The gravitational force exerted by the ring on the sphere is: 


GMm 


D Cane 


GMm 


(2) (vs -1) 2 








3 1 GMm 

( ) g r’ 

(4) V8 GMm 
oF y 


Correct answer: (4) 


(Incorrect) 


(Imncorrect) 


(Incorrect) 


(Correct) 
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Solution: 
The gravitational field intensity at O, due to the ring is: 7 


l 

Gmx | Gmv8r : 
i 
l 


(x7 pr ig (8r ir y x=v48r 


_ Gmyv8 r 
ery 


AE Gm 








21 r M 
. Force on the sphere = Force on mass M at O 
= MI 
_ (ax 
ran 
Unit—6 : Gravitation 
Average Gravitational Field Intensity 


R 
9. A solid unifom sphere has a mass M and a radius R. Point A is at normal distance of — 


R 
from the surface of the sphere and point B is at a normal depth of a The ratio of 


gravitational intensities at A to that at B is: 








(1) 2:9 (Incorrect) 
(2) 4:9 (Incorrect) 
(3) 8:9 (Correct) 
(4) 1:1 (Incorrect) 
Correct answer: (3) 
Solution: 
I = GM _ GM 
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or I, = a 
“9 R? 
I,= es =| , when r < R for solid sphere. 





or I, = oN (2) 








R \R 
or h= een 
© 2R? 

ee 

L % 9 
oF Lad 32¥ 

Unit—6 : Gravitation 

Difficult Gravitational Field Intensity 


10. A solid uniform sphere of mass M and radius R 
has its centre O coinciding with the origin of co- 
ordinate sysem, as shown. Three identical smaller 


R 
spheres A, B and C of diameter > are cut and 


removed from the main sphere. A, B and C are --- 
RAR; Ri; 
centered at 5 (+ i) 5 (-i) and —(+ i respectively. 


The net gravitational field intensity at O, due to 
the remaining part of the sphere is: 











GM, ., 
(1) TGR? (-j) (Correct) 
(2) zero (Incorrect) 
GM, . 
(3) AR? (-j) (Incorrect) 
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GM 
4) —— (+j Incorrect 
4) rli) (Incorrect) 
Correct answer: (1) 
Solution: 


As the spheres A and B are symmetrically located, their presence or absence will not contribute to the net 
field at O, as their individual fields cancel out. 


Now, as sphere C is not paired, the removal of sphere C will create a net field due to a similar sphere 


located geometrically opposite to C, 1.e. at R 4) . This will produce a net field at O, directed along 


(-j) . All other regions of the sphere together will produce zero net field at O. 


So, the field at O will be the field due to a existing small sphere, of radius ~ , located at R - 1) , 


_ GM' 
(y 





net 


3 
But M'=$a[ 2] xp 
3 4 





4 RÈ M 
sa ee A 
3 644 pi 
3 
aa 
64 
G M 
net — 2 Be 
R? 64 
4 
1 GM 
or = ———, along(-— 
net 16 R? g( j) 
GM 
or = —7|—- 
net TA j) 
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Unit-—6 : Gravitation 


Average Escape Velocity 


11. A body is projected vertically from the surface of earth with speed equal to a times the 
escape speed for earth (a < 1) . If R is the radius of the earth, then the distance to which 


the body would move, from the centre of the earth is: 











(1) (1 _R? (Incorrect) 
2R 

(2) (1 iy (Incorrect) 
R 

(3) (1 ee ) (Correct) 
R 

(4) l-a) (Incorrect) 


Correct answer: (3) 
Solution: 


Let r be the maximum distance to which the body moves, from the center ofthe earth. The increase in 
potential energy ofthe body will be: 
GMm 7 GMm 

r R 





AU =U,-—-U, =- 
1 1 
or AU=GMm| —-- 
R r 
Now, this increase in potential energy occurs due to the K.E.of projection. 
K.E — AU 


or Jm? =0Mm[ Z+) 
2 R r 


or Zma’? =GMm( $- 
2 R r 
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i 
or —m » 2M = GMm{ 7-1) < v = a” 

2 R r R 

R r 
o a =l-— 
r 

or == l-a’ 

r 

= R 
l-a 
Unit—6 : Gravitation 

Average Escape Velocity 


12. Let M, and M, be the masses of earth and moon respectively and ‘d’ be the distance 
between their centres. The minimum speed with which a body be projected, from a point 
midway between the centres of earth and moon, so that the body escapes the gravitational 
pull of earth and moon is: 


[M M 

a) 2 d (Incorrect) 
[2G (M, +M,) 

(2) - a (Incorrect) 
[2G (M, -M, ) 

(3) — qs (Incorrect) 
[G(M +M, ) 

(4) 2 E (Correct) 


Correct answer: (4) 
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Solution: 


Let the mass of body be m. The potential energy of the particle at the middle point O 1s: 





-GMm —-GM,m 
_ bahay ees M Earth 
= 52 ¢ 
M, M, 
= 1 
- ZOM M, +M, ) d 





The K.E = mv’, provided to the body should increase the potential energy to zero, when it reaches 


infinte distance from both earth and moon. 


l 2GM 
zm’ =——(M, +M,) 
M,+M,)G 
or v=2 Ry, 
d 
Unit—6 : Gravitation 
Average General 


1 
13. If some how on its own the radius of earth were to decrease by — of its present value, 
n 


keeping its mass the same, the presentage increase in its duration of the day will be: 











2 
(1) fe } 100% (Incorrect) 
(n=l) 
(2) A? x 100% (Incorrect) 
1—2n 
(3) z | x 100% (Correct) 
n’ 
x 100% 
(4) Er 0 (Incorrect) 
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Correct answer: (3) 
Solution: 


Since charge occurs on its own, there is no external force and therefore no external torque. 


The angular momentum of earth remains conserved, Lo, = Lo, 


Moment of inertia of earth, being a solid sphere is I = =MR’ 


I, -ŽMR? and I, -Ž MR? 
5 5 


and œ= = (where T, =24 hours) 
1 
2 
0, = T (where T, is the new time period of changed earth around its own axis) 
2 


Here, Lo, = Lo, 


or Ž MR? a == MR? a 
5 Tj) 5 T, 


1 


T_ R 
or a ee 
T, R; 
T, R? 
or —=—> 
T Ri 
But R, =R, -Ži =R (1-2) 
2 
Ri(1-4) 
bL n 
T R? 
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T,-T, _ (1-2) -1 _1-2n 
T n n’ 


n 
Hence, %ge change in duration of the day = —,— x 100% 
n 





Unit—6 : Gravitation 
Average Gravitational Potential and Field 


14. An infinite number of identical point objects, each of mass ‘m’, are placed on the x-axis at 
pionts x=1,x=2,x =4,x =8.,....... , where x is measured in metres. The net gravitational 
potential and field at the origin are, respectively. 


d) - Sx and "GM (i) (Incorrect) 
Bo fs 
(2) —2GM and a (i) (Correct) 
3 3 A 
O = ri GM and i GM (i) (Incorrect) 
4) - - GM and =GM (i) (Incorrect) 


Correct answer: (2) 


Solution: 


The gravitational potential, V = — aS . Therefore the net gravitational potential at the origin will be: 


r 
Va ZTV tV,+tV,+ REEERE EETETET 
1 1 1 1 
Vig =-GM| -+> +—+—+.... 
or net F 2 4 g 
l 
or Viet = -OGM __— 4 
l 
— 
2 
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or V., =—-2GM 


Now, I= = (i) (asthe field I is directed towards the mass) 
r 


Unit—6 : Gravitation 
Difficult Acceleration due to Gravity 


15. A pendulum is shifted from the surface of the earth (R = 6400 Km) to a position of 400 m 
above the surface. The time loss for the pendulum in a day is: 


(1) 5.4 second (Correct) 
(2) 10.8 second (Incorrect) 
(3) 2.7 second (Incorrect) 
(4) 54 second (Incorrect) 


Correct answer: (1) 
Solution: 


At the height h, the value of g 1s: 


2h 
g=g,|1- R 





J when <<R 
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2h 
-- Yage decrease in g = E x 100% 


e 
6400 x1000 
l 
M 
80 
É 
Now, T =2z2 |— 
g 
or T°’ =4r > (2 = constant) 
8 


AT lAg 1 -1_ 1 


—— — = = > = 
T 2g 2 80 160 


0 





l 
So, the time period of the pendulum increases by 0 Yo 


<. Loss in 1 second = 16000 





l 
or Lossin 1 day= T x 86400 


= 5.4 second 


Unit—6 : Gravitation 
Average Gravitational Potential and Field 
16. A particle of mass M is situated at the centre O of a spherical shell of same mass M and 
radius ‘a’. The gravitational potential and gravitational field, at a point situated at a distancee 


a 
= from O are, respectively. 


(1) a and zero 
a 


(Incorrect) 
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GM GM 

(2) — and 4 2 towards O (Correct) 
GM 

(3) — and zero (Incorrect) 
GM GM 

(4) -o and 4 2 towards O (Incorrect) 


Correct answer: (2) 
Solution: 
The gravitational potential at any point on or inside the spherical shell is 


_ GM 
a 


V = 


The gravitational potential at P due to mass M at O is: 








y, --™ 
% 

2GM 
or V, = a 





<. Net gravitational potential at P is: 
V, =V,+V; 


_3GM 





a 
The gravitational field (1) at any point inside the shell due to itselfis zero. 


, Lat point P is due to the mass M at O only. 











-GM 
or I,= ; 
(%) 
or l= — = = towards O 
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Unit-—6 : Gravitation 


Easy 


Acceleration due to Gravity 


17. The density of a newly discovered planet is twice that of earth. The acceleration due to 
gravity at the surface of theplanet is equal to 25% of that on the surface of the earth. If the 
radius of the earth is R, the radius of the planet is: 


R 
D = 
‘Ome 
4 
R 
3 _* 
@) = 
R 
@ = 


Correct answer: (3) 


Solution: 


GM 
On the surface of the earth, g = RP 





3 
or g=6 2P 


R? 
4 
or g= Cae? 


On the surface of the planet, of radius r, 





, § GM’ 
4 i 
so oTr (2p) 
=|. - 
4 r 


(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 
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4 
or eg eae meN (2) 


Equating (1) and (2), we get 


Unit—6 : Gravitation 
Easy Satellites 


18. A satellite of mass ‘m’ is orbiting close to the surface of earth (R = 6400 Km). The satellite 
has a kinetic energy of K. An additional kinetic energy of equal amount is given to this 
satellite. The radius of its orbit will now become equal to: 


(1) 2R (Incorrect) 
(2) 4R (Incorrect) 
(3) 36000 Km (Incorrect) 
(4) Infinite (Correct) 


Correct answer: (4) 

Solution: 

Given : Kinetic energy of the satellite = K 

We know that the potential energy ofa satellite is: U =—2K 

Now, if kinetic energy of this satellite is doubled, the total energy of the satellite would become: 
E=2K+-2K=0 

when E = 0, the satellite cannot remain bound to earth (for which —E + 0 is must). 


Hence the orbital radius of the satellite would become infinite. 


Unit—6 : Gravitation 
Average Satellites 


19. The mass ofa planet is six times that of the earth and its radius is twice that of the earth. A 
satellite of mass ‘m’ orbits around the earth at a certain distance from it. Another satellite 
of same mass orbits around the planet, also at same distance as that of the earth’s satellite. 
The ratio of the total energy of these satellites is euqal to:; 


68 


(1) 1:1 
(2) 1:3 
3) 1:6 
(4) 1:12 


Correct answer: (3) 


Solution: 


GM 


e 





For satellite around the earth, v, = 
e 


mets . l l 
, Kinetic energy of the satellite around earth is: K = zo =7™ 
or K. = 1GM.m 
2 r 
Now, total energy, E- — -K = 5 GM ,.m 
r 


For the planet, M, =6M, 


Vo =4 [SxoMe , for the satellite of the planet. 
r 


., Kinetic energy ofthe satellite of the planet is: 


1 GM m 
PS 7 = 
2 2 r 


Now, the total energy of this satellite is : Ep, =- Kps 


2 r 





Hence, Fes =1:6 
PS 
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Unit-—6 : Gravitation 


Difficult 


Gravitational Force 


20. A thin uniform rod of length ‘L’ has a mass M.A point mass ‘m’ is kept at a distance ‘r’ from 
one of its ends, along the line of the rod. The magnitude of the gravitaional force on ‘m’ due 


to the rod is: 


GMm 
(1) r(r + L) 





4GMm 
D (ar+Ly 


GMm 
O) (r+L) 





GMm 
O (Par) 


Correct answer: (1) 
Solution: 


The mass ofa small element of the rod, of length dx 1s: 


ied: 
L 


(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


The gravitational field intensity at point O due to one such element at a distance of x from O is: 


GdM GM 


x”dx 
x L 


dI 





., The total intensity at O due to the entire rod is: 


x=r+L 
I= | dI = = x dx 


-M(_1 (1) 
L X r L X r+L 
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Unit-—6 : Gravitation 


GM 
or l= 
r(r+L) 
oe GMm 
z. Force, F = ml = r(t +L) 
Average 
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Gravitational Potential Energy 


21. The ratio of the radius of earth to that of another planet is 2:3 and the ratio of their mean 
densities is 4:5. If an astronaut can jump to a maximum height of 1.5m on the earth, with 
the same effort, the maximum height he can jump in the planet is: 


(1) 1.25m 
(2) 1.00m 
(3) 0.80m 
(4) 0.50m 


Correct answer: (3) 


Solution: 


Let R, =R and Pz =P 


3 5 
Then R. =>R and P == 
P 2 4? 


A 
Now, 2: =g mi 


4 (3 5 
and 8,= o0(3R žo) 
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Suppose, W be the effort put in by the astronaut. Then: 


W= megh, 
and W = mgh, 
gh, = gh, 


15 
or ere a 


or h, = 0.8m 


Unit—6 : Gravitation 
Easy Escape Velocity 


22. The escape velocity of a body from the surface of the earth is 11 Kms. Assume that the 
mass and radius of earth are 81 times and 4 times the mass and radius, respectively, of the 
moon. The escape velocity from the surface of the moon is: 


(1) 2.44 ms” (Correct) 
(2) 2.49 ms” (Incorrect) 
(3) 3.97 ms” (Incorrect) 
(4) 6.81 ms” (Incorrect) 


Correct answer: (1) 
Solution: 


Let v_ be the escape velocity on the surface of moon. Then: 


|2GM 
Va =,- ———— 
R 


where M = mass of moon and R = radius of moon. 


Now, for earth, M, =81 M and R, =4R 


y = [2G x 81M 
: 4R 


, _9 26M 
or e oN R 
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v n 
or cy m 
V, = a — = 2.44 ms"! 
9 9 
Unit—6 : Gravitation 
Easy Gravitation 


23. At what depth, from the surface of the earth would the value of acceleration due to gravity 
become equal to its value at a height of 9800 km from the surface of the earth? 


(Given: radius of earth = 6400 km) 
(1) 3200 km (Incorrect) 
(2) 5376 km (Correct) 
(3) 6144km (Incorrect) 
(4) 6286km (Incorrect) 
Correct answer: (2) 
Solution: 
Given: R= 6400 km 
h=9800 km 


-R 
2 





GM 4 (SS) - 4 
25° 


Now, &n ~(R+h)y 25 R? 


d 
Also, g4 91-2] 


Given g, =g,; therefore 
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a ee 

R25 
21 

d=— R 
or 75 

= 5376 km 

Unit—6 : Gravitation 

Average Gravitational Force 


24. If gravitational force were to vary as: 


Ee o 
r? 
then the graphs plotted for ‘orbital velocity (v,) vs (r)’ and ‘time period (T) vs(r) for a 


satellite of earth will be respectively: 


(1) (Incorrect) 
t Í 
Vo T 
O r —> O r — 
(2) t t (Correct) 
Vy T 
O -> O r — 
(3) 1 t (Incorrect) 
Vo T 
O r —> O r => 


74 


A program to give wings to girl students 


(Incorrect) 


(4) 


O r —> O r —> 


Correct answer: (2) 


Solution: 


Given f « = 
r 


r- = 
r 


Now, for orbital velocity v, ofthe satellite, f= centripetal force 





2 
GMm mv, 
— = 














r r 
2 GM 
or vi =- 
r 
VGM 
or V= 
r 
l 
or Vo oC — 
r 
Hence the graph is: 
Vo 
O r —> 
Now, T = 2nr 
Vo 
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x 
or pa 2m r 








Tar 


Hence the graph 1s porabolic as shown below 


f 


T 


Unit—6 : Gravitation 


Difficult Satelites 


25. A satellite is moving in a circular orbit around the earth with an orbital velocity equal to one 
third of the magnitude of the escape velocity from the surface of the earth. Suppose this 
satellite by stopped suddenly in the orbit and thereafter allowed to fall freely to the surface 
of the earth. Neglecting air friction, the speed (in Kms“) with which it will hit the surface is 


nearly equal to: 

(1) 8 (Incorrect) 
(2) 9 (Incorrect) 
(3) 10 (Correct) 
(4) 11 (Incorrect) 


Correct answer: (3) 


Solution: 


We kn that: Vp =,J—— = S |R 
eo mm Aa R+h 


and v,=,/2gR 
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Given: Vo = 3 Ve 





R-E =! jer 


R+h 3 


] 
R?| —È— |=- (2gR 
or fend zl : ) 


Or 9QR* =2R7+2Rh 








or 7R=2h 
<. h=3.5R 

np . a ae , -GMm 
Now, when the satellie is stopped in the orbit, its K.E = 0 and gravitational potential energy = Roth 


This potential energy decreases to , when the satellite hits the ground. Hence, its kinetic energy 





will increase from 0 to 5 my? , such that: 
-GMm 1 , {—-GMm 
=—mv + 
R+h 2 R 


-GM GM 1, 
+ —— = 

















—V 
Rh R 2 
-gR* l 
+gR =—v 
= R+h i 2 
gRh 1l, 
+—vV 
_ R+h 2 
T= e 
E 
R 
Here, h=3.5R 


FP cc ec al 
4.5 45 


(ei 


UDA AN 
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2 6 2_ -2 
or = vy =100x10'm‘s 


v? =100km’s” 


or v=10kms" 


Unit—6 : Gravitation 
Difficult Gravitational Force 


26. The gravitational field intensity on the surface of the earth is 9 = 9.8 ms” and on the 
surface of mars is 4.0 ms’. Suppose a 60 Kg passgenger travels in a spaceship from earth 
to mars, with a constant velocity. Neglecting the effects of all other objects in the space, 
which of the following graphcal representations most correctly indicates the variation of 
weight of the passenger as a function of time? 





(1) a (Incorrect) 
(2) b (Correct) 
(3) c (Incorrect) 
(4) d (Incorrect) 


Correct answer: (2) 
Solution: 


The weight of the passent on earth is 588 N and on mars 1s 240 N. At some point, on the way, the net force 
on the passenger, due to earth’s and mar’s gravity together, should be zero. There the weight of the 
passenger becomes zero. But weight cannot be less than zero in magnitude. This point, where net weight of 
the person becomes zero, is obvisouly closer to mars, as its gravity 1s lesser. So after this point, where the 
weight is zero, the time of travel will be lesser (with constant speed). Hence the correct plot is (b). 
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Unit—6 : Gravitation 
Difficult Acceleration due to Gravity 


27. Consider a simple pendulum of large length, equal to half the radius of earth. The time 
period (T) of this pendulum can be given as: 


(d) 2r |— (Incorrect) 


(2) 2r È (Incorrect) 
8 

(3) 2n fÈ (Correct) 
3g 

(4) 2n È (Incorrect) 
5g 


Correct answer: (3) 
Solution: 


The diagram represents the extreme position of the pendulum, for small 
amplitude ofoscillation. The restoring force on the bob ofthe pendulum is: 


F = -mg sin (6 + p) 


or F=-mg(0+0) (0 & are small) 


X X 
F==-mg —+— 
= e(? z) 


-mg / R 
F= = Hl 
o PeR) 


l =o R 
<” Acceleration, a =——| — +1 |x 
R Z 





This is ofthe form, a = —-œ°x for SHM. 
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or 
Here, Z = — 
T=2n 2 S27 = 
g(2=+1) 3g 
Unit—6 : Gravitation 
Easy Satellite 


28. Two satellites A and B revolve around the earth at distances 2R and 5R respectively from 
the surface of earth. R is the radius of the earth. Their periods of revolution will be in the 


ratio: 
(d) 1:4 (Incorrect) 
(2) 1:2.828 (Correct) 
(3) 1:2 (Incorrect) 
(4) 2:5 eG, (Incorrect) 
Correct answer: (2) g 5s 
Solution: 
Refer to diagram o- : i +y E 
OOR 


Here, r =2R+R=3R 
r =5SR+R=6R 


We have T° œ r°, by Kepler’s law. 
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T 3° 
or T? = 6 
l 
E 
a 
8 
os 
T, V8 2.828 
Unit—6 : Gravitation 
Average Gravitational Force 


29. Imagine a tunnel made along the diameter of earth and a ball is released at a depth of 


d= R . This ball will have a period of oscillatory motion equal to: 


2 
(1) 2m (Incorrect) 
2g 
R 
(2) nÈ (Incorrect) 
(3) 2r È (Correct) 
8 


(4) 27 JZ (Incorrect) 


Correct answer: (3) 
Solution: 


The acceleration due to gravity (a) at the depth d is: 


te 


8 | 
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(—ve sign indicating that a 1s towards O). 


Let y= R —d, be the displacement of ball, from O. 


g 

Then a = -| = 
f ] 
This is ofthe form: 


a=-wy for SHM 


or r- -2 È 
A; g 


(T does not depend on the position of releasing ofthe ball). 


Unit—6 : Gravitation 
Easy Escape Velocity 


30. The ratio of the acceleration due to gravity on two planets A and B is K. The ratio of their 
respective radii is K,. The ratio of their mean densities is K.. What is the ratio of their 
respective escape velocities ? 


(1) K, JK, (Correct) 
(2) KK, (Correct) 
(3) JKK, (Incorrect) 
(4) JKK, (Incorrect) 


Correct answer: (1) 


Solution: 


V, = /2gR 


Va _N78aRs _ Ba Ra _ KK 
‘| i 2 
Ve 22,R, ZB R, 
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Therefore, we use the formula; 


V, = [20-ŻnR?p = Rl Fac 
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Unit-—6 : Gravitation 


Difficult 


Gravitational Potential Energy 


31. An object is thrown vetically upwards from the surface of the earth, with a speed of v, Its 


speed at a height h (h << R) is v. The value of v; - v? is: 


GMh 
()  R(R=+h) 
(2) 2gRh 


h 
(3) gh (1-2 


h 
(4) 2gh [ — 7 


Correct answer: (4) 
Solution: 


Total initial energy = Total find energy 


o+ =—mv + 
R 2 R+h 











l l 
Vv, -v =2GM| —- 
E R R+h 


(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 
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R 
= 2gh 
i í R+ 7 
h 
1+— 
R 
h -1 
= 2gh| 1+— 
. 4 
= 2gh( 1-2] (~ h<<R) 
R 
Unit—6 : Gravitation 
Average Gravitational Potential Energy 


32. Four small spheres of masses 2 kg, 5 kg, 10 kg and 20 kg are palced respectively at the 
corners A, B, C and D of a square ABCD of side 6.414 m. The binding energy of the system 
is: 


(1) 4.4x10° J (Incorrect) 
(2) 4.0x10°? J (Correct) 
(3) 3.7x10° J (Incorrect) 
(4) 3.0x10°? J (Incorrect) 


Correct answer: (2) 
Solution: 


Let the side of the square be ‘a’. 
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=U 


5x20 








a 





G 


=—|10+10V2 +50+40+50V2 + 200 | 
a 


G 
=—| 300+ 602 | 


=< x60 (5+v2) 





_ Ox 00 6.414 =Gx60 = 6.67x107' x60 
6.414 
=~40x10° J 
Unit-—6 : Gravitation 
Difficult Escape Velocity 


33. 


Imagine that a body is projected from the surface of the earth with a speed equal to 40% of 
the escape speed from earth. What is the maximum height attained by the body? (R = 6400 
km is the radius of the earth). 


(1) 1024 Km (Incorrect) 
(2) 5760 Km (Incorrect) 
(3) 12160 Km (Correct) 
(4) 12800 Km (Incorrect) 


Correct answer: (3) 


Solution: 


We have the formula for h as: 
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2 
Vo 


max 73) 
Io —| t 


h 


(where v, = velocity of projection from ground) 


Here, v, = 40% v, 


=().4x./2eR 


0.16x2gR 


mx De —0.16x 22 


—( 032 \° 
2—0.32 


(0.32) 
1.68 
=1.9x 6400 Km 


= 12160 Km 


Unit—6 : Gravitation 


Difficult Gravitational Field and Potential 


34. 


Two bodies of masses m, and m, are placed at a distance r apart. At certain point on the line 
joining m and m,, the gravitational field due to them is zero. The gravitational potential at 
this point is: 


(1) = /m +m, +2m,m, (Incorrect) 
r 


(2) -<(m, +m, +2,/m,m, (Correct) 
(3) -2 (Jim, + „m, +2 mm, ) (Incorrect) 
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(4) —2(m,+m,+2m,m,) (Incorrect) 
r 


Correct answer: (2) 


Solution: 
Let I =0 at a distance of x from m, m, P m, 
O-—S 1m ——o 
Gm GM = 
Here, ea _ 2 <—x—> l=0 














r 
2 
(r-x) m, 
or 3 = — 
X m, 
r—x 4/ M71, 
or E 
X ,/m, 
r qm, r 4/m, + ./m, 
or —=|+ or — = 
X 


Hence, x= Er — (1) 


rae P (2) 


The gravitational potential at the point where I = 0 is: 
V=V_+V, 


—Gm, R -Gm, 


r=x 





or V= 


a v =o(ma m) 
X r—x 


m (fam + Ve) ma (n+ J) 


or V 57S = dJar Jm,t mh ( using equations (1) and (2) ) 
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== Jen, (Yin + Ym, )+ (Yn, + Ys) 
= 2 [m, + mm, +m, + fmm, | 


= -[m, +m, +2 m,m, | 


Unit—6 : Gravitation 
Average Geostaionary Satellite 


35. A geostatinoary satellite is orbiting the earth at a distance of 7R from the centre of the 
earth. (R is the radius of the earth). The time period of another satellite orbiting the earth 
at a height of 2.5 R from the surface of the earth is: 


(1) 9.592 Hrs (Incorrect) 
(2) 8.484 Hrs (Correct) 
(3) 4.796 Hrs (Incorrect) 
(4) 4.242 Hrs (Incorrect) 


Correct answer: (2) 


Solution: 


By Kepler’s law, T? œ r° 


TT rg 
T p (T, = 24 Hrs, T,=?) 
2 2 





(¢, =7R, 1, = 2.5 R+R=3.5 R) 





A 3.5R 
T= 24x24 _ 43g 
8 
L =3x 4/8 
= 3x2.808 
= 8.484 Hrs. 
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Unit-—6 : Gravitation 


Average Law of Gravitation 


36. Imagine that the universal gravitatinoal constant (G) becomes time—dependent. For a 
particle, moving under such a gravitational field, which of the following quantities would be 
still conserved? 


(1) total energy (Incorrect) 
(2) kinetic energy (Incorrect) 
(3) angular momentum (Correct) 
(4) lenear momentum (Incorrect) 


Correct answer: (3) 
Solution: 


Though G has become time dependent the gravitational force 1s still radial. Hence torque due to gravitational 
force is zero. The angular momentum would, therefore be still conserved. 


Unit-—6 : Gravitation 


Easy Law of Gravitation 


M 
37. Let M, and M, be mass of sun and earth. Given a = 3.2x10°. Sun in nearly 400 times as 


E 
far from moon as moon is from earth. The ratio of gravitational force on moon due to sun 
and earth is 


(1) 1 (Incorrect) 
(2) 2 (Correct) 

(3) 400 (Incorrect) 
(4) 10° (Incorrect) 


Correct answer: (2) 
Solution: 


F, = gravitional force due to sun on moon 


= G MM n 


(ism y 
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F, = gravitational force due to earth on moon 


M,M,, 


(Tem ) 


Pi M; Ism 


Given 2 =3.2x10°; Ism = 400 


E Iim 


F . : 
— 3.2x10 _9 


5 = 
F, (400) 


Unit-—6 : Gravitation 


Difficult 


38. m A 
O 





f= LHe L =e 


Law of Gravitation 


Figure shows a point mass m fixed at origin O. A one demensional rod AB of length L is 


placed along x—axis as shown. The linear mass density ) of rod is 


A = AX 


where 1, is a constant. The gravitational force F on mass m due to rod AB is 


mGA L 
1 2 
©) a(t, +5) 
2 


(2) 2.303mGA, log í + E) 


0 


(3) 2.303mGX, log [ + =) 


(Incorrect) 


(Correct) 


(Incorrect) 


mGA, L 


4) 2(L+L,) 


Correct answer: (2) 


Solution: 
m A PQ B 
n ee a a a a a 
O 
M----x----- >i dx we -- 
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(Incorrect) 


Consider a small element PQ of the rod, of length dx, as shown in Fig. dm = mass of element 


PQ = àdx = Axdx 


dF = gravitational force on mass m at O due to elements PQ 





oa Gah 
Lo+L Lo+tL 
F= | dF=Gm, | ae Gma HE 
x=Lo Lo X Lo 


0 


= 2.303 GmA, log (1 + E) 


Unit—6 : Gravitation 


Average 


Law of Gravitation 


39. Three particle each of mass M be on x-y plane at three points having co-ordinates (0,0). 


(0, a); (a, 0). The net gravitational force on particle at (0, a) is 








() F= A [i+ j] 
(2) F= S isil 
a 2 


GM?! i l 
3 Tan E N EN 
AE a” te Cau 
9] 


(Incorrect) 


(Incorrect) 


(Correct) 
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- = “Slap +(1+242)i (Incorrect) 


Correct answer: (3) 
Solution: 


Fig. shows three particles each of mass M located at O, A and B. 
We want net gravitational force on mass at B. 


F, = gravitational force on B due tow mass at O. 














z B 
| F, 
GM’, , | F, 
9 (—j) : 
! 
a 
F = magnitude of gravitational force on B due to mass A . 
| 
l 
GM? _ GM’ ! 
(v2a) 2a *t------ a ----- > 
Resolving F, into rectangular components along x and y—axis; we can write 
F s= oO 45 ji+ GM sin 45° (—j) 
“| 2a? 2a, 
-G&M i i 
a? [242 2r2 
F = net gravitational force on mass at point B 
GM’| i l 
=F +F, = =| — | 4 |j 
ya? Fee mall 
Unit—-6 : Gravitation 
Average Law of Gravitation 


40. ‘Two particles A and B each of mass 2m are fixed in their respective positions. A third 
particle O of mass m is initially at O and is free to move under the gravitational force of A 
and B. The particle at O is let go. The initial acceleration of O is 


92 

















Correct answer: (4) 


Solution: 
2 a 
OA =| (a) + (3a) =2a 


2Gm* Gm’ 
F,|=|F,| “(aye 2a™ 


er 


Resolve F, and F, into rectangular components. 


The new unbalanced force 


F = (2F, cos) j= S); Fe 30" | 


a 
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(Incorrect) 


(Incorrect) 
(Incorrect) 


(Correct) 
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The initial accln a, is 
a-f V3Gm , 
om oao 
Unit—6 : Gravitation 
Easy Intensity of Gravitational Field 
41. y 


m m 
C B 
I. 
m m 
X 
O I, A 
K----a----» 


Equal masses, each m; are placed at the corners of a square OABC of side a. The intensity 
of the net gravitational field, at O, is 





(1) a (Incorrect) 
a 

(2) miij] (Incorrect) 
a 
Gm p.. 

(3) lita (Incorrect) 

1 \Gm,. . 
(4) (z S (Correct) 


Correct answer: (4) 
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Solution: 
Gm ,. Gm} i+j 
I, =—(1); L= —— 
A g? (i) B bed 
Gm 
I = 2 J 


I=L ++I 


-Shi i 





Unit—6 : Gravitation 
Average Law of Gravitation 


42. Three identical point masses each of mass m are located at the vertices of an equilateral 
triangle of side a. They revolve in a circular orbit circumscribing the triangle, maintaining 
their relative positions, under the influence of their gravitational force. The speed of each 
is 











Gm 
(1) rg (Correct) 
(2) = (Incorrect) 
(3) a (Incorrect) 
a 
(4) mac (Incorrect) 
3a 


Correct answer: (1) 
Solution: 


Let PQR be the equilateral triangle side a. Let O be centeroid of the triangle. The circular orbit circumscribing 


the triangle is a circle of center O and radius r = OP = 


ole 
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Let f = 


For circular orbit; 


centeripetal force = net gravitational force 


Gm’ 


2 
a 





be gravitational force on P due to mass at Q or R. The net force on mass at 





2 
Paa aa 
a 











2 2 

mv Gm 
mE o o 

(25) i 
or yV = Gm 

a 
Unit—6 : Gravitation 

Difficult Law of Gravitation 
43. O, and O, are centers two identical spheres, each of mass M. O, and O, are a distance 2d 


apart. A mass m is released from rest at point A as shown in Fig. m moves under gravitational 
force of O, and O.. The initial acceleration of mass m is a,. Its speed when it reach point O 
is v. Then 





GM GM 
l a, =——} V=,/— Incorrect 
d) a aa N F ( ) 


(2) A= Zov, y= = (Correct) 
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3) a _ OM VL Ken 
DNO: 2d 
J3GM 2GM 

(4) a= — V4) 
2d d 


Correct answer: (2) 





Solution: 


From Fig. O,A=0,A= (d) fe (Ba) = 2d 


f= gravitational force on mass m; at a due to O, or O, 











_GMm_ GMm 
(2d) 4g 
F = net gravitational force on mass mat A = 2f cos0 = 2 í B | x 
B V3 GMm 
4d? 


F 
a, = initial acceleration of mass m at A= — 


_\¥3GM 
4d? 





E = initial total energy of mass m at A 


ay) a 
2d 


E= Total final energy of mass m at O 





l 43 (20 
mv +] — F 


From law of conservation of energy, E = E, 
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(Incorrect) 


(Incorrect) 


m 
7 


`a 
S 
~ 
D 
Pai 
s 
— 


l 

l 

l 

l 

l 

l \ 

l \ 

/ t 

— m m = = © — = — — — 

O 


| 
| 
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2GMm 1 _, 2GMm 
— =—mv +| — 
2d 2 d 

2GM _1 
Z ie 2 

_ 2GM 
or a 

Unit—6 : Gravitation 

Difficult Intensity of Gravitational Field 
44. 





xX’ X 


A thin wire of uniform linear density \ is bent into a semi-circle of radius R. What is the 
intensity of gravitational field at center O? 














2GM , 
(1) R? j (Incorrect) 
(2) ZOM, (Correct) 
TR 
J2GM . 
(3) a? j (Incorrect) 
3GM . 
(4) a j (Incorrect) 


Correct answer: (2) 
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Solution: 
Consider the semi-circle as made up of large number of point masses (identical). The magnitude of dI is 
same but direction is different. The total intensity I = | dI 


ar] = — - ar 


Resolve dI and dJ' into rectangular components along x and y—axis. The x-components cancel and y— 


componant and up. 


There resultant intensity I is along y—axis. Also 


%, % 
Li = 2f dīcos 0 = “© f coso.do 
0 R 0 


_ 2G kinoj -228 
R 0 


R 





2(mRA)G 2GM 








nR’ nR’ 
` J= 2GM . 
TR? i 
Unit—6 : Gravitation 
Average Acceleration due to Gravity 


45. Assume earth to be a uniform sphere of radius 6400 Km and density 5.5 g/cc. A body 
dropped from a tower travels a distance of 19.6m in 2s. Value of G is 


s Nm’ 





(1) 6.6x10 (Incorrect) 
2 
(2) 66x10" A (Correct) 
kg 
2 
(3) 66x10" = (Incorrect) 
8 
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Nm’ 


2 


(4) 6.6x10" (Incorrect) 





Correct answer: (2) 
Solution: 
Let ‘g’ acceleration due to gravity on earth. 


Given u = 0; S= 19.6 m; a = g; t = 2s. Therefore 


19.6 = =2x(2) 


or g=9.8 ms” 


M = mass of earth = af R’p 





GM 
Now, g = R? 
gR? gR° á 3g 
M 4r 4nRp 
3 


G 











R°p 


5.5x10° Kg © 


(10m) 5.5x10°kg/m° 


Given P = 5.5g / cc = 


R = 6400 Km = 6.4x10° m 


3x9.8 


4x3.14x(6.4x10 )x5.5x10 


=6 6x101 Nm 
k 


2 


Unit—6 : Gravitation 
Easy Law of Gravitation 


46. Consider earth to be a uniform sphere of radius 6400 km. Given 1 kgf = 9.8 N. Mass of 
earth is 
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2 


(G = 6.67x10-7 kg? ) 


(1) 6.02x10* kg (Correct) 
(2) 6.02x10” kg (Incorrect) 
(3) 6.02x10" kg (Incorrect) 
(4) 6.02x10° kg (Incorrect) 


Correct answer: (1) 
Solution: 


1 Kgf= g Newton = 9.8 N 


2 


S 


2 2 
G =6.67x10” x10 DLS = 6.67x10" SLI 
kg kg 


Let M be mass of earth and R = 6400 Km its radius. 








2 

G = sae or M= = 

R G 

9.8 x(6.4x 10° ) 
yap kg 
6.67 x10 
=~ 6.02x10" kg 
Unit—6 : Gravitation 

Difficult Acceleration due to Gravity 


47. Assume earth to be a uniform sphere of radius R, mass m, desntiy Po. gis acceleration due 


to gravity on surface of earth. If earth is replaced by a sphere of same radius having a 
density variation as 


IA 

“= 

IA 
rn |x 


P =Po 0 
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P= Pr Š <r<R 


The value of acceleration due to gravity on the surface would be 


(d) g (Incorrect) 
D = (Incorrect) 
(3) ~0.83g (Incorrect) 
(4) ell +5.625R] (Correct) 


Correct answer: (4) 
Solution: 


We know for present earth 





_GM 
“= ttti(“‘“‘“‘sSCSCO”OCOCO*C (1) 


R 
Let M, and M, be mass of part of earth of radius > and the part of earth radius varying from p toR 


respectively. Then 


An(RY M 

M =—! — pus 

| zB) a 
R 


R 
M, = | 4nr*(qr)dr = 47, | rdr 
y % 


15R‘ At 45 
= 4n =|—R° — R 
al 64 | $ a£ | 


-Ê MR 
64 


M’ = The total mass ofnew earth 


=M,+M, -Mli SR 
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= 11 +5.625R] 
8 


' 





g’= Acceleration due to gravity on surface of new earth = — 
R 


A [1+5.625R] 





=Š [1+5.625R] 


Unit—6 : Gravitation 
Difficult Gravitational Intensity and Potential 


48. A hollow sphere has mass M, radius R. Choosing center of sphere at origin of co-ordinates 
and any diameter as x—axis, the graph giving variation of (i) intensity (I) of gravitational 
field & (2) gravitational potential (V) with distance (x) from center of sphere is 


(1) (Correct) 





(2) (Incorrect) 
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(3) (Incorrect) 





(4) (Incorrect) 





Correct answer: (1) 
Solution: 


Gravitational field is zero at all points inside hollow sphere. For points on surface and outside, sphere 
behaves as if entire mass is concentrated at center O. i.e. Loc —> 
x 


The gravitational potential (V) is constant and equals potential on surface; for all points inside hollow 


l 
sphere. For points outside V oc—. 
x 


Unit—6 : Gravitation 
Difficult Gravitational Intensity and Potential 


49. A uniform solid sphere has mass M; radius R. Taking center of sphere as origin and any 
diameter as x—axis, the graph showing variation of (a) intensity of gravitational field (I) & 
(b) gravitational potential (V) with xis: 
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(Correct) 


(1) 





(Incorrect) 


(2) 





(Incorrect) 


(3) 





(Incorrect) 


(4) 
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Correct answer: (1) 


Solution: 


The gravitational field I at points inside solid sphere is 


[=-SE or Inox 





For points outside sphere 


GM ] 
-— o Ines 
X X 


i= 


The gravitional potential V at points inside solid sphere is 


(3R? =x ) 


V =-GM : 
2R 


For points outside solid sphere 


_-GM 


X 





y 


Unit—6 : Gravitation 


Average Acceleration due to Gravity 


50. 


An object of mass 50 kg is taken from surface of earth to a height of 200 km above the 
surface of earth. Take radius of earth as 6400 km. The mass and weight of object at this 
height is 


(g on surface of earth = 9.8 ms”) 


(1) 47.01 kg and 490 N (Incorrect) 
(2) 50kg and 490 N (Incorrect) 
(3) 50kg and 460.7 N (Correct) 
(4) 50 kg and 484.8 N (Incorrect) 


Correct answer: (3) 


Solution: 


Mass of body is independent of height (h) above surface of earth. Therefore mass of body remains 50 kg. 
Let g and g, be acceleration due to gravity on surface of earth and a height h above surface of earth. Then 
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64 \ 
= 9.8} — | ms” 
Sa (= 


= 9,215 ms” 


The weight of body at height ‘h’ = mg, 


= 50x9.215 N 
= 460.7 N 
Unit—6 : Gravitation 
Average Gravitational Intensity and Potential 


S51. 


Two particle of mass M and 4M are placed a distance 3d apart. The gravitational potential 
V at a point, where the gravitational field due to the two masses is zero; is 


(d) V=0 (Incorrect) 
SGM 
OEE Gaerne (Incorrect) 
3d 
3) V= = (Correct) 
SGM 
(4) V= Erg (Incorrect) 


Correct answer: (3) 


Solution: 


Fig. (a) show the given point masses. The gravitational field is zero at point O. AO =x = distance of point 
from mass M. Then 


or 











M O 4M 
GM G4M 
aa S A B 
X (3d-x)2 4«—_ 3d ___—>+ 
— x —oe— (3d-x) —— 
= Fig. 
3d XL > o wed ig. (a) 
X 
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The net gravitational potential at O is M 








4M 
A O B 
__GM_G(4m) K--x ==» 
d 2d k——————. 3 ——_—__—_ 
Fig. (b) 
_ 3GM 
d 


Unit—6 : Gravitation 
Difficult 


52. 


Gravitational Potential Energy 


Identical particles each of mass m are initially at infinite distance apart. W, is work done in 
assembling arrangement (a). Now mass at point 1 is moved to the point shown in Fig. (b). 


W 
W, is additional work done. The ratio — is nearly 
2 





4 4 
l 
(a) (b) 
2 3 2 3 
M---- l ----» M---- l ----» 
(d) 3 (Incorrect) 
(2) 3/3 (Incorrect) 
(3) 164 (Correct) 
3 
(4) TE (Incorrect) 
Correct answer: (3) 
Solution: 
1 4 4 Gm? 
U =W =The gravitational P.E of system in Fig. (a) = > i 
i=l j=l j 


J ij 


IŻjJ 
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l 
7 LU +U, + Ug ae +U,, + Uy,)+(Us, +U, + Us, )+ (Ua +Uy +U, )| 


and t,, =1,,=t, = 


- W, ~ [(U,,+U,,+U,,) t (U,,+U,,+U,,)] 


-om (LehE ft tt) 
To. 3 ty D3 b4 Wa 


2 
—_Gm? pa ~_g 7 Gm 





4 


U, = W, = work done in forming assembly shown in Fig. (b) 


1 V34 


Now, t =f, T7’ l3 T’ D; =i, =h, =F 


2 
w,=-Gm"| [3 : > +3 fe-s SM 








l J3 4) 4 1 
`. , , , es ant Gm’ 
W, = additional work done in charging arrangment from Fig. (a) to Fig. (b) = U, - U, = 0.05 
WwW 82 ~164 
W, 0.05 
Unit—6 : Gravitation 
Difficult Law of Gravitation 


R 
53. A uniform sphere has mass M and radius R. A part of radius a as shown in Fig. is cut-out. 


A point mass m is placed at a distance x from center of original sphere. The gravitational 
force F on mass m due to the remaining sphere is 
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3GMm M X —— 
(1) Pe Ay? 
. p_/GMm 
( ) gx? 





_GMm|, 1 R) 
(3) F= x i fi aa 


a to 1-3-2) | 
x 8 2x 


Correct answer: (4) 





Solution: 


Let F, be magnitude of gravitational force on m due to complete sphere of radius R. Then 


p _ GMm 


1 2 
X 





, 4n(R M 
Let m’ be mass ofthe sphere cut-out m = 315 p= a 


R 
The distance of mass m from center O, of the cut-out part is E = R) l 


F, = magnitude of gravitational force on m due to cut—out part = E E a 
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(Incorrect) 


(Correct) 
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F = magnitude of net gravitational force on m due to the remaining part of sphere = F,— F, 





_ GMm E GMm 


2 2 
* (1-2) 
2x 
GMm ll R) 
= ——|1-=| 1-— 
x 8 2x 





Unit—6 : Gravitation 
Difficult Gravitational Potential 


54. Fig. shows two concentric spherical shells having mass M and 2M. Their radii are R and 
2R. The graph showing variation of gravitational potential V with x is 


(1) (Incorrect) 


(2) (Incorrect) 
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(3) (Incorrect) 





(4) (Correct) 





Correct answer: (4) 


Solution: 


(1) For points 0 < x < R; (internal points for both shells) 


V=V,+V, 
; GM 
V =potential at internal point due to inner shell = a 
hats G(2M) GM 
V ,=potential at internal point due to outer shell = -—~——~ =-— 
2R R 
. Ve 2GM 
R 
-2GM 
Therefore, V is constant | = R for0<x<R 


(i) ForpomtsR < x < 2R. (points outside inner shell but inside outer shell), the new potential V is 


_GM_GQ2M) 
x 2R 


Ve 
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For point on surface of outer shell x=2R 


y- GM_GM__3GM 
R R R 


Therefore, V increases non-linearly from 


_-2GM -3GM 


V ET atx =R, to V= „atx = 2R 





i) For x> 2R; the point is external point for both shells; therefore 


G(3M) 


X 





V=- 


Unit—6 : Gravitation 
Difficult Gravitational Intensity 


55. Two hollow concentric spheres have masses M & 2M. There radii are R and 2R as shown 
in Fig. The graph showhing variation of intensity of gravitational field with x is 


2M 


(1) (Correct) 
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GM/R’ 


(2) (Incorrect) 


GM/2R’ 





GM/ 


(3) a (Incorrect) 


GM 
2R? 





GM/ , 
JR 


(4) (Incorrect) 








Correct answer: (1) 
Solution: 


(1) | For pomts 0<x<R; the points are inside both hollow spheres, the intensity of gravitational field due 
to each sphere is zero. 


(i) For points R <x <2R, the points are outside inner sphere but inside outer sphere. The intensity I, 
due to inner sphere various as = . The intensity I, due to outer sphere is zero. At point on the inner 


x 
surface of outer sphere; the resultant intensity I is 
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GM GM 
(2R) ~ 4R? 








However for point on outer surface of outer sphere the intensity I 1s 


GM G(2M) 


TORY CR) 








GM GM 3GM 
= + = — 
4R? 2R? 4 R? 











For points x > 2R; 


Unit-—6 : Gravitation 


Average 
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Gravitational Energy 


56. A rocket of mass 10° kg is fired vertically upwards from surface of earth with an initial 
speed of 6 km/s. g = 9.8 ms’, R= radius of earth = 6400 km. The maximum vartical height 


attained by rocket is 


(1) ~1840km 
(2) ~ 2000km 
(3) ~2580km 
(4) ~3580km 


Correct answer: (3) 
Solution: 
E. = Total initial energy of rocket 


ls, aMn) 
=—mv^ +| ———— 
2 R 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 


Let h be maximum vertical height attained by rocket. The instantaneous speed ofrocket is zero here and its 


distance from center ofearth = R +h. 
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Therefore E.= Total final energy of rocket. 


GMm 
=(= 
í Mm) 





From law ofconservation of energy, E, = E, 


l , GMm GMm 
—myv =——— = 
R R+h 








or tiny? =GMm ee 
2 R R+h 


or v =2GM Fran 
R(R+h) 


2gR°h _ 2ghR 


2(R+h) (R+h) 





6 
(6x10) _ 2x9.8hx6.4x10 
(6.4x10° +h) 
h = 2.85x10°m 
= 2.58 x10° km 


~ 2580 km 


Unit—6 : Gravitation 
Average Gravitational Energy 


57. A meteorite is at rest at a height of 9R above the surface of earth. On its own it starts 
moving towards earth. The speed (v) with which meteorite would hit earth is 


(R = radius of earth) 


(1) E, /2eR (Incorrect) 


(2) J2 (Incorrect) 
10 
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SR 
(3) 3 = (Correct) 
(4) J/8R (Incorrect) 
Correct answer: (3) 
Solution: 
. a GMm 
Let m be mass of meteorite and M be mass of earth. E. = The total initial energy of meterorite = — Tor” 


Let v be the speed with which meteorite hits earth. E, = The total final energy of meterorite = 


| re SMm) 
—mv +| -——— 
2 R 


From law of conservation of energy; E. = E, 


_GMm _ 1 


2 GMm 
—— = —my^ - ——— 
IOR 2 R 


9 GMm _! w 
A 0 R 2 


2 
5S R \ 5R 
3, (BR 
5 





Unit—6 : Gravitation 
Difficult Satellite 


58. A satellite of mass m is moving in a circular orbit at a height h above surface of earth M 
and R denote mass and radius of earth respectively. Due to friction satellite starts losing 
energy at a constant rate k. The time taken by satellite to fall on earth is 


gRhm 

(1) 2k(R +h) (Correct) 
ghm 

2) k (R £ h) (Incorrect) 
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gR”hm 

(3) k(R+h) (Incorrect) 
gRhm 

(4) k (R? F h) (Incorrect) 


Correct answer: (1) 
Solution: 


Let E be the total energy of satellite when r is the instanteneous radius ofits circular path around earth. We 
know 








Ta R LL off TE= LPE 
2r 2 
dE _ GMm (=) 
dt 2r? \dt 


l dE 
Given — = —k ; therefore 


dt 
J= GMm S) 
2k r 
Integrating, 
t R 
= {at =-™ cece ae (.- GM=gR?) 
2k kar 2k(R+h)R 2k(R+h) 
Unit—6 : Gravitation 

Average Gravitational Energy 


59. Two stars each of mass 3x10” kg are intially 10’ km apart. Their speeds at this distance 
apart are negligible. They start moving towards one another under their gravitational force. 
The speed (v) of each star when they collide is 


(Radius of each star = 10° km, G = 6.67x10-"' Nm’kg”) 
(1) 8.96x10*km/s (Incorrect) 
(2) 4.48x10*km/s (Correct) 
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UDA AN 
(3) 6x10°km/s (Incorrect) 
(4) 4.48x10° km/s (Incorrect) 


Correct answer: (2) 





Solution: 
(a) 
2 
Fig. (a) shows initial position of stars. E., the totalinitialenergy=———_ a... (1) 
r 


Fig. (b) shows the position when stars just collide with one another. Let v be speed of each star at this 
moment. Then E,= The total find energy 


Lo, GM? 
(Zm) - oa | E (2) 


From law of conservation of energy E, = E, 














2 2 
_ GM _ My? M 
r 2R 
or v=6M) -E-t 
2R fr 
= 667x10" x3x10"| — 
2x10° 10 


or  v=4.48x10 ms” 


= 4.48 x10f km/s 


Unit—6 : Gravitation 
Difficult Gravitation 


60. A space vehicle of mass m approaches a planet of mass M and radius r. The space vehicle 
has a speed (linear) v, when it is very-very far off from the planet. If the space vehicle had 
moved along a stright line path it would have missed the center of planet by a distanc R. If 
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space vehicle just misses the surface of planet, then 














(1) R= ow (Incorrect) 
2r 
rf , 26M7 
(2) R=—-|v + (Correct) 
v r 
r’ 2GM 
(3) R= “lv T (Incorrect) 
v r 
1 
(4) R=vr v f POM | (Incorrect) 
r 


Correct answer: (2) 
Solution: 
Let V be the speed of space vehicle as it just misses the planet. From law of conservation of energy. 


Total initial energy = Total final energy 





mv +0 = mV? e- Mm) 


r 
The motion of space vehicle is under gravitational force of planet on vehicle. Regarding planet and space 


vehicle as one system, there is no external force and therefore no external torque. The angular momentum 
of system is conserved. Therefore 


mvR=mVr_ or V=v 2) — (2) 
r 


From eqns. (1) and (2) we have 


> mv ( 2) - 


r r 





2GM 
or R= Ev 7 | 


r 





i ; 20M) 
= y + 
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Unit—6 : Gravitation 
Difficult Gravitational Energy 


61. A rocket of mass m is fired vertically upwards from earth with an initial speed v. It looses 
25% of its initial energy in crossing earth’s atmosphere. Neglecting the height of earth’s 
atmosphere; the maximum height to which rocket rises is 


(g = acceleration due to gravity on surface of earth, R = radius of earth) 














3v 
(1) 8R (Incorrect) 
EOE 
(2) SgR | (Correct) 
3v 
DO 
(3) 3v6 _] (Incorrect) 
8eR 
3v 4 
(4) 8oR (Incorrect) 


Correct answer: (2) 


Solution: 


l 
E = initial K.E enegy ofrocket = z mv; 


3 


E’ =K.E ofrocket as it emerges out of the atmosphere around earth = E- 4 


3/1 . . ae . 
ri z m5 = Work done against gravity of earth, in rising to height h 








R+h 
= | -OMM ax = GM] $- . | 
x R R+h 


R 


121 


UDOON 


A program to give wings to girl students 


3,  GMmh gR*mh 














or 8’ R(R+h) R(R+h) 
3v _ g Rh 
O 8 (R+h) 
R+h  8gR 
7 h o 3v? 
R |8gR 
— = -1 
acca 
R 





Unit—6 : Gravitation 
Average Kepler s Laws 


62. A planet is sphericalin shape having mass M; radius R and uniform density p . A satellite 
of mass m is moving around planet in an orbit of radius nearly equal to R. The time period 
of the satellite is: 


(1) TocR” (Incorrect) 
(2) ToR” (Incorrect) 
3) ToR® (Correct) 
(4) TR” (Incorrect) 


Correct answer: (3) 
Solution: 
For a circular orbit ofradius r= R; 


GMm _ mv? 


R? R 
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27TR 


v = velocity of satellite in orbit. Let T be time period of satellite in orbit. Then T =—— 





GMm m 2nR\ 
R? R\ T 


T- InR” 


or IGM 





4 
Also M = ~ p . Therefore, 


2nR” 
G = Rp 


3T 


“Go 


T is independent of R. 


Average 


63. Iflaw of gravitation changes and gravitational force is given by 


F=“ f 
r 


Unit—6 : Gravitation 


V 


Kepler s Laws 


where C is a constant. Consider a particle of mass m moving in a circular orbit of radius r 


around another mass M. The time period T of m is 


(1) Tæ r” 
(2) To r% 
3) Tær % 


(4) Tæ : 2 


123 


(Incorrect) 
(Correct) 


(Incorrect) 


(Incorrect) 
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Correct answer: (2) 


Solution: 


Let v be the speed of mass m when it is moving in a circular orbit of radius r. Then 





mv’ 7 C 
r e 
C 
or v= ET (1) 


The time period T of mass m is 


pa 2m 
y 
7 2 Tr 
a yg 
m 
m Ay 
S20) eget 2 
j o 
T = Par 
Unit—6 : Gravitation 
Average 


Satellite Motion 


64. Earth revolves around its own axis with a time-period T.. A satellite is in an equitarial orbit 
around earth at a height h above surface of earth. The satellite is revolving in same direction 
as rotation of earth around its own axis i.e. west to east. T, is time-period of satellite in 
orbit. The time interval between two successive times at which the satellite appears vertically 


overhead to an observer fixed on equator of earth is 





O UT, 
TT 

2 12 

2) 
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TT 

(3) E (Incorrect) 
LHL 
T°T? 

(4) T-T (Incorrect) 


Correct answer: (2) 


Solution: 


2T 
œ, =angular speed of earth around its own axis = T 
1 


2m 
©, = angular speed of satellite in orbit = T 
2 


©, = The relative angular speed of satellite with respect to earth = œ, — œ, 


-z(= 2E 


T? T TT, 


1 


The time interval between successive positions when satellite is vertically above observer fixed to equator 
dn LL 
on earth = a = T-T, 
Unit—6 : Gravitation 
Average Satellite Motion 
65. A body of mass m is raised to a height above surface of earth. It is projected with a velocity 


v in a direction perpendicular to the line joining the center of the earth and body. The body 


v 
moves in a circular orbit around earth with time period T. — is 








T 
(1) = a 7 ) (Incorrect) 
tm\R+ 
(2) = a 7 ) (Correct) 
tm\R+ 
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3) £/ R 
©) £{ 


(4) 2a( Reh) 
g R 





Correct answer: (2) 
Solution: 


For body to move in circular orbit at height h; 


mv’ _ GMm 
R+h (R+h) 


| GM | gR? 
or V= = 
R+h R+h 


The time-perid, T; of body in orbit 1s: 











2n(R+h) 2n(R+h)’ 
V 7 gR? 


T= 


From equations (1) and (2) we have, 


vo gR 
T 2n(R+h) 


Unit-—6 : Gravitation 


Easy 


(Incorrect) 
(Incorrect) 
e (1) 
oon (2) 
Kepler s Laws 


66. Saturn has a number of rings around it. Assume each ring is due to particles following their 
own circular orbits around saturn. The radius of the inner most and outer most ring is 
nearly 7x10* km and 1.35x10° km respectively. What is the ratio of the time period of 
particles in the inner most and outer most ring? 


(1) ~0.373 
(2) ~2.68 


(Correct) 


(Incorrect) 


UDOON 
(3) ~3.72 (Incorrect) 
(4) ~0.27 (Incorrect) 
Correct answer: (1) 
Solution: 


Let T, and T, be the time period of the particle in the outer most and inner most ring respectively. Let R; 
and R. be the corresponding radii of the orbit. Using Kepler’s third law. 


ae 


o IRYL E MEEA, 
T, (R, 1.35x10° 13.5 


= 0.373 





Unit—6 : Gravitation 
Difficult Satellite Motion 


67. A satellite of mass 100 kg is to be put in a circular orbit at a height of 600 km above surface 
of earth. The satellite acquires a vertical speed of 4 kms when it reaches this height. 
Radius of earth = 6400 km; g = 10 ms”. The impluse imported to satellite at this height so 
that it is put into the desired orbit is 


(1) ~7.65x10° kgms''; horizontal (Incorrect) 
(2) ~4x10° kgms”; vertical (Incorrect) 
(3) ~8.63x10° kgms™'; horizontal (Incorrect) 
(4) ~8.63x10° kgms'; atangleof ~ 29.7° with horizontal (Correct) 


Correct answer: (4) 


Solution: 


gR 


[GM 
Ya The satellite velocity required at height of 600 km = ,/——— = 
r r 
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where r = 6400 + 600 = 7000 Km 


Ox(6.4x10°) 
V sat -= «rs 
7x10 


= 7.648 x10° ms” 
p, = Linear momentum of satellite at h= 600 Km 
=m x v= 10°x4x10° = 4x10° Kgms"; vertically upwards 
p, = Linear momentum required by satellite to put into circular orbit at h = 600 Km 


mv = 7.648 10° ms '; horizontal 


p: 
p: 
“Pp; 
p- 


The impluse required equals change in linear momentum = p,-p, 


<. Magnitude ofimpluse = , Ip; + p ~8.63x10° kems | 


tana = P = a 0.57; a =29.7° 
p, 7.648 


Unit-—6 : Gravitation 


Difficult 


Kepler s Law 


68. Two satellites S, and S, move in coplaner circular orbits of radius r, and r,, around a 


gravitating mass, in same sense. Their periods of revolution are 1 hr and 22 hr respectively 


r, = 10* km. The relative speed of S, w.r.t S, when the two are closest is 


(1) 2x10* kmhr™! 


(2) = x 10* kmhr™ 


V2 
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(Incorrect) 


(Incorrect) 


(3) Jin x10 kmhr™! 
(4) n(v2 — 2)x10° kmhr™ 


Correct answer: (4) 


Solution: 


Let œ and œ, be angular speed of the two satellites in their respective orbits. Then 








2 2 2 
o == adh"; @, = =e radhr 
T, T, 22 


Also r, = 10* km; therefore 
3 O : 
r =(10°) x (2) 
2 = (10°) x| = 


2 
= (10°) x (242) 
or r,=2x10* Km 
v, = linear speed of S, = 1,0, = 27x10" kmhr™ 


2 


2/2 





v, = linear speed of S, = rœ, = 210" x 


= /272x10° kmhr! 


relative speed of S, w.r.t S. =v,—v, 


= (V2 -2)nx10" km hr’ 
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(Incorrect) 


(Correct) 
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Unit-—6 : Gravitation 


Difficult Law of Gravitation 


69. A body of mass m is projected vertically upwards from surface of earth with an initial 


velocity equal to escape velocity. The time taken (t) by body to reach a height equal to 
radius of earth (R) is 


(g = acceleration due to gravity on surface of earth) 


d) t= L JZ (Incorrect) 
3\ g 


1 |2 _; 
(2) t= 31 z RŽ (Incorrect) 


(3) t= + | 22 E 1| (Correct) 
(4) t= 18 (2V2 (Incorrect) 


Correct answer: (3) 


Solution: 


Let v be instantaneous velocity of body when tt is at a distance x from centre of earth. Then 











. dv GM 
instantaneous acceleration = a = — = — 5 
dt x 

or SS or viv =- M ay 

dx dt X X 
Integrating, 

v? GM [2GM dx 

— = — Or y= Z 

2 x X dt 
l 
dt = x”? dx 
2GM 

Integrate, 
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/2gR° ry 
— 2 R p -1 | 
3 \2g 
1 j2R | 2/2 -1 | 
3\ g 
Unit—6 : Gravitation 
Difficult Rocket Motion 


70. Satellite is to be launched using a two stage rocket. The first stage takes satellite to height 


R 
of 10° where R is radius of earth. W, is work done by rocket. The second stage gives 


necessary velocity to put satellite into orbit at this height. W, is work done by the second 


Ni 
stage W, IS 


(1) 2 (Correct) 
(2) 5 (Incorrect) 
(3) 0.5 (Incorrect) 
(4) 1 (Incorrect) 


Correct answer: (1) 
Solution: 


W = Work done by Ist stage of rocket 





11R 

10 
=| -n dx = GMm E : cue | 
5 xX R IIR 
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=gR°m x = = me 
IIR 11 


The second stage does work W, to give necessary speed to the rocket so that it becomes satellite at height 


sat ? 


S Therefore W, = To 
10 2 


where v _ is satellite velocity at the height and its value is 





a GM 
sod HR 
10 
2 
W, = une aoe = aan 
2 11R 11IR 11 

W, 
Hence — =z 

W, 5 

Unit—6 : Gravitation 

Difficult Kepler s Laws 


71. Two geo-stationary satellites are used to communicate between the diogenally opposite 
positions on earth. Radius of earth = 6400 km; g = acceleration due to gravity on surface of 


earth = 9.8 ms”, c = speed of light =3x10° ms. Time taken (t) by signal to reach from one 
point to other is (nearly) 


(1) zero (Incorrect) 
(2) 0.32s (Correct) 
(3) OSs (Incorrect) 
(4) Is (Incorrect) 


Correct answer: (2) 
Solution: 


Let P and Q be the two diagenally opposite points on earth. S, and S, are the two geostationary satellites 
above P & Q. 


r=radius of orbit of geostationary satellite. 


132 


>» GMm 
mro = —— 
r’ 


m= mass of satellite; M = mass of earth. 








an 27 
-4T T rad/s 
T  24x3600 
2 
p= LN SF _9.8x(6.4x10°) x(24x3600) 
A) O 


or r=4.2x10’m 
From Fig.; PS. =OS? ~PO* =Vr° -R? 


~4.15x10’m 


UDOON 


A program to give wings to girl students 


The length of path of signal in going from P to Q via satellite S1 & S, =2PS +S S, =2PS_ +2R 


~9.574x10'm 
9.574x10’ 
<. Time taken t = ———_,— 
3x10 
~0.32s 
Unit—6 : Gravitation 
Average 


Escape Velocity 


72. vis escape velocity of an object from a planet of mass M, radius R, when projected from a 


1 
height h above the surface of the planet. — vs h graph is shown in Fig. The mass and 
v 


radius of the planet is 
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m nl 
M = —:; R=— 
(1) nG G 
B m o» me 
(2) 2G(n-4)  (n-2) 
mxn fn 
(3) 7 G 
m R- 2mé 





OGD o- 


Correct answer: (2) 
Solution: 


The escape velocity from the planet is 


[2GM 

yV = 
R+h 
2GM 


2 
y 


| R | 
— =| —— |+| ——|h 
v a) E 
| 


ye graph is a straight line 





or R+h= 





n— / 7 l 
m 2GM 





Slope ofst. line = 


I —— c= l= R 
ntercept on E axis = GM 


m mf 
M=————_; and R= 
2G(n-0) e (n—-2) 
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(Correct) 


(Incorrect) 


(Incorrect) 
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Unit—6 : Gravitation 
Difficult Energy 


73. Assume earth to be a uniform sphere of mass M, radius R.A smooth tunnel is dug along a 


R 
diametere. A particle of mass m is put inside tunnel at a distance 5 from center of earth. 


v is speed given to particle at this point so that it just reaches the surface of earth. g is 
acceleration due to gravity on surface of earth. v is 


(1) JgR (Incorrect) 
(2) /1.25gR (Correct) 
(3) /1.5gR (Incorrect) 
(4) /2gR (Incorrect) 


Correct answer: (2) 


Solution: 


Fig. shows earth with A Aas smooth tunnel. Initially particle of mass mis at P, r = - = OP . Let V be net 


grantational potential at P due to earth. Then 


V=V +V, 
V= Gravitational potential P due to a solid sphere of radius > 
GM, 
2 
2 


Also M, -—. Thereore 








__GM 5 
D  «« (2) 


Let V, be grantational potential at P due to remaining part of earth. We consider this part as made of 
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concentric spherical shells having radius varying from = to R. Consider an elementary shell ofradius r, 
thickness dr as shown in Fig. 


dm = mass of shell considered = 4xpr*dr 


P = density of earth 
Since point P is INSIDE the shell considered, the potential dV, at P is same as on surface of shell considered. 


Therefore 


dV, = Mo —4r Gprdr 
r 





f f 3R? 
V, = f av, = —4nGp | rdr = -406p ; | 
A % 


An, 9R?) 9(GM 
--(=r pol |= A R l M (3) 


From eqns. (1), (2) and (3) 





GM 9GM_  13GM 


>R SR TR (4) 


The total energy E, of particle at P, when it is given a speed v is: 


E E E E a Pa (5) 
2 2 SR 


The total energy E, of particle as it reaches surface of earth 1s 


GMm . . 
= [K.E of particle at A is zero | 


E, =0+[- 
From law of conservation of energy E, = E,. Therefore 


l 2 13GMm_ GMm 


SR R 


2 _ 5GM _1.25gR’ 
or So Sl 
4R R 


v=4/1.25gR 
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Unit—6 : Gravitation 
Difficult Gravitational Energy 


74. Regard earth as a uniform sphere of mass m, radius R. A smooth tunnel is dug along a 


R 
diameter. A particle of mass m is released from rest at a distance Va inside tunnel. The 


speed of particle as it reaches center of earth is 


3 
(1) > gR (Incorrect) 


1 
(2) (G +V2 aR (Incorrect) 


3 K 
(3) G T 2) aR (Correct) 


Ys 
(4) | 2/2 gR | (Incorrect) 
Correct answer: (3) 
Solution: 
Let P be point, OP = a3 inside tunnel where particle is released from rest. The gravitational potential 


energy of particle at P 


R 
SIVALS | rdr 


a y 


-- Gen (Hp Jo 3R° 
Jor (3°) | aR? 
—_GMm 3Gm_ ES 3 \GMm 
J2R 4R R 


U, =- 





+ — 
J2 A 


The gravitatinoal potential energy U, of mass m at center of earth is 
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_3GM 


7 2R 


Let v be speed of mass at centre of earth. From law of conservation of energy 


1 3)GMm| 1 -30m 
0+ —| —= +— |—— | =-mv" +| -~——— 
J2 4) R 2 2 R 


Unit—6 : Gravitation 


Average 


Escape Velocity 


75. A body of mass m is projected from surface of earth with an initial speed equal to twice the 
escape velocity. Its speed when it just escapes gravitational pull of earth expressed as a 


percentage of its initial speed is 


(1) 50% 
(2) 66.67% 
(3) 75% 
(4) 86.6% 


Correct answer: (4) 
Solution: 


Vsp ~ Escape velocity from surface ofearth 


_ [2GM 
R 


M = mass of earth; R = radius of earth. 


Vv, = initial speed of projection of body = 3 Vap 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 


Let v be its speed when it has just escaped gravitational pull of earth. From law of conservation of energy. 
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—m(2v,, fe ae *+0 
P R 2 
2mv.. | nv? ae 
“a ~ 2 
V=v3V 


v V3 


— x 100 = — x 100 = 86.6% 
V, 2 


1 


Average 
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Unit-—6 : Gravitation 


Escape Velocity 


76. Aman can throw a ball with a maximum speed of nearly 38 ms". The man is on a planet 
having a uniform density of 2.9 g/cc. On throwing the ball with maximum speed, the man 
finds that ball just fails to return to the planet. The radius of planet is nearly; (G = 6.67x10™ 


SI Unit) 
(1) 2.987km 
(2) 2.987km 
3) 29.87km 
(4) 29.87km 


Correct answer: (2) 


Solution: 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 


Since the ball thrown with a speed of 38ms" just fails to return to the surface of the planet, the escape 
velocity (Vv...) from planet is 38 ms'. Let M be mass and R radius of planet. Then 
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R=v; : 
P4 8Gp 
— 
8x3.14x6.67x10 x2.9x10 


= 2987m 





= 2.987 km 


Unit—6 : Gravitation 
Average Escape Velocity 


77. Two spherical gravitating bodies have mass 
M, and M, and radii R, and R, respectively 
as shown in Fig. The center of the two are a 
distance d apart. A mass m is located at A 
dividing O O, into two parts in the ratio of 1:2. 
The minimum velocity of mass m so that it _A $$ d —y 
escapes gravitational pull of both bodies is 


(d) v= ee (Mi, My (Incorrect) 
d 
[3G(2M, +M, ) 
(2) v= — n (Correct) 
3G (M, + 2M, ) 
(3) v= — a (Incorrect) 
\ d 


Correct answer: (2) 


Solution: 


2d 
Let r, and r, be distance of mass at A from O, and O,. Then 1 = 3 and r, = a Let v be minimum speed 
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of mass (m) at A so that it just escapes gravitational pull of M, and M.. From law of conservation of energy. 


1, GMm GM,m 
—mv +| — +| —-——— |=0 
2 I, I 


1, GM, GM? 3G 











— V + = 2M, +M 
w aY Tg ay 2g) 
3G 
o y- (2M, +M, ) 
d 
Unit—6 : Gravitation 
Difficult Kepler s Law 


78. A planet of mass m is moving in an elleptical orbit V: 
around sun (S). When it is in position A its velocity v, 
= 1.1 v, where v, is velocity for a circular orbit of 


B 

radius r, around sun. When the planet is in position A 

r, 
B its distance from sun is r,. Then ~ is V? 

r k—r oe ----- r, =- ---- >| 
(d) ~1.1 (Incorrect) 
(2) ~1.21 (Incorrect) 
(3) ~1.5 (Correct) 
(4) ~1.414 (Incorrect) 


Correct answer: (3) 
Solution: 


Since v, is velocity of circular orbit of radius r; 


mv, GMm 2 GM 
2 a ——CSCOCt (1) 


I I I 








L, =angular momentum of planet at A= mv r, 


GMm 


I, 





1 2 
E, =Total energy of planet at A = ~ (1 dvo ) 7 
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7 121 GMm GMm 7 79 GMm 


= 500 r 200 5 (2) 











I 


Let v, be speed of planet at B. Then 
L, = angular momentum of planet at B= mv,r, 


From law of conservation of angular momentum L, = L, 


L. vot, 
or mV r, = mvr, or yS ae ( 


I, 


E, = Total energy of planet at B 





100 


1, GMm 1 (a) 2 GMm 


—mv 
2 2 
2 r I, i I, 


Using law of conservation of energy 








121 ante a _GMm_ 79 GMm 
200 I , 200 r 


2 


2 
m mfa) -200{ + ]=-7 
D b 


a — 
or T4994 4000 — 38236 
L 242 
=0.653 
eE 
I, 
Unit—6 : Gravitation 
Average 


Escape Velocity 


79. A satellite of mass 10’ kg is revolving around earth in a circular orbit at a height of 10° km. 
The additional velocity needed to make the satellite escape grantational pull of earth is 


(radius of earth = 6400; g = 10 ms”) 
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(1) ~3.8km/s (Incorrect) 
(2) ~10.5km/s (Incorrect) 
(3) ~3.1km/s (Correct) 
(4) ~2.8km/s (Incorrect) 


Correct answer: (3) 
Solution: 


V_, 1s velocity of satellite at hight h. Then 
oO | GM | gR? 
“ NR+h VR+h 


10x(6.4x10°) 
7.4x10° 








~ = 7.44x10°ms | 


Let V sp be escape velocity from a height ‘h’ above surface of earth. 


2GM _ am 
R+h 








=1.414x7.44x10° ms” 


~10.52x10°ms! 


Therefore additional velocity needed 
=(10.52—7.44)x10°ms * 


~ 3.08x10°ms 
~3.lkm/s 


Unit—6 : Gravitation 
Average Kepler s Laws 


80. Earth moves around sun in a nearly circular orbit of radius R. T is time period of earth 
around sun. Imagine that the mass of sun increases by 50% and the radius of earth’s orbit 
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is 2R. If the time-period of earth now is T', the ratio = is (nearly). 


(d) 1 (Incorrect) 
(2) 2.8 (Incorrect) 
(3) 2.34 (Ccorrect) 
(4) 3 (Incorrect) 


Correct answer: (3) 
Solution: 
Let M, and M, denote mass of sun and earth. Let v be speed of earth around sun; in orbit ofradius R. Then 
GMM, M Ea 
R’ R 


2 GMs 
v= 
R 





or 


27R 
T =Time-period of earth around sun = — 
y 


T- 4n R? 
GM, wes (1) 


Given M =1.5M,; R'=2R. Let T' be the time-period of earth, in orbit, now. Then from equn (1) 


B-D 


ae _ 4 434 


ae ip 


ale 
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UNIT-7 : PROPERTIES OF SOLIDS AND LIQUIDS 


Learning Objectives 

After going through this unit, you would be able to understand, appreciate and apply the following concepts: 
° Elasticity as used in Physics: Simple explanation in terms of interatomic or molecular forces. 

° Stress and strain. Two types ofstress and three simple types of strain. 

° Stress verses strain graph. Definition of (1) elastic limit (11) yielding ponit and (111) breaking point 

° Hooke’s law — Modulus of elasticity. (1) Young’s modulus (11) Bulk modulus (111) modulus of rigidity. 
° Elastic energy. Applications of elasticity. 

° Thrust and pressure exerted by a liquid at rest. Pressure exerted by a liquid column. 

° Pascal’s law and its application in (1) Hydraulic left (11) Hydraulic brakes. 


° Surface tension — a natural property of liquid surface. Use of interatomic or intermolecular forces to 
understand surface tension. 


° Definition of (1) surface tension (11) free energy ofa liquid surface and relation between the two. 
° Forces of (1) Cohesion and (11) Adhesion. Shape of liquid meniscus and angle of contact. 


© Pressure difference across a curved liquid meniscus. Expression for excess pressure inside a liquid 
(1) drop (11) bubble. 


° Capillarity. Expression for rise or fall of liquid in a capillary tube. 
° Practical applications of surface tension. 

° Variation of S.T with temperature. 

° Stream lined and turbulent flow ofa liquid. 

° Viscosity. Newton’s formula of viscous force. 


° Coefficient of viscosity. Units and dimensions of 1. 


° Stoke’s law. Motion ofa small sized spherical ball in a viscous medium. Concept of terminal velocity. 
Expression of terminal velocity. 


° Poiseuille’s equation — Flow ofa viscous liquid in a horizontal capillary tube. 
° Variation of n with temperature. 
° Streamlines and tube of flow. 


° Critical velocity and Reynold’s number. 
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° Energy possessed by a liquid in stream lined flow. (1) pressure energy (11) potential energy and 
(11) kinetic energy. 


e Bernoulli’s theorem and its applications. 
° Heat — a form ofenergy. Temperature Zero" law of thermodynamics. 


° Celsius; Farhenheit, Ròòmer and Absolute (or Kelvin) scale of temperature. Their relation with one 
another. 


° Thermal expansion. (1) linear (11) superfacial and (111) cubical expansion. Practical applications of 
thermal expansion. 


° Heat content of a body. Definition of specific heat and its units. 

e Latent heat. Latent heat of (1) fusion and (11) vaporisation. 

° Principle of Calorimetery and its applications. 

° Flow ofheat. The process of (1) Conduction (11) Convection and (111) Radiation. 

° Thermal conduction; definition of thermal conductivity. Its units and dimensions. 

° Steady state rate of flow ofheat in a metal rod having a temperature gradient across it. 
° Nature ofthermal radiations. 

° Reflection; transmission and absorption ofradiations. 

e Aperfectly black body. Ferry’s black body. 

° Kirchhoffs law and its applications. 


° Stefan’s law. Derivation of Newton’s law of cooling from Stefan’s law. 
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Perfectly elastic body 










Stress 


Normal 
stress 






Elastic limit 


Young’s 
modulus 


CONCEPT MAP 


[A] 


ELASTICITY 


Cause of Elasticity 


Tangential Longitudinal Volumetric 
stress strain strain 


Bulk modulus 


Elastic energy 
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Perfectly plastic body 
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Shearing 
strain 
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|B] 


HYDROSTATICS 














Pressure exerted by 


a liquid column 


Thrust and 
Pressure 


Hydraulic lift Hydraulic brakes 


SURFACE TENSION 
What is surface 
tension? 


Illustrations of 
SI 
Definition of surface 
tension, surface energy 
Relation between S.T 
and surface energy 
Force of adhesion Shape of a Angle of 
and cohesion liquid meniscus contact 
Excess pressure across a Excess pressure inside 
curved liquid meniscus a bubble, liquid drop 







Molecular theory 
of surface tension 





Capillarity 
Height of liquid inside Practical application 
a capillary tube of capillarity 
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[C] 


HYDRODYNAMICS 
Streamlined & Turbulent flow 


Streamlines & 
tube of flow 
Newton’s formula Critical velocity & 
of viscous force Reynolds number 
Co-efficient of Energy of liquid 

viscosity (n) in motion 
Units & dimensions Pressure 
ofn energy 
Bernoulli ’s theorem 


Motion of a small sized sphere Velocity of | | Venturi- Variation of pressure, 
in a viscous medium efflux meter velocity in a horizontal 












Gravitational 
potential energy 


Kinetic 
energy 


tube of varying 
cross-section 


Terminal velocity & its applications 





Flow of a viscous liquid in 
a horizontal capillary tube 


Variation of n 
with temperature 
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ID] 


HEAT 


Heat & temperature Specific heat Transfer of heat 
Zeroth law of Dulong & 
conduction 


thermodynamics Petit’s law 
Nature of 
Temperature scales Thermal Thermal thermal 
and their relation capacity conductivity radiations 


and water 
equivalent 


with one another 





Reflection, 
transmission 
& absorption 


Steady state 





Thermal expansion rate of flow 
of heat 


Linear Cubical Perfectly 
expansion expansion Equivalent black body 
Practical 
applications of 


Principle of thermal 
calorimetery 
thermal expansion In parallel 
Practical 
applications Nisuatunte lave 


of cooling 












Superficial 


expansion 





conductivity 


and ue Kirchhoff’s law 
applications 
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(A) ELASTICITY 


An external applied force on a body can change its shape and / or size. Such forces are known as deforming 
forces. In general a body recovers its original shape and / or size when external deforming forces are 
removed. This is known as elasticity. In daily life we say a body is more elastic if we can easily change its 
shape or size. A layman says rubber is more elastic than steel because he can easily stretch a rubber band 
and not a steel wire. However in Physics; elasticity measures the oppposition a body offers to changes in 
its shape and / or size. Therefore; in Physics, we say steel is more elastic than rubber. 


Perfectly Elastic and Perfectly Plastic Body 


A perfectly elastic body completely recovers its original dimensions when external deforming force is 
removed. This is an idealised concept. No body is perfectly elastic under all conditions. Quartz very nearly 
behaves like a perfectly elastic body. 


A perfectly plastic body does not recover at all its original demensions when external deforming force is 
removed. Putty; paraffin wax are nearly perfectly plastic bodies. 


Stress 


A body subjected to deforming forces 1s under stress. Due to interatomic / molecular forces, when distance 
between atoms / molecules changes from its equilibrium value, an internal restoring force comes into play. 
It is due to this internal force the body recovers its original dimensions when external deforming forces are 
removed. Ifthere is no permanent change in the body; the internal restoring force is equal and opposite to 
the external applied force. Stress is internal restoring force per unit area. We can also say; 


external deforming force 
Stress = AA 
area 


The S.I unit of stress 1s ae Pa) .[For a body in elastic limits] and its dimensions are ML" T*. Commonly 
m 


there are two types of stress. 


(1) Normal Stress: The applied deforming force acts normally over the 
area of cross-section of body. It can be extensional (tensile) or 
compressional. 


(2) Tangential Stress: The external applied force acts tangentially to the 
area of cross-section. Fig. 1 shows a cube having a rigidly fixed lower 
face ABCD. F 1s tangential force applied to upper face EFGH. The 
shape of cube changes due to applied tangential stress. 





Rigidly fixed Fig. 1 
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Strain 


Due to applied deforming force there is a change in dimensions of the body. Change in dimension per unit 
original dimension 1s known as strain, 1.e. 


. change in dimension 
Strain = ———=>=— 
original dimension 





Strain being a ratio of two similar dimensions is a pure number. It has no units or 
dimensions. There are three simple types of strain. 


(1) Longitudinal Strain ; hanging 


The external applied force produces a change tn length. Fig. 2(a) shows 
a wire OA = ¢ hanging vertically from a rigid support. In Fig. 2(b); the 

wire accquires length OA,, when external force F 1s applied. ee ee a La - 
AA, = A£ = Change in length of wire. Then 4 


h in length Aé | 
The longitudinal strain = ieee ES chee = — Fig. 2 
original length 4 


(2) Volumetric Strain 


The external forces are applied in such a manner that here is a change in 
volume but no change in shape. Fig. 3 shows a cube ABCDEFGH of 
side L equal compressional force F is applied on all six faces as shown. 
The shape of cube remains same but its volume decreases. We have a 
volumetric strain. 


changein volume Av 


Volumetric stram = ——: 
original volume v 





(3) Shearing Strain 


The external deforming forces are so applied that here is a change in H H 
shape but no change in volume. Obviously a tangential force has to be 
applied. Fig. 4 shows a cube ABCDEFGH ofside L.The lower force 
ABCD is rigidly fixed. A tangential force F is applied along upper 
face EFGH. The shape of cube changes to a parallelopied 
(ABCD E’F’G’H’). The angle O through which side AE (which is 
originally perpendicular to the fixed face ABCD moves is known as 


angle of shear (0). The shearing strain = angle of shear 





FE' AL Rigidly fixed 
AE L Fig. 4 
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Stress vs Strain 


Stress and strain are like cause and effect. A relationship is expected between the two. For a wire suspended 
vertically from a rigid support; the stress is due to load attached to its free end and strain is measured in 
terms of increase in length. Experiments give stress vs strain graph as shown in Fig. 5. We note 


(1) 


(2) 


(3) 


(4) 


The part OP is linear, 1.e. stress is directly proportional to strain. 
For any external applied load less than corresponding to point 
P; on removal of load wire completely recovers its original 
length. The behaviour of wire is perfectly elastic. 


Stress 


For loads more than corresponding to point P curve is not a 
straight line. For any load more than P say P, in Fig. 5; on 
removing the load, the wire does not completely recover its 
original length. There is a permanent increase represented by 
OO,. OO, is a measure of permanent set. The load 
corresponding to point P measures the Elastic Limit. We can 
say that elastic limit is that maximum stress form which wire Oo 
can completely recover its original length, when load is removed. 





Strain 


Fig. 5 

Beyond point Q; we note that strain increases without increasing 

stress (or load) we say wire has started flowing. Stress corresponding to point Q measures the 
yeilding point ofthe wire. 


Beyond point R the curve RST shows that 1f load is increased beyond its value for point R, thinning 
of wire starts producing weak spots and finally wire breaks from one of these weak spots. The stress 
corresponding to point S measures the breaking stress. Breaking stress has a definite value for a 
particular material. It does not depend on dimension of wire. However breaking force = breaking 
stress X area of crossection, is not a constant for a given material. It depends on shape and size 
besides the nature of material. 


Ductile and Brittle Materials 


(1) 


(2) 


A material showing a large plastic range beyond elastic limit is known as a ductile material. Copper, 
iron, aluminium, silver are ductile materials. They are used for making, wires, springs and sheet of 
material. 


A material having a small plastic region beyond elastic limit is known as a brittle material. Cast—iron; 
glass are brittle. 


Hooke’s Law 


Hooke on the basis of his early experiments found that within elastic limit; stress is directly proportional to 
strain; 1.e. stress oc strain 


or 


Stress 





— = constant = Modulus of elasticity 
Strain 
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Types of Modulus of Elasticity 


We know, there are three different types of strain. Corresponding to each type of strain there is one 
modulus of elasticity. The three moduli of elasticity are: 


(1) 


(2) 


Young’s Modulus (Y) 
Y is defined in terms of longitudinal strain. By definition 


normal stress 






Young’s Modulus =Y = ———..__ 

longitudinal strain 
(L+AL) 
Consider a wire of length L, area of cross-section a. A force F is 


applied to its free end, perpendicular to its area of cross-section. Let 
AL be change (increase) in length of wire. Then 


F 
Normal stress = — 
a 


a _ AL 
Longitudinal strain = T 


5 F.L 
yee 


aly a(AL) 


Y is aconstant for a meterial. Y does not depend on the dimensions of wire and external applied 
force. SI Unit of Y is Nm? = Pa and its demensions are M LT”. 


The Bulk Modulus (K) 





Bulk modulus involves volumetric change. It is the ratio of normal stress and the volumetric strain. 
Consider a body of volume V. Let F be external applied force over cross-sectional area ‘a’. Av 1s 
the corresponding change in volume. By definition. 


Normal stress F/a 


K = The Bulk Modulus = Valine estan z AV/V 





For a gas having a volume V, let AP be change in pressure (1.e. the normal stress) and AV the 
corresponding change in volume. Then 


AP 


-(54) 


Note the negative sign in the above expression. If pressure on gas increases, AP is positive number. 
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The volume of gas decrease, 1.e. Av 1s anegative number. K as defined is a positive number. For an 
ideal gas under isothermal conditions; K, = P = The pressure of gas. Under adiabatic conditions, 
K = yP. 

adi 


y= = = The ratio ofthe two specific heat of gas. 
7 


The reciprocal of bulk modulus (K) is known as compressibility (x, ). SI unit of compressibility is Nn’ 
or (Pa). 
(3) Modulus of Rigidity (1) 


It involves strearing strain. Refer to Fig. 4. A tangential stress F/a is applied on face EFGH of cube; 
the lower face ABCD is rigidly fixed. O is the angle of shear and equals shearing strain. By definition 


— Tangential stress 
n = The modulus of rigidity = ———___ 
Shearing strain 


fa. ts 
8 (%) 





The Poisson’s Ratio (o) 


Careful and accurate measurements show that when a wire of length L and diameter D experiences an 
extensional strain (1.e. length of wire increases); their is a decrease in its diameter. In general; we find that 
a strain in one direction is always accompanied by another strain in perpendicular direction. The latter 
strain is known as lateral strain. Within elastic limits; lateral strain is directly propertional to longitudinal 


strain. The ratio of the two strains is a constant, known as Poinsson’s ratio (o) :1.€. 


l l Lateral strain 
o = The Poisson’s ratio = —— ~ 
Longitudinal strain 


For a wire of length L and diameter D 
(6) 
(“%) 


Value of o lies between —1 and 0.5 1.e.—1 < o <0.5 
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Elastic Potential Energy 


Consider a wire of length L; area of cross-section a. When wire is extended by AIL, due to external 
applied force; work is done by the applied force to stretch the wire. This work done is stored in wire as its 
elastic potential energy. It can be shown that 


. l . 
Elastic potential energy per unit volume = J stress x strain 


= +(Y) x (strain) |’. stress = Y x strain | 


Applications of Elasticity 


A few important; daily life; applications of elasticity are listed below: 


(1) 


(il) 


(m) 


(iv) 


Metallic part ofany machine is never subjected to a stress more than its elastic limit. This avoids 
permanent deformation in the machine. 


Metallic ropes are used to lift heavy weights as in a crane. The diameter of rope required depends on 
the elastic limit of the material ofrope. Normally an additional term the safety factor (generally 10) is 
used in design of the rope. The diameter is calculated by taking a load 10 times the desired load 
capacity. 


In designing a beam or a pillar; in construction of roofs and bridges; the elastic properties of material 
and the load are the important factors. It can be shown that a beam of rectangular cross-section; will 
be able to bear more load if we increase its depth. 


It can be shown that a hollow shaft is stronger than a solid shaft made of the same amount of material. 
In other words; torque required to twist a hollow cylinder is more than torque required to produce 
same twist in a solid cylinder of same mass and length. This is the reason electric poles have a hollow 
structure. 


Example-1: 


Two wires A and B of same material have lengths in ratio of 4:3 and radii in ratio of 1:2. The two 
are subjected to same external force F. What is ratio of (i) Young’s modulus (ii) stress (iii) strain 
and (iv) change in length of wires A and B? 


Solution: 
L 4 r 1 
Given, — =—; “=-; F, =k, =F 
le 32 h 2 
(1) | Since the material of wires A and B is same 


156 


A program to give wings to girl students 


(stress), F, ne 


(stress), F, Ty g (3 } 


VN 








o. stress . stress 
Gi) We know Y =——— or strain = 
strain Y 


(strain), E (stress), W 


i (strain), (stress), Y 


A 


(stress), 4 
mp ania ee < Y, =Y 
(stress), l Lv Ya = Yo] 


(v) Let (AL) „ and (AL), be the change in length of wires A and B respectively. Then 


ee E | 


(strain), (AL) 











Example—2: 


Two wires A and B are made of materials having Young’s modulus in ratio of 16:15. The length of 
the two wires is in ratio of 4:5 and radii in ratio of 3:2. What is ratio of external applied force on 
A and B; so that change in length of the two wires is same? 


Solution: 


From definition of Young’s modulus (Y), the change in length (AL) ofa wire of original length (L) radius 
ris 
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F, (Lp )(t™) (Ys. 
< Ti Lx Ip Xa 


Substituting given values 


(4 


Example-3: 


A wire of length Lis suspended in a vertical plane from a rigid support. A load w is attached to its 
free end. The increase in length of wire is @. The same wire now passes over a fixed pulley and 
weight w is attached to each free end of the wire. The total increase in length of wire is 


(a) £ (b) 22 
(c) > (d) 42 
Solution: 


Let Y be the Young’s modulus of wire. Then 


B wxL 
aY 


4 





When wire passes over pulley and load w is attached to either end; the length of each part of wire is > l 


Let ¢' be increase in length of one part due to applied load w at its free end. Then 


tz = 
aY 





wy) Lb 
2 


.. Total increase in length of wire = 2/'=L 


Correct choice is (a). 
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Example—4: 


Four identical hollow pillars each of length 1.5m having inner and outer radii 20cm and 40cm 
respectively support a horizontal bridge. What is maximum load bridge can withstand if maximum 
permitted compression is 0.01% of original length of each column. Assume load is uniformly 
distributed over the four pillars. Given 1 kgf= 10 N. Y=2x10" Pa 


Solution: 
a= Area of cross—section ofeach pillar 


= 3.14 [(0.4)?—(0.3)2] = 22102? 


L=1.5mand =x 100 =(.01 or = =10" 


F 
Let F be the maximum force bridge can withstand. The force on each pillar = 7 Then 


2x10" 0 

22x10” x10" 

or F = 2x10''x4x22x10° N = 176x10° N 
= 176x10 kg wt 

Example-5: 


A body has density p on the surface of sea. The body is taken to the bottom of the sea. The 
percentage increase in density is 0.1% of p. What is depth of sea? Given 


Compressibility of body = 10"! (Pa); g =10 ms”; average density of sea water (assumed to be 
constant) = 10° kgm” 


Solution: 


The density ( p) of a body of mass m having volume V, is 


o=-— 
V 


e 
p' = The density of body at bottom of sea = (V+ AV) 


Let AP be additional pressure at bottom of sea due to a column of water of height H = depth of sea. 


Obvisouly AP = Hp, g; where p, = density of water. 
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Ap pp (= 
: 


By definition; the bulk modulus, K of the material of the body is 


AP -( =F =n(aP) E (2) 


K =— or 
“AV V K 


where y = — = The compressiblity of the body. From Eqns (1) and (2) we have 
a = x (AP) or AP = 1/2) 
P X\ P 


ap 


Given ££ x100 =0.1 or 2P =107 
p 


AP = 





: x10” =10° Pa (3) 


jo 


AP 10° 
The depth of sea = H = — =—,—— = 10*m=10km 
p,g 10x10 


Example—6: 


A steel rope attached to a crane is designed to lift up a maximum load of 100 metric ton. What is 
minimum radius of rope? Given breaking stress of steel = 3.18<10° Pa 


Safety factor = 10, g = 10 ms” 
Solution: 
Maximum load = 100 meteric ton = 10° kg 


Safety factor of 10 means that even if load is ten times of the maximum premitted load the steel rope should 
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10x10°x10_ | 
not break. Therefore the maximum stress that the rope should be able to withstand = —————— Nm” 


where ‘a’ is area of cross-section of rope. This maximum stress is equal to the breaking stress; 


7 
te O -3.18x10! 
aa 3.14x(r) 
7 
Pe o 

3.14x3.18x10" 
or r=10'm=10cm 
Example—7: 


The couple required to twist a cylinder by a unit of angle is known as “torsional rigidity” of 
cylinder. It is given by 





where n is modulus of regidity of material of cylinder of radius r, length 2. A solid cylinder of 
radius r and an annular cylinder of inner radius r,, outer radius r, have same length and mass. 
Show that torsinoal rigidity of annular cylinder is more. 


Solution: 


Let t and t' be the torsional rigidity of the solid and annular cylinder. Then 


ee and mle] 
siese o 


The mass ofthe two cylinders is the same. Hence the two should also have equal volume ofthe material. 
mf = n(x; -rf ). 


or ee ek a (2) 


From Eqns. (1) and (2) we have 
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Since r° =r, -r ; 5 +4, is greater than r°. 
T ' 

Fromegqn. (3); —>l1 or t'>r 
T 

Example-8: 


A rod of mass M; length L is made of material of Young’s modulus Y. The rod rotates in a 
horizontal plane about an axis through its one end and perpendicular to length of rod with a 
constant angular speed œ. The increase in length of rod is 


(p = density of material of the rod) 











1{ pot 2 1/ po? 3 
a e) o e) 

1/ po’ \ 3 2( pw’ \., 
o li} oF} 
Solution: 


Consider a small element of length dx of the rod at a distance x from axis of rotation as shown in Fig. 7. 
Let T be tension at distance x from axis of rotation. Then 


(C) 
T =Centerifugal force on the element considered = (dm) xo T 
dm = mass of the element considered = a (dx) p 
x —— 4 K— 
a = area ofcross-section ofrod; p = density ofrod. f 
dx 
T = apo" xdx 
Fig. 7 


The increase in length (dé ) ofthe element considered; in terms of Young’s modulus (Y) is 


_ ix 
aY 


dé 


2 
= x’ dx 
Y 
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2=L 


The total increase in length ofrod = | dé 
0 


X= 


pa 
Y 





"E po L 
3Y 


2 L 
X 
0 


The correct choice is (b). 


(B) HYDROSTATICS 
Introduction 


Any substance that starts to flow when an external force is applied is known as a fluid. Liquids and gases 
are fluids. They do not have any shape oftheir own; but take the shape ofthe container they are put in. 
Hydrostatics is the branch of physics in which we study fluids at rest. 


Thrust and Pressure Due to a Liquid 


A liquid at rest in a container exerts a force on the walls and bottom of the container. The force is exerted 
due to collisions ofatoms / molecules of liquid with the walls of the container. In each collision, there ina 
change in linear momentum of atoms / molecules of the liquid. Conesquently, the wall exerts a force on 
atoms / molecules and vice—versa. 


For a liquid at rest; the force exerted by the liquid is always normal to the 
area of surface in contact. Ifthe force F is in any other direction than normal 


F cosé 


as shown in Fig. 1; we resolve it into rectangular components (1) F cos 0 





along surface and (2) F sin 8 perpendicular to surface. 


E R The component F cos O will make liquid particles move along the surface, 
i.e. liquid is not at rest. For liquid to be at rest; F cos 0 =0or 0 => 


1.e. force F acting on liquid surface must be along the perpendicular (1.e. normal) to the surface. 


The total force exerted by the liquid normal to the surface in contract is known as the thrust of liquid on the 
surface. 


The normal thrust (or force) exerted per unit area of the surface in contract with liquid, is the pressure (P) 


exerted by the liquid on the suface i.e. P = ~ . SI Unit of pressure is Nm” (= Pa). 


Force is a vector quantity but pressure is a scalar quantity. The direction of pressure at any point is always 
perpendicular to a small area around the point considered. Pressures add up algebraically. Also pressure 1s 
transmitted equally in all directions; therefore no direction can be associated with pressure. 
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Pressure Exerted by a Liquid Column 


Fig. 2 shows a cylinder of cross sectional area ‘a’. A liquid of density fills cylinder up to 
a height h. The pressure, P, exerted by the liquid on the bottom of container is due to 
weight of liquid inside. The weight W = Mg; M = Mass of liquid in container. W acts at 
right angles to the area of the base of cylinder. Also 


M = volume of liquid x density of liquid 





=ahp 


The pressure, P; at bottom of container, by definition, is 





=hpg a (1) 
Note: P does not depend on the area of cross-section of cylinder considered. It is 


(1) directly proportional to vertical height (h) of the liquid column. 


(1) directly proportional to density ( p) ofthe liquid. 


(i) directly proportional to acceleration due to gravity (g). Pressure given by Eqn. (1) 1s also known as 
hydrostatic pressure. 


The Hydrostatic Paradox 





Fig. 3 shows three containers of same base area but different shape. The three contain same liquid upto 
same vertical height. Obviously w, > w, > w,. Is P , P), P, the pressure at bottom of the three vassels 
different? No; P, = P, = P, in accordance with Eqn. (1). This is an apparent paradox. The paradox is 
resolved as follows. Consider a point P in contact with wall of container. In Fig. 3(a) force excerted by wall 


: W, 
on liquid is normal to wall. The total force acting vertically downwards at bottom is W, and P, = T . In 


Fig. 3(b); the force ofexerted by wall on liquid particle at P is normal to direction ofwall. This force has a 
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(1) horizontal component f and (2) vertically upward component f,. It can be shown that > = (W, —W, ) l 


The net vertically downward force on bottom in Fig. 3(b) is 
W, D = W, -(W, -W,) =W 


W 
Therefore pressure P, =— =— =P.. 


A A 


ka 


Similar consideration shows that P, = P, = P, 


Pascal’s Law 


According to Pascal’s law: neglecting the effect of gravity; pressure 
at every point in a liquid at rest is same. 


We can also say that for a liquid at rest in an enclosed vessel a 
change of pressure at any point is transmitted equally in all directions. 
This is illustrated by the following two simple examples. 





; 2E 
(1) Take a rubber ball having a number of fine pin-holes F/5 
at different points on surface of the ball. Let us put eae $ , 
Ss area o 
water inside rubber ball through a large hole and arose section «cross-section 
then close the hole. Press the ball at any point with A2 by 2A 


finger to increase pressure. Water emerges out of all 
pin-hole in the shape of fine streams as shown in 
Fig. 4. 


(2) Fig. 5 shows three cylinder-pistons L, M and N of 
cross-sectional are A; A/2 and 2A respectively. 
Piston L is pushed inwards with force F. Force F/2 
and 2F have to be applied to M and N to keep 
them in equilibrium. Pressure at all three points is 
same. 


Applications of Pascal’s Law 


(1) Hydraulic Lift: 


It is an arrangement used to lift a heavy load like a car by applying a small 
force. Fig. 6 shows such an arrangement. C and D are two cylinders in 
contact with one another and filled with a fluid (say water). Area of 
cross—section; a, of part C is very small as compared to area of cross— 
section A of D. A small force fis applied to water column C as shown in 
Fig. 6. The pressure is P = f/a. This pressure is transmitted to platform in 
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(2) 


D. The upward force on platform = PxA = f (A/a). Since A >> a; F>>f. This is used to lift platform 
P having a load placed on tt. 








Hydraulic Brakes: 
Master 
Brake oil cylinder 
To other qa weet ¥eeeeeeeeeeeeeeeeeeeeesf HE 
wheels sass +F 
Brake paddle 
Wheel 
cylinder Brake pad 
Brake 
lining Wheel 


drum 


Fig. 7 


Fig. 7 shows a lablled; self explanatory diagram of brakes used in automobiles. A small force F 
applied on brake paddle produces sufficient pressure in brake oil via master cylinder. This pressure 
exerts sufficient force on pistons P, and P, attached to wheel cylinder of larger cross-section to push 
brake pads outward and bring in contact with moving wheel drum. Due to friction between the two 
braking effect 1s produced. 


Atmospheric Pressure 


Earth is surounded by a gaseous envelope around it extending 


upto a few kilometers above surface of earth. This 1s earth’s 
atmosphere. The pressure exerted by these gases on earth ---- 
is known as the atmospheric pressure. As in liquids, the j 
pressure is due to weight of gases around earth’s atmosphere. 
These gases are not at rest; therefore earth’s atmosphere | 
changes with time Torricelli showed experimentally (as 
shown in Fig. 8) that atmospheric pressure is equal to the 
pressure exerted by the mercury column in the tube above 







t >0.76 m 
of Hg 





e 
Xt) 


l 
ne 


Mercury 





surface of mercury in beaker. At sea level; under STP Fig. 8 
conditions the height of mercury h= 76 cm ofHg. Therefore; 


P = The standard atmospheric pressure = 0.76m of Hg column 
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= 0.76x13.6 1039.8 Nm? lie. P = hpg] 


= ].01x10° Pa 
Example-9: 


A liquid fills a cylinderical vessel of radius R to a height H = 1.5R. What is ratio of total foce on 
bottom of cylinder and the total force on the vertical wall of cylinder? 


3 2 
a 5 O 3 

3 4 
(c) 4 (d) 3 
Solution: 


F = The total force on bottom of cylinder = Weight of liquid inside cylinder 


= (mR? H) PE (1) 
p = density of liquid, g = acceleration due to gravity. z | 
To calculate the total force on vertical wall of cylinder considera layerof (@w+dy)y Ẹ: 
liquid defined by y and y + dy as shown in Fig. 9. The pressure, p at the 
layer considered; 


P = Yp& 


The area of cross-section of liquid in the layer considered = 27R.dy 





dF, = The force on the elementary part of vertical wall 
= px 2nRdy = 27Rpgy dy 
H H 
F, = [dF, =27nRpg| ydy=nH’Rpg (2) 
0 0 
From Eqn. (1) and (2) we have 


E _(mR’H)pg R R 


F 


2 
j g (nH’R)pg H ISR 3 


The correct choice is (b) 
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Example—10: 


A tank of square cross-section is divided into two equal parts by a partition 
as Shown in Fig.10 The partition has a door, D; of cross-sectional area 40 
cm’. The L.H.S of tank is filled with water and the R.H.S with a liquid of R.D 
= 1.7 upto a height of 4m. What net force be applied on door to keep it closed? 
g = 9.8 ms” 


Solution: 





Regarding the size ofthe door as small in comparison to the height of water and Fig. 10 
liquid on the two sides; the pressure on door is nearly a constant. 


P = Pressure due to water column on door 
= Hp,g =4x10° x9.8 N 
F = The total force on door due to water 
2AP; A = area of cross-section of door 
= 40x10°x4x10°x9.8 N = 156.9 N 
Similarly, 
P, = Pressure due liquid column on door. 
=Hpg =4x1.7x10°x9.8N 
F, = Total force on door to due to liquid 
= 40x10°x4x1.7x10°x9.8 = 266.56 N 


Since F, > F, door on its own will open on the side of water. Therefore a force F,-F_ = 109.76 N should 
be applied on door from the side of tank containing water. 


Example-11: 


A tube is filled with some volume of mercury. 10 cm column of water is 







pored above mercury in left hand limb and another liquid of R.D = 0.8 i a 
is pored up to a height h in the right hand limb. In equilibrium level of | | 
mercury in the two limbs is same. h is 


a) 8.0cm (b) 10.0 cm ae 
(c) 12.0cm (d 12.5cm Mercury 
Solution: Met 


Fig. 11 shows the arrangement in equilibrium. Since level of mercury is same in the two limbs; pressure due 
to water column of height 10 cm must be same as pressure due to liquid column of height h cm. Therefore 
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0.1x10°xg = hx0.8x10°xg 


or e am 


0.8 

= 0.125 m = 12.5 cm 
Correct choice is (4) 
Example-12: 


Fig. 12 shows a spherical container having a gas inside connected to 
a mercury manometer. In equilibrium the difference in level of Hg in 
the two limbs is 24 cm as shown. At mospheric pressure = 76 cm of 
Hg. What is pressure of gas inside the container? (g = 10 ms”) 


Solution: 


Let P be the pressure of gas in sheperical enclosure. P, = Atmospheric 
pressure. Consider two points A and B at same level as shown in Fig. 12 
Obvisouly P, =P, Also P, =P and P, =P, + Pressure due to 24 cm of Hg 
column. Fig. 12 





~ P=(0.76+ 0.24) m of Hg column 
= ]x13.6x10°x10 Pa 
= 13.6x10* Pa = 136 kPa 
Example-13: 


(a) A hydraulic lift has two limbs of radii in ratio of 1:10. A car of mass 500 kg is balanced by 
keeping a load of m kg on the other side. What is m? 


(b) The load (car) is lifted up by a distance of 0.1m. what is distance by which m moves? 
Efficiency of lift is 80%. 


Solution: 


(a) LetaandAbe area ofcross-section of piston having weight m kg and load of 500 kg on the other 
piston. Given 


a_(t)_(1)_1 
A R 10 100 
From Pascal’s law 


500kgf mkgf 
A a 
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a 


(b) The work done, w, in lifting car by 0.1 mis 
w = 500x10x0.1 = 500 J 


This is output work done. Let w’ be the input workdone. Then 


W 
n=— 
W 
a Wee o] 
n 0.8 


Let s be the distance moved by the piston having m kg weight. Then 
w’ = 625 = 5x10xs 


625 
s = — m=12.5m 
or 50 


SURFACE TENSION 
Introduction 


Careful observations show that the surface ofa liquid at rest behaves like a stretched membrane. It tries to 
contract and have a minimum surface area. This property of the liquid surface is known as surface tension. 


Illustrations of Surface Tension Wire Ring 


(1) Small liquid drops are always spherical in shape. It 
can be shown that for a given volume; surface area of 


sphere is minimum. The spherical shape of drop Thread 
indicates that liquid accquires a shape so that its 
surface area is minimum. 
Soap 
(2) A wire is bend into shape of a ring with a handle solution 
attached. Form a thin film of soap solution inside ring. film 
A light thread is made into an arregular loop and gently 
placed over soap solution as show in Fig. 1 (a). With (a) Fig. 1 (b) 


a sharp pin break soap film from inside loop by 

pricking it. The loop of thread immediately accquires shape ofa perfect circle as shown in Fig. 1 (b). 
This is due to surface—tension effect. It can be shown that for a given periphery the area enclosed by 
a circle is maximum. When thread accquires shape of a circle the area of remaining soap film is 
minimum. 
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(3) A large mercury drop is broken into small droplets on the base ofa clean dish. The small droplets 
formed have sherical shape. This is due to surface tension. 


(4) Place a greased iron needle on a blotting paper and gently place it over surface of water in a beaker. 
Very soon blotting paper sinks inside water but iron needle remains floating on surface of water! 
Careful observations of surface of water with a microscope shows a small depression where of 
needle is. The water surface behaves like a streteched membrane. The weight of needle is balanced 
by the vertical component of forces of surface tension. 


Molecular Theory of Surface Tension 


In Fig. 2 XX' is the surface ofa liquid at rest. X,X} is at a distance equal to the range of itneratomic / 


molecular forces. Liquid between XX’ and X,X’ is known as 







surface film. For atom or molecule P; the “sphere of influence” x’ i = E R 
. EA, R GA A A G E AAE 

(i.e. sphere ofradius equal to range of interatomic / molecular Xi SAEN N Aa X, 

force with P as center) is completely within liquid. Netinteratomie = 

/ molecular force on P is zero. Same is true for atom / molecule SS 


Q lying on lower face of surface film. No work is done byor $i: Sets SHS ei ieiisicte 


against interatomic / molecular force when P moves up to Q. 
For atom/ molecular at R; there is a net downward interatomic 
/ molecular force and it is maximum for atom / molecule at S (1.e. on surface film). When an atom or 
molecular moves from Q to S, it has to do work against interatomic / molecular force. In other words 


potential energy due to interatomic / molecular forces of any atom/ molecule on surface xx’ 1s More than 
ofan atom/ molecular at X,X; or below. This excess potential energy per unit area is known as free- 


energy of liquid surface. 


We know that equilbrium state of any system is one of mmimum potential energy. For the liquid surface this 
will be so if liquid surface tries to accquire minimum surface area. This is the surface tension effect. 


Surface Tension 





UDGION 
Fig. 3 shows a frame XPQX, over which wire RS can slide without any friction. Form a liquid film of soap 
solution and place the arrangement in a vertical plane. Wire RS starts moving vertically upwards! This is 


due to surface tension. As wire RS move towards side PQ area of film decreases. This means there is a 
vertically upward force, F, due to S.T on RS. Suspend a small weight w from RS so that RS is in equilibrium. 


Obvisouly F = w. Experiments show F is directly proportional to RS = Z . We write, net force on RS due 
to surface tension as 


F=2S¢ 


where S is a constant depending on nature of film. The factor of 2 in above equation is due to the presence 
of two free surfaces. Had three been only ONE free surface 


F=Sé 


S is known as surface tension of liqiud surface. It is numerically equal to force per length acting along the 
liquid surface (i.e. a tangential force) at right angles to any arbitrary line on the liquid surface. SI unit of S is 
Nm and its dimensions are MT”. 


In Fig. 3 (b); wire RS 1s pulled down very slowly (so that surface film does not break) to position R’S’ by 
an infintesimally small distance 6/ . The work done, dw, against force of S.T on RS = Fx 6@ =2S. ¢ x §x. 
Let E be the free energy of liquid surface. The work done 6 w is used to increase the free energy of liquid 
surface. 


Increase in free energy = Additional area of film created x E 
=2xarea RR'SS'xE 
=2x €x df XE 
From law of conservation of energy 
280x000 =2ELx ol 
or S=E 


In words; temperature remaining constant; surface tension (S) equals the free energy (E) of the liquid 
surface. 


Example-14: 


A large sized spherical liquid drop of radius R is broken into a large number (N) of small droplets. 
What is work done? S = surface tension of liquid. 


Solution: 


A= The surface area of given big drop = 47,R? 
Let r be radius of each droplet formed. Since there is no loss of mass, 


Volume of big drop = Total volume of all droplets 
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or 


A, = The total surface ofall droplets formed 


2 
= N(4nr’)= mond = N? (4nR’ ) 


N? 


1 
Since N is a large number, N3 >]. i.e. A >A. 


The increase in surface area is given by 
2 
AA =A -A= N -i)a 
W = The work done = Increase in free energy 
1 


=(AA).E= N - ] 4TR°S |- S=E] 


Example-15: 





Fig. 4 
In Fig. 4 shown PQ is wire of same size in all and the film is also of same liquid. In equilibrium 
O) W,=W,=W,=W, 
(2) W,>W,<W,=W, 
(3) W,=W,<W,<W, 
(4) W,4W,4W,4W, 
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Solution: 


Since the nature of film and length of slider PQ is same in all; the force of surface tension on PQ in all cases 
is same; therefore 


W,=W,=W,=W, 
Choice (1) 1s correct. 
Example—16: 


A wire bent in the form of a ring of radius 5 cm rests on the surface of water in beaker. A force of 
4.4 gwt is required to pull the ring free from surface of water. What is surface tension of water? 
(g = 10 ms”) 


Solution: 


A thin film of water 1s formed in contact with ring. The force of S.T acts along the circumference of the 
ring. The liquid touches ring along both inner and outer circumference. The downward pull on ring due to 
S.T =2 [2 rS], where S is surface tension of water. This is equal to 4.4 g force. Therefore 


4.4x10°x10 = 2[2x3.14x5x107]S 


44x10 ea 


or oe 
4x3.14x5x107 


= 0.070 Nm = 70x10° Nor! 


Excess Pressure Across a Curved Liquid Surface 


In general, a liquid surface may be plane, concave or convex. Due to the shape of the liquid surface and 
force of surface tension, in general, the pressure across the two sides of the film is not same. The difference 
is known as the excess pressure across the liquid surface. 





Fig. 5 (a) shows a molecule O on plane liquid surface. The force of surface tension S, on O as shown in 
Fig. 5(a). The pressure across the two sides of the film is same; 1.e. there is no pressure difference across 
the two sides of a plane surface. 
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Fig. 5 (b) shows a concave surface. The force of surface tension on molecule at O is shown in Fig. 5 (b) . 


Resolving S into horizontal and vertical components; there is a net outward force. Therefore pressure 
above liquid surface 1s more than pressure below it. The pressure on concave side 1s more. 


Fig. 5 (c) shows a convex surface. There is net inward force on molecule O. In other words pressure on 
the lower surface is more than on its upper surface. There is a pressure difference acros the surface. 


We can conclude that a curved surface ofa liquid will be in equilibrium ifthere is an excess pressure on the 
concave side of curved surface. 


Excess pressure inside A (1) Liquid Drop and (2) Liquid Bubble 


Small sized liquid drop or a bubble are shperical in shape due to surface tension. The liquid surface is 
curved; therefore as disscussed above there is an excess pressure; p; inside the liquid drop or a bubble. 


(1) Liquid Drop 
Consider a liquid drop of radius r, surface tension S as shown in 
Fig. 6. Let p be the excess pressure inside liquid drop. Very slowly 
we increase radius of drop to (r + Sr) . Work has to be done due to 


force because of excess pressure. Consider a small area §A on 
surface of drop. Force on area considered due to excess pressure = 


p.oA . Work done against surface tension to increase radius of drop 


by or= (p.6A).dr . The total work done, 5W is 





SW = X (p.6A).or = p[ ESA ].6r 


= p.[ 4r? [ör aa (1) 


[-.- ESA =Total surface area of liquid drop = 4rr’ | 
The work done appears as increase in free energy §E of liquid drop. Obviously 


OE = Increase in surface area x S 
=(4n)| (r-+8r) -r |x S=8nrS.6r ©. (2) 
From law of conservation of energy, 5W = 8E 
p( 4m”) & =(8nr)S.8r 


2 
or = oes (3) 
r 
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(2) Liquid Bubble 


4S 
A liquid bubble has two free surface. Therefore excess pressure P = F 


Example-17: 


A soap bubble of radius r is formed in air. Excess pressure inside bubble is p. The bubble is now 
kept inside a soap solution. Assuming there is no change in its size; the excess pressure is 


(a) p (b) 2p 

3 
© 5 @ ZP 
Solution: 


4S 
Soap bubble in air has two free surfaces. Excess pressure = p = A 


, , 2S 
Inside soap solution: the same bubble has only one free surface. The excess pressure = p' = — = A 
r 


Choice (3) 1s correct. 
Example-18: 


Two soap bubbles A and B (r, <r,) isolated from one another y 
are blown on the two ends of a U-tube as shown in Fig. 7. V is 

a valve that isolates two bubbles from one another. On opening 

value V 


(1) There is no flow of air from A to B or vice-versa 
(2) Air flows from B to A till the size of the two become same. 


(3) Air flows from A to B till either B brusts or A becomes A 
extinct. Fig. 7 B 


(4) Air alternatively flows from A to B and vice-versa. 
Solution: 
Let P be the atmospheric pressure. 


P, =Total pressure of air inside bubble A 


4 
po 
Ty 


P = Total pressure of air inside bubble B. 


4 
pp 


fb 
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Sincer, <r,;P, > P,- On opening value V; air flows from region of higher pressure to lower pressure 


1.e. air flows from A to B, till either B brusts or A becomes extint. 
Correct choice is (3). 
Example-19: 


A soap bubble of radius 0.2 mm is formed in air. What is ratio of excess pressure inside bubble and 
atmospheric pressure? Take atmospheric pressure = 10° Pa. Surface tension of soap solution 
= 2.5x10? Nm” 


Solution: 
p = The excess pressure inside soap bubble 


4S 4x2.5x10~ 


07 ê? =5x10° Pa 
r xX 


P = The atmospheric pressure = 10° Pa 


po 5x10? 


> 403 =5x10° 





Example—20: 


Two soap bubbles of radii a and b in air coalesse together under isothermal conditions forming a 
bubble of radius c. P is the atmospheric pressure, show that 


(a° +b’ -c*) 
4| c° -a° -b° | 


De 
P 

S is surface tension of soap solution. 
Solution: 


Let P, v, denote total pressure and volume of air in bubble of radius a. P,, v, and P., v, are corresponding 
quantities for bubble of radius b and c respecitvely. Then 


P -(p+}, V; Mau 
a 3 


P, (p+) V, a 
b 3 


and p,=[p+S}. vase 
c 
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Under isothermal conditinos 


Pv, ü BN, = PV, 


hace Kel a ca aa a 


Rearranging term we have 


P| (a° +b°)-c° | =45 G —(a° +b’ )| 
S a +b -c 
Po A(c? -a -b°) 
Forces of Adhesion and Cohesion 


The interatomic / molecular force between atoms / molecules of same nature is known as force of cohesion. 
Interatomic / molecular force between (1) water molecules (11) mercury atoms (111) glass moleculus on one 
another is force of cohesion. 


The interatomic / molecular force between atoms / molecule of different nature is known as force of 
adhesion. Force between water and air; mercury and walls of glass tube; glue and a piece of paper, is force 
of adhesion. 


Water wets our hand or a glass container because force of adhesion is more than force of cohesion. 
Mercury does not wet hand or a glass container because force of cohesion is more than force of adhesion. 
Shape of Liquid Meniscus 


Consider two identical capillary tubes one filled with water and the other with mercury. The liquid meniscus 
is concave for water and convex for mercury. The shape of meniscus depends on the relative magnitude of 
force of adhesion and force of cohesion. It can be shown that the shape of meniscus 1s 


(1) Concave ifforce of adhesion is more the force of cohesion, and 
(2) Convex ifforce of cohesion is more than the force of adhesion. 
A plane meniscus is also possible 1fforce of adhesion equals the component of force of cohesion perpendicular 


to the wall. 


The Angle of Contact 


How much curved a meniscus willbe, is expressed in terms of angle of contact. The angle of contact, 0; 
between a liquid and a solid is the angle enclosed between the tangents to the liquid surface and the solid 
surface measured inside liquid. 
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Wall of 
Glass Tube 


Wall of 
Glass Tube 









sea 
> 
< 


Fig. 8 (b) 
Fig. 8 (a) shows a concave meniscus and Fig. 8 (b) convex meniscus. P is a point of contact of liquid with 
the glass wall. PQ is tangent at P to meniscus. Angle RPQ is the angle 9 of contact. Obvisouly O is acute 


angle for a concave meniscus and is an obtuse angle for a convex meniscus. Value of 0 depends on 
(1) nature of liquid and solid in contact 
(i) nature ofmedium above free surface of liquid. 


0 does not depend on the inclincation of solid to liquid surface. The angle of contact of mercury with glass 
is about 140°. Angle of contact for water and glass is about 8°—10°. 


Capillarity 

A tube with a very fine bore is a capillary tube. A clean capillary tube open at both ends is dipped in a 

beaker containing (1) water (11) mercury. Water rises up the capillary tube and mercury depresses (1.e. level 

falls) above the free surface in beaker. This rise or fall of liquid in a tube of very fine bore 1s known as 

capillarity. 

Some common examples of capillarity are: 

(1)  Oilrises in the wick a lamp through small capillaries between the threads. 

(1) The tip ofthe “nib” ofa pen is split. It uses capillary action for ink to flow. 

(1) Blotting paper absorbs water or ink. This is due to small pores in paper acting as a capillary. 

(v) Branches ofa plant or tree get water from soil due to capillary action. 

(v) Earthern vesseles used to cool water in summer use capillary action of small pores in the vessel. 
Water oozes out of vessel; gets evaporated by taking heat from the earthern vessel causing cooling. 


Rise of Liquid in a Capillary Tube 


An open capillary tube of radius r is dipped inside a beaker containing water. In equilibrium water rises up 
to a height h as shown in Fig.9 (a). To understand capillary rise refer to Fig. 9 (b). When free surface of 
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water comes in contact with walls of capillary tube, the water meniscus inside capillary tube accquires a 
concave shape as shown in Fig. 9 (b); Ais a pomt on upper side and B on lower side of meniscus. Clearly 


28 
eg A al TS: assuming radius of meniscus is same as that ofcapillary tube. Since P, > P; there 
is net upward force that pulls water up. In Fig. 9 (c); equilibrium position 1s shown. For equilibrium. 


Net upward force = Weight of liquid inside capillary tube 


S cos 0 S cos 0 





(a) (b) (c) (d) 
Fig. 9 


Fig. 9 (d) shows enlarged view of capillary tube and meniscus. Assuming meniscus is hemispherical of 
same radius (r) as tube. P and Q are two diamaterially opposite water molecules in contact with wall of 
capillary tube. S is force of surface tension on wall due to water molecule. R is the reaction force, wall 
exerts on molecule, in accordance with Newton’s third law. Resolve R = S into rectangular components 
(1) S cos @ and (11) S sin @ as shown in Fig. 9 (d). The components S sin @ cancel one another. The net 


vertically upward force equals S cos 0. [2 zr]. Neglecting the volume of liquid inside meniscus; the weight 
of liquid column = (rh) pg ; where p is density of liquid. 
At equilibrium 2nrScos 0 = nr hpg 


_ 2Scos@ 
rpg 





or h 


For glass and water, 9 is an acute angle, h is a positive number, 1.e. water rises inside capillary tube. For 
glass and mercury 0 is an obtuse angle; h is a negative number, 1.e. mercury level falls inside capillary tube. 
Rise of Liquid in a Tube of Insufficient Length 


Consider a capillary tube of length L and radius r. The height of liquid rise equals h. IfL and r are such that 
h > L; we have a tube of insufficient length. Water does not shoot out of the upper end of the tube. It rises 
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upto h = L i.e. water fills tube completely and attains equilibrium. This is because the meniscus automatically 
readjusts its radius of convature so that equilibrium height equals L. Obvisouly radius of curvature of 
meniscus increases or it (meniscus) becomes less curved. 


Variation of Surface Tension 


(1) The presence of impurities dissolved in liquid or on its surface effects value of surface tension. For 
example if NaCl or CuSo, is dissolved in water, surface tension of solution is different from that of 
water. Whether surface tension increases or decreases depends on the nature of impurity. S.T of 
sodium chloride solution is more than that of water. Solution of phenol dissolved in water has S.T 
less than that of water. 


(2) The surface tension of liquid depends on temperature. S.T of a liquid decreases as temperature 
increases. 


Example—21: 


Two bubbles A and B of radius r and 3r are in equilibrium. What is B 
radius of their common surface, shown by dotted line in Fig. 10. 


Solution: 


Fig. 10 


Excess pressure p, and p, inside the bubble A and B respectively is 


4S 4S 
Pa =—; AP 
r 3r 


Let R be the radius of their common interface. In equilibrium 


4S 

Pa -Ps = 
or 4S PENRE or te 
r 3r R P, 


Example-22: 


A capillary tube of length 1m, radius 0.1 m is closed at one end. It is 
immersed in a beaker containing water as shown in Fig. 11. What is the 
height to which water rises? 


Atmospheric pressure = 10° Pa 


S.T of water = 70x10 Nm‘; g = 10ms” 
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Solution: 


Let a be area of cross-section of capillary tube and P, atmospheric pressure. h is height to which water 
rises. Let P, be pressure at A point in contact with concave surface just above it. Then from Boyle’s law 





P axL =P, xax(L-h) [Clf Pv = constant for air in capillary tube] 
PL 
P= 
A (L E h) PN (1) 


Let P, be pressure at point B (point in contact with meniscus inside water). Assuming the radius of meniscus 
is same as of capillary tube. 


25 
Pi _ P, = Pa cress (2) 


Also P,=P,=P,+hpg or PoP Bpe sex (3) 
From Egns. (1), (2) and (3) we have 


tig e-me 


P h 2S 
+h SS ce 4 
L-h in r (4) 








or 


Given P, = 10* Pa; L = Im; S = 70x107 Nm“; p = 10° kgm” and g = 10 ms”. Substituting values 
in Eqn (4) we have 


10fh e102 0010 2 2x 20x10" 


(1—-h) 10% 


ee 


(1—-h) 
h+h-—h*?=1.4-1.4h 
or bh? —3.4h+1.4=0 





344 (3.4) -5.6 
—— 


= 3.42 mor 0.48 m 
Since L= 1m, h = 3.42 mis not possible. Therefore h = 0.48 m= 48 cm 
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Example—23: A 


Two capillary tube of radius 0.5 mm and 1.5 mm are joined together to form a | B 


U-tube as shown in Fig. 12. U-tube contains water. In equilibrium what is the C 
difference of level of water in the two limbs. Given h D j 
S.T of water = 70x10° Nm‘; Density of water = 10° kgm”; g = 10 ms”. h, 
Solution: | 
E F 
Consider points A, B and C, D on the two sides of meniscus in the two limbs of 
U-tube. P, is atmospheric pressure. Then BIg La 
Pi ~ Po ~ P 

2 2 
erp — PSP E 

r r 


2 
E and F are two point at bottom of the two limbs of U-tube. In equilibrium P, = P,; Le. 


Pth pg8=P +h Pg 


2S1 1 
or TE 
PEII R 


Substituting given values of parameters; 


5 | l H | ) 
© 10x10 [(5x10*] (1.5x10° 


7 2x70x107 x 3.5 
5x1.5 








m=19.33 cm 


(C) HYDRODYNAMICS 
Introduction 


Hydrodynamics is a branch of physcis involving study of fluids in motion. In general this is a very difficult 
branch of physics. We will consider in its most simple form. We will consider what we describe as streamlined 
flow. 


Stream Lined and Turbulent Flow 


(1) Stream lined flow of a liquid is a highly ordered flow of a liquid. The velocity of every liquid 
particle at one point is same as that of its predecessor. In general velocity of flow can be different 
at different points in space. This type of flow is similar to a column of millitary men marching ona 
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road. The liquid can be divided into different layers that slide over one another. Particles in one layer 
do not intermix with particles in an adjoiming layer. 


(2) Turblent flow is more common in liquids. Here velocity ofa particle at one point in space is not same 
as of its predecessor. The liquid cannot be divided into non-interferring layers. A turbulent flow is 
similar to people moving in a very crowded bazzar. Generally flow of air at high speeds is turbulent. 
The flow of water in a sea having tidal waves or vortices is turbulent. 


In our subsequent discussion we consider only stream—lined flow of liquids. 


VISCOSITY 


Consider a liquid having a stream-lined flow over a plane horizontal surface. To maintain this flow an 
external force has to be applied. If external force is removed; soon liquid comes to rest. Why? This is due 
to an internal force of friction between different liquid layers. This force destroys relative motion of liquid 
layers and liquid comes to rest. This property of liquid is known as viscosity. 


We can say that the different liquid layers having a relative motion exert a tangential force (or a viscous 
drag) on one another; in such a manner so as to opposse the relative motion of layers under consideration. 
The viscous force opposses relative motion between liquid layers in a manner similar to friction between 
two solid surfaces in contact; this is the reason viscosity is considered as “internal friction” between liquid 
layers having relative motion. 


The Coefficient of Viscosity (n) 


Fig. 1 (a) shows streamlined flow ofa liquid over a horizontal solid surface xX '. Assuming that liquid 
layer in contact with XX' is at rest, the speed of liquid particles increases as distance of layer from XX' 

increaes. This is indicated by a directed arrow at each layer. The length of arrow represents speed of 
particle in that layer. Fig. 1 (b) shows two liquid layers PQ and RS at distance x and x + dx from XX'. 


The speed of particles in the two layer is v an v+dv respectively. (+) is known as velocity gradient. 


Let F be the viscous force between the two layers considered. Newton, from his experimental observations 
concluded that 


— =. R------- ——__—_)>— —- —-—----. S 

PS ini aaa | _v Q j i 

——>---------------- x (x+dx) 

— =e e e ese ee ee ee eee ee ees ee ee e o 

eee ese sone | | 
xy as x K X 

Surface at rest 
(a) Fig. 1 (b) 
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(1) Fis directly proportional to area of cross-section (A) of each liquid layer, 1.e. F © A. 


(2) Fis directly proportional to the velocity gradient between the layers considered, 1.e. F oc | 


According to Newton; 
F = -A (= cease (1) 
dx 


where n is a constant depending on nature of liquid. It is known as coefficient of viscosity. 


The negative sign in Egn. (1) indicates that direction of F is opposite to the direction of flow of liquid. 
Equation (1) 1s Newton’s law of viscous force. 


Units and Dimensions of 1 


d a 
From Eqn. (1); if A= 1 unit, = = | unit, |F| = n. Expressed in words coefficient of viscosity is 


numerically equal to external applied force to maintain a unit difference or velocity between liquid layer a 








unit distance apart having unit area of cross-section. The SI unit of n is —~—1v = Ns '‘m~ 
2| ms 
The C.G.S unit of viscosity is poise. Obviously . mI 
. d 10° N N 
| poise = 1 n = —_—__.—__ = 10°! —- 
cm's (10°) m’s m’s 


. 10 poise = 1 SI unit of n. The SI unit in also called deca—poise. 


The dimensions of n are 


În] = [F] _ MLT” -MIT 


rad] dv LT" 
A || — 2 
| [El ef L 
Cause of Viscosity 


Viscosity is due to intermolecular forces which come into play between different liquid layers in relative 
motion. Due to these forces, the faster moving layer tries to accelerate the adjoming slow moving layer. 
Similarly a slow moving layer tries to retard the adjoining fast moving layer of liquid. As a consequence, 
there is net backward dragging force. This is viscous force. 
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Viscosity Versus Solid Friction 

The relative comparison of the two forces in a tabular form is given below. 


Solid Friction 


Opposes relative motion between Opposses relative motion between 
surfaces in contact adjoining liquid layers 


Is due to interatomic or intermolecular Is due to intermolecular forces between 
forces molecules in adjoining layers 


f. does not depend on F „ depends on 


(1) area of surface in contact (1) area of layers in contact 


(11) the magnitude of relative velocity (11) velocity gradient between the layers 





Stoke’s Law 


Consider motion ofa small sized; spherical body through a viscous mediumat rest. The layer of medium in 
contact with the moving body accquires same speed as that of the body, 1.e. there 1s no slipping between 
the body and the medium. However a layer of medium very far off from the body 1s at rest. In other words 
there is a relative motion between different layers of the medium. Due to viscosity of medium a backward 
dragging force acts on body and opposses motion of the body. Consider a spherical body of radius r; 
moving with speed v ina medium of viscosity n. According to Stoke; the viscous force, F; on the body 
due to the medium 1s 


F=6rnry 2 £2 £2 2 2 2 waa (1) 


This is Stoke’slaw. We can apply Stoke’s law to describe motion ofrain drop from clouds towards earth 
through arr. 


Terminal Velocity 


At t=0 At t=t After sufficiently 
long time 
B B F, B Fe Omntv, 
vi Vr 
W W W 
(a) (b) (c) 
Fig. 2 
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Consider a small sized spherical body at rest initially moving under gravity of earth through air (the viscous 
medium). Fig. 2 (a) shows forces acting on body at t = 0. W = Weight of body. B = Bouyant force; 
F .. = Viscous force = 0, because v, = 0. The net downward acceleration. 
W-B 
do ee A (2) 


m 
Due to finite acceleration body accquires some speed. At t =t, instantaneous speed of body is v. 


The instantaneous viscous force = F, = 6nnrv # 0 


| | W-(B+F) 
The instantaneous acceleration = a, = ——————~ < ay 
m 


As v increases, F, increases and instantaneous acceleration decreases. After sufficently long time, body 
has accquired a speed v, such that net force and therefore acceleration is zero. Hence onwards body 
moves with a constant speed, v,; known as terminal velocity. From Fig. 2 (c); when v = v; we have 


B+E SW (3) 


Let p be density of the body and o density of the medium. Then 


W= (= re | g; B= (= r | og and F = 6nn1Vv_ 
Therefore, 


nla (p—o)g = 6nnrVv, 


3 

ed 

or Vv, =—| ————— 
9 n 


Eqn. (4) gives expression for the terminal velocity. If p > ©, v, is a positive number, the body moves 
vertically downwards. However if p > ©, v, is a negative number. This means body moves vertically 
upwards. Fig. 3 shows (1) v vs t and (11) a vs t graph for motion of body. 
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Flow of a Viscous Liquid in a Horizontal Capillary Tube 


A horizontal capillary tube AB of length X , radius r has liquid pressure P, and P, (P> P,) at its two ends 
A and B as shown in Fig. 4. A liquid of viscosity n enters tube at end A and emerges out at end B. P= P — 


P , 
P, = pressure difference across ends of tube. 7 = constant and is known as pressure gradient. Let V be 


volume of liquid flowing out from end B per second. V is known as rate of flow of liquid. Poiseullie showed 
that 


— 1Pr® 
onl 





This is known as Poiseullie 's equation 


Variation of Viscosity with Temperature 


(1) For liquids viscosity decreases as temperature increases. Let No and N, be viscosity at 0°C and t°C 
respectively. Then P, P, 





Ni _ b AD nancies oni E: 
(1+at+Bt?) i + 


a and B are constants for a liquid. i 
Fig. 4 


(2) For gases; viscosity increases as temperature increases. Viscosity (n) is directly proportional to 
square root of absolute temperature (T) of gas; 1.e. na aT: 
Example—24: 


N identical drops each of radius r accquire a terminal speed v in a viscous medium. All drops 
coalese together to form a big drop. In the same medium the terminal velocity of big drop is V. 


V, 
Then — is 
y 
1 
(a) N b) N 
2 -2 
(c) N3 (d) N3 
Solution: 


The terminal velocity is proportional to square ofradius ofdrop. Let R be radius ofbig drop formed when 
all small drops coalese together. Then 
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¥.(2) l 

y an (1) 
1 

Also, n&r =“ or R=N*r mss (2) 


From Eqns. (1) and (2), we have 


2 


ae 
V 


The correct choice 1s (c). 
Example-25: 


A small sized spherical body of radius r, density p moves in a medium of density A , Viscosity 1,. 


V is the terminal velocity accquired by the body. The same body moves in another liquid of 


n 
density i ; viscosity n, . The terminal velocity accquired is 1.5 V. The ratio — is 
2 


2 3 
(a) 3 (b) a 

4 

is d) 1 
(c) 5 (d) 
Solution: 


We know terminal velocity v. 1s 


2 — 
n (p—o)g 
n 


p = density of body; o = density ofmedium and n = visosity of medium. 


For 1* liquid; 0, = Ee : therefore 


2r’ (P-2)e e 
V= e. a o (1) 


9N; 9N, 
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nd J; As = P : 
For 2™ liquid; ©, = re therefore 


2r° Pe 372 
1.5V-—~—*4 -P8 


9N, 18n, 


From Eqns. (1) and (2); we get 


(Soe eel 
ln, | 2 2, 
my 
n2 


Correct choice is (d) 


Example—26: 

A small lead shot of radius r density p is dropped in a tank full of gylcerine. After some time the 
lead shot accquires a terminal speed V. o and n denote density and visosity of glycerine. The 
viscous force on lead shot when it has accquired terminal speed is 


(a) mg (b) mal 1-< 
mg 
ome o (+5) 
p 
Solution: 


Let W, B and F denote weight, bouyant and viscous force on lead shot respectively when it (lead shot) has 
accquired terminal speed. Under these conditions net force on lead shot is zero. This is so 1f 


W-B=F 
or mg—-B=F a (1) 
The bouyant force B; according to Archimedes’ , principle equals weight of liquid displaced. 
<. B= Volume of lead shot x density of glycerine x g 


m 
=—xOoxg 
P 
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From Eqns. (1) and (2) we have 


F=mg—me{ ©) 
P 


[i 


The correct choice is (b) 


Example-27: 
Two capillary tubes A and B having same length and radii in ratio of 1: \/2 are joined in series 


with one another. The pressure at the two ends is 11 P and P respectively. A liquid of viscosity n 
flows through the arrangement. What is ratio of pressure gradients across tubes A and B? 


Solution: 


Fig. 5 shows the two tubes A and B joined in series. Given P, = 11P, P =P. Let pressure at common end 


M be x. Given “4 = L . In series rate of flow of liquid in the two tubes is same; 1.e. V, = V, from 
e (2} 
Poiseullie’s equation. 
n(11P—x)r,  n(x—P)r, f M 2 


Snl Snl 








N wes (a) [a] 


Pressure gradient across tube A _ (1 IP -3 4 


P)L 
Pressure gradient across tubeB — (3P - PY l 
L 


Example—28: 


Three horizontal tubes of same radius r having length L, 1.5 Land 2L are connected at one end 
to a tank supplying water at a constant pressure head h. The length of a single tube of same 
radius having the same rate of flow as in the arrangement descirbed; when connected to same 
constant pressure head tank is 
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6L 

a) 45L — 

(a) (b) T 

6L 3L 

c es d) — 

(c) T (d) r 
Solution: 


Let V,, V, and V, be rate of flow of water in each tube. Then 


_ mt (hpg )r° . V- n(hpg)rí V- n(hpg)rí 


8nL g 


V. — 
*  8n(1.5L)’ > 8n(2L) 


V = The net ofrate of flow in all three tubes 


steekt L, l E 


=N hT N= 8N T 


L 1.5L 2L 
Let L,, be the length ofa single tube of radius r having rate of flow V; for same pressure head as before. 
Then 


m(hpg )r° 
va 
n (2) 


From Eqns. (1) and (2) we have 
l l l 


l 
i, L 15L 2L 


Streamlines and Tube of Flow 


For a streamlined flow ofa liquid; a stream line is the actual path followed by the liquid particles. In general 
stream line is a curve tangent to which at any point gives the direction ofthe velocity ofthe particle at that 
point. Two streamlines can never intersect one another. Streamlines are drawn in such a manner that their 
number crossing a unit area placed perpendicular to streamline equals speed of flow at that point. Obviously 
where stream—lIines are crowded together, speed of flow is more and vice—versa. 


A tube of flow is a collection of streamlines. The speed of flow of the liquid over any cross-section ofa 
tube flow is same. Liquid entering a tube of flow at one end must emerge out from the other. No liquid can 
come out or enter in from the side walls of tube of flow. 
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Fig. 6 


Fig. 6 shows a horizontal tube of flow of varying cross-section. a,, a, is cross-section and v,, v, is speed 
of flow of liquid at Land M respectively. Then 
av, =4V, or av = constant 


This is known as equation of continuity. Ifa, > a,; then v, < v,. 


Critical Velocity 


For a liquid flowing in a tube there is a velocity known as critical velocity (v ). Ifspeed of flow of liquid (v) 
is less than or equal to v, the flow is stream lined. However, it v > v ; the liquid flow is turbulent. The critical 
velocity (v,) depends on: 


(1) coefficient of viscosity of liquid (n) 
(2) the density ofthe liquid (p) and 
(3) the radius ofthe tube (r) 
It can be shown that 
Kn 

pr 


Vo = 


C 
K is a constant. 


Reynold’s Number 


Obsorne Reynold, in 1883, showed experimentally that the critical velocity (v ) ofa liquid of viscosity n, 
flowing in a tube of diameter D is given by 


OD 
R is a pure number known as Reynold 5 number 
(1) For R lying between 0 and 2000 the flow is stream lined. 
(2) For R> 3000; the flow is turbulent. 


(3) For 2000<R<3000; the flow of liquid is unstable. It may change from streamlined to turbulent flow 
or vice-versa. 
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Physically, Reynold number is the ratio of the inertial force per unit area to the viscous force per unit area 
for a liquid in motion. 


Energy of a Liquid in Motion 


A liquid in motion possesses three types of energy. These are: 


(1) Pressure energy, (2) Potential energy and (3) Kinetic energy. 


(1) 


(2) 


(3) 


Pressure Energy: It is the energy ofa liquid due to its pressure and 1s equal to the work done in 
pushing the liquid against pressure without imparting it any velocity. It can be shown that 


P 
Pressure energy per unit mass = a 


P and p denote liquid pressure and density respectively. 


Potential Energy: It is the energy possessed by the liquid due to its position (or height) above a 
conveniently chosen reference level. The potential energy per unit mass ofa liquid at a height h 


Kinetic Energy: Is the energy possessed by a liquid due to its motion (or velocity). For a liquid 
moving with velocity v, 


—mv 
The K.E per unit mass = 2 =—y’ 
m 2 





Bernoulli’s Theorem 


Bernoulli’s theorem for a non—viscous, incompressible liquid is a restatement of law of conservation of 
energy. 


~ — OUTLET 


Tae 





Reference 
Fig, 7 Level 
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Fig. 7, shows a tube of flow of varying cross-section. Liquid flows from L to M. Let P, v, anda, denote 
liquid pressure, speed of flow and area of cross-section at inlet L. P,, v,, and a, are corresponding 
quantities for the outlet M of the tube of flow. Since liquid flows from L to M, P, > P,. Applying law of 
conservation of energy it can be shown that 


DEEN + gh, Soy +gh, 
p 2 p 2 


P l, 
or —+— v^ + gh = constant 
p 2 


Expressed in words; the sum of the pressure energy; the kinetic energy and the potential energy per unit 
mass; in stream lined flow ofan ideal liquid, is a constant. This is known as Bernoulli's theorem. 


Applications of Bernoulli’s Theorem 
1. Velocity of Efflux 


Fig. 8 shows a container having a liquid of density p upto a 
height H above a narrow opening O. Let v be the velocity of 
liquid coming out of O. P, is atmospheric pressure. According 
to Bernoullh’s theorem. 


T.E per unit mass at A= T.E per unit mass at O Ka 
P l 





P | 
—+0+gH=—"+—v +0 Zero of Fig. 8 
p p 2 gravitational 
PE 


~ v=/2gH 


Let a be the area of cross-section of opening O. The instantaneous rate of flow of liquid is 


=av=a,/2gH 


2. Venturimeter 


It is an instrument used to measure rate of flow ofa liquid. It is a horizontal tube having broad ends 
and a constriction, known as throat in the middle as shown in Fig. 9. 
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Let a,, P., v,, denote area of cross—section, pressure and speed of flow at L. The corresponding 
quantities for point M are a,, P,, v,. From equation of continuity a v, =a,v,. Since a, > a,; V, < V. 
Also from Bernoull’s theorem applied at point L and M 


gee ee ey +9H 
p 2 p 2 





or = =—(vi-vi) 


Since v, > v,; P, > P... In words in a horizontal stream lined flow where speed of flow increase 
2 1 1 2 , , , i 
pressure decreases. Using equation of continuity. 


P-P, 1 : 
12 -3[4-43) OF v,=ąā, 
P 2 à 


The rate of flow of liquid in tube = a,v, 











Some other applications of above fact that pressure decrease where speed of flow increase are: 


(a) Two fast moving boats tend to collide ifthey come too close to one another. The speed of 
water in between boats is more than speed on other side of boat. Therefore pressure in 
between is less than pressure on sides. This produces a net force directed towards one another. 


It is for the same reason that a person standing near edge of a railway platform is pulled 
towards a fast moving train passing by. 


(b) Inastorm; the roof (thached) ofa a hut is blown off without any damage to walls. The speed 
of flow of air over the roofis very high whereas speed of flow inside hut is quite small. This 
results ma pressure difference across the roof with 


pressure bemg more inside. The net force on roof High velocity, 
is Sufficient to lift it up without any damage to walls. iii | ——— 

(c) Lift ofanaeroplane: The wing ofan aeroplane (or 
aerofoil) is designed to be more curved at upper 

. — —> 

surface as compared to its lower surface as shown —-+» =j 
in Fig. 10. As aeroplane moves forward some —* NAT LL — 
stream lines over the two sides of the wing are f 


l . : l Low velocity, 
shown in Fig. 10. Since upper surface is more ish inai 


curved speed ofair flow above is more than the sia th 
ig. 
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less curved lower surface. Therefore pressure above wing is 


less than pressure below. This provides a part ofupliftto the __ Rubber 
aeroplane. S bulb 


wa" 


(d) Atomiser or Sprayer: Fig. 11 shows a simple atomiser or 
sprayer. On pressing rubber bulb air rushes out ofa very narrow 
opening O at high speed. Pressure at point A decreases as 
compared to pressure at B. Liquid rises up the tube and emerges 
out at A. The blowing air (high speed) breaks up liquid drop 
into a large number of droplets. This is spraying action. 





Curved Path of a Spinning Ball be sprayed 


A spinning ball moving forward deviates from its original path. This 1s 
known as Magnus effect. To understand Magnus effect refer to Fig. 12 
Fig. 12 (a) shows stream lines in air if stationary ball only spins. Fig. 12 (b) shows stream lines if ball 
moves forward without any spin. Fig. 12 (c) shows resultant stream line when ball spins as well as 
moves forward. The stream lines are more curved below the ball. The speed of flow of air here is 
more. Therefore pressure at a point above is more than pressure below. There is a resultant force on 
ball directed downwards. This provides necessary centeripetal force to move the ball along a curved 
path. 


Fig. 11 


mae Low velocity, 
oe > ` è 
s ap 
i, High pressure 

F Fi Pnn, ~ e prin - -4 Š 
H H Fal `% S eE ira Mas 

+ + + an ey 
t ïi i t g a % - + w * 
: i h i ol EE se “fh pos > aa a ene a 
Lig : of i nys ane mei Pn 

-m w -a y =a : 
` + + z H m4 naar a = ames ptanunde, Curved path 
A 5 ron tad F / a or” me ere, stitsen -ws 
» s X, 5o # NON 5 oe” ‘eyelet aesere* 
Y wg | s kZ wer a wy ata 
a “nudar” Foe aoe od "agt 
+ 
GS ,* . e 
i * 
oo cae High velocity, low pressure 
(a) (b) (c) 
Fig. 12 


Example-29: 


A tank has a circular hole of radius r at a depth h and a square hole of side ¢ = /3r ata depth 3h. 
What is ratio of rate of flow of a liquid through the two holes? 


Solution: 


Let v, and v, be velocity of efflux from circular and square hole respectively. Then 


v,=/2gh,  v,4/2g(3h) 


Let V, and V, be rate of flow of liquid through the two holes. Then 
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Example-30: 


Water has a streamlined flow in a horizontal tube. The pressure is 2x10* Pa at a point where 
radius of tube is 1 mm and speed of flow is 2 ms”. What is pressure at a point where radius of 
tube is 2 mm? Density of water = 10° kgm”. 


Solution: 


Let P, v, be pressure and speed of flow at point where r= | mm. The corresponding quantities for point 
where radius of tube is 2 mm are P, and v,. From Bernoulli’s theorem. 


ee v (1) 
p 2 P 
From equation of continuity; 
3.1410%x2 = 3.14x(2x107)*xv, [Given v, =2 ms] 
el i 
V, = rs =O.5ms  — (2) 


Given P, = 2x10* Pa; p = 10° kgm”. 


From Eqns. (1) and (2) we have 


2x10* 1 P, 1 
T +5(2) aa 





20+2 0.125 = 22 
or — 0. = 793 


“. P= 2.1875x10* Pa 
Example-31: 


A cylinder containing a liquid of density p has a hole of cross-sectional area A at A depth h. The 
cylinder is counter poised on a balance. The hole is opened what is initial reading of the balance? 


Solution: 


Let y be height of liquid above hole at t =t. The instantaneous velocity of efflux = ,/2gy . In time interval 
t, t+ dt; as liquid emerges out of hole the weight of liquid in cylinder decreases. The decrease in weight equals 
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instantaneous rate of change of linear momentum of liquid emerging out. The instantaenous force, F; is 


dV 
where Te is instantaneous rate of flow of liquid. Obvisouly 


= Av 
- F=Apv’ = Ap|2gy| 
At t = 0; y =h; therefore 
F =2A pgh 
Example-32: 
A cylinder of radius R has a hole of radius r at a depth H below the level of liquid in cylinder. At 


H 
t = 0, the hole is opened. What is time taken to reduce level of liquid to > ? 


Solution: 


As liquid emerges out of hole O; the level of liquid above O in cylinder decreases. The velocity of efflux 
and rate of flow of liquid in cylinder decreases as time increases. Ley y be the instantaneous height of liquid 
above O. The instantaneous rate of flow of liquid 


dV 
aa a,/2ey = mr ./2gy 


d 


R 


Let y+dy be level of liquid in cylinder at t =t + dt. 


Then dV = rR’ (—dy) . Therefore Se 





dt 

; Fig. 13 
or at=-( 3) ee ae (1) 

r )2gy 
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H 
Integrating Eqn. (1) within limits y=H to y= 5 gives the desired time t. Therefore 


r [R ay 
ja--(3) -2 


y” 


Ys 


= 
7 











or t=— Rt l 
r J 2g 


H 


Example-33: 


A non-viscous liquid of density 10° kgm” has 
a stream lined flow. PQ is a tube of varying 
cross-section. The tube is kept in a vertical 
plane in gravity of earth. The area of cross— 
section of tube at two points P and Q at height 
of 2 m and 5 m; as shown in Fig. 14; is | 
4x10°m? and 8x10°m? respectively. The 





velocity of liquid at P is 1 ms”. What is work T 

done per unit volume by the pressure and the Referenve 
force of gravity as liquid flow from P to Q? Level 
(g = 9.8 ms”) Fig. 14 


Solution: 


Let P., v,, h, denote liquid pressure; speed of flow and height for end P of cross-sectional area a,. The 
corresponding quantities for end Q are P., v,, h, and the area of cross-section is a,. From equation of 
continuity. 





2 


Ee 


BTE Ja ms™ = 0.5 ms” 
x 


From Bernoulli’s theorem 


As gh, r = eh a 
p 2 p 2 
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W = Work done per unit volume by force of pressure = P —P, 


=pg(h, “hy )+5 (v -vi ) 
Given h, =2 m, h, = 5 m; therefore 


W, =10°x9.8(5-2)+ Tos) -07 | 


=10° 983-278 


= 29.025x10° Jm” 


W, = Work done by the force of gravity per unit volume 


=pg(h, —h,) =10° x9.8x(5-2)= 294x10? Jm” 


(D) HEAT 


Heat is a form of energy possessed by a body that produces psychological sensation of hot or cold. In 
terms of our present knowledge heat energy in due to motion of atoms / molecules of the body under 
consideration. In general the motion of atoms / molecules involves: 


(1) translational motion 

(i) vibrational motion and 

(m) rotational motion 

Heat possessed by a body 1s the sum of kinetic energy of the type (s) of motion involved. 


Since heat is energy, SI unit of heat is joule. The CGS unit ofheat is calorie. 1 cal. of heat is heat required 
to raise temperature of 1 gramme of water from 14.5°C to 15.5°C. 


Joule showed that heat energy can be converted into mechanical energy and vice—versa. Let W be work 
(mechnical) done and H heat produced. According to Joule; 


W 
— = constant = J 
H 


J is known as mechanical equivalent of heat. It is 4.18 J/cal'. 
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Temperature 


Ordinarily we say temperature of a body is a measure of degree of hotness of coldness of body. A more 
precise definition is that the temperature of two bodies determines the direction of flow of heat between 
them when the two are in thermal contact with one another. Two bodies Aand B are in thermal contact with 
one another, in thermal equilibrium with one another if there is no flow of heat between them. A precise 
definition of temperature using concept of thermal equilibrium is given by the zeroth law of thermodyanmics. 
According to this law ifa body A is in thermal equilibrium with another body C and a body B is also in 
thermal equilibrium with C; then A and B are necessarily in thermal equilibrium with one another. All three 
bodies A, B and C are at same temperature. 


Measurement of Temperature 


A device used to assign a quantitative measure to temperature is known as a thermometer. A thermometer 
makes use of the variation of some known property ofa system that changes with temperature according 
to a known relation. Several type of thermometers like (1) ideal gas thermometer (11) electric resistance 
thermometer (11) thermoelectric thermometers (iv) mercury thermometer etc. are known. 


Scale of Temperature 


A scale of thermometer is a way of assigning numerical value to temeperature. To define a scale of 
temperature we must define. 


(1) zero of temperature and 

(2) the size of one degree 

Some common temperature scales that have been / are being used are: 
(a) The Celsius Scale 


The melting point of ice at S.T.P condition is taken as 0°C and boiling point of water at S.T.P as 
100°C. The interval is devided into hundred equal parts. Each part is 1°C. 


(b) The Fahrenheit Scale 


The melting point ofice is chosen as 32°F and the boiling point as 212°F. The interval is divided into 
180 equal parts. Each part is 1°F. 


(c) The Roumer Scale 


The melting point of ice is taken as 0°R and boiling point as 80°R. The interval is divided into 80 
equals parts. Each part is 1°R. 


(d) The Kelvin Scale or (The Absolute Scale) 


The scale was designed by Lord Kelvin. In this scale the triple point of water is assigned a value of 
273 K (more precisely 273.15). The boiling point of water under S.T.P is assigned a value of 
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373 K and the interval is divided into hundred equal parts and one part is 1 K. Obvisouly size of 
degree in Kelvin scale and Celsius scale is same. However the zero of the two scales do not coincide. 


Let C, F, R and K denote the temperature ofa body on Celsius; Fahrenheit, Romer and Kelvin scale 
respectively. Then 


C_F-32_R 
5 9 4 


and K=273+C 


Obviously 1°C 41K, but a change of 1°C equals a change of 1K. 


Thermal Expansion 


SOLIDS 


1. 


All solids expand on heating. This is known as thermal expansion. Interms of U 


interatomic / molecular theory, at any given temperature there is a definite 
equilibrium distance between the atoms / molecules. When heat is given to 
the solid, the amplitude of oscillations of atoms / molecules increases; resulting 
in an increase in effective interatomic / molecular distance. This is thermal 
expansion. Let U be the potential energy of atoms / molecules a distance r 
apart. Fig. 1 shows U vsr graph. O is the equilibrium position. Note graph is 





not symmetrical about O. 


Thermal expansion of solids is of three type as described in what follows. 


(a) 


(b) 


Linear Expansion: When length ofa body changes due to change in temperature we have 
linear expansion. Let L, and L, denote length ofa body at 0°C and t’C respectively. Experiemnts 
show that 


L, =L, (I+ at) 


a is a constant, depending on the nature of material. It is known as coefficient of linear 
expansion. Obviously. 


= L, -Lo _ AL 
Lt Lt 


In words, coefficient of linear expansion is change in length per unit length per degree change 
in temperature. Its SI unit is (K) = 0C)”. 


Superficial Expansion: When surface area ofa body changes due to change of temperature 
we have superfacial expansion. Let A, and A, denote surface area at 0°C and t°C respectively. 
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(c) 


Experiments show that 


A, =A, (1+Bt) 


B is a constant, depending on nature of material of the body. It is known as coefficient of 
superficial expansion. Obvisouly 
p= A, —Ay _ AA 
Ajt Ajt 
Cubical Expansion: The change in volume ofa body due to change in temeprature is known 


as cubical expansion. Let V, and V, denote volume of a body at 0°C and t°C respectively. 
Experiments show that 


Vi=V,U+yt) 
y is a constant, depending on nature of body. It is known as coefficient of cubical expansion. 
Obvisouly 
V.-V, AV 
Ve Va 





For a homogeneous, isotropic solid, it can be shown that 
y=3a; BP=2a 
or a:B:y::1:2:3 
For an anisotropic material; let ©,, &, and ©, be coefficient of lear expansion along x-, y— 
and z—axis respectively. Then 


B=a,ta,; Y=a,+a,+a, 


Practical Applications of Thermal Expansion 


(1) 

(il) 
(itt) 
(Iv) 


Railway lines are laid with a small gap between two tron rails. 
There is an appropriate space between the iron girders used to support a bridge. 
The iron rm around the wooden wheel ofa cart is slightly smaller in diameter than the wheel. 


To keep correct time during summer and winter; pendulum clocks are made ofan alloy invar. 
This alloy has a negligible coefficient of linear expansion. 


2. EXPANSION OF LIQUIDS 


Since liquids donot have a definite shape or size we donot talk about the linear or superficial expansion 
of a liquid. We can only talk about cubical expansion. Since a liquid is put in a container and when 
liquid is heated and its volume increases the container also expands. If we donot take into account 


204 


A program to give wings to girl students 


the expansion of the container, we have the apparent expansion of the liquid. However tf we take 
into account the expansion of the container we observe the real expansion of the liquid. 


(a) Coefficient of apparent expansion; y, ; is the apparent change in volume per unit volume per 


| | (AV) 
degree change in temperature, 1.e. Y, = Vt i 
0 


(b) Coefficient ofreal expansion; y,; is the real change in volume per unit volume per degree 


| (AV) 
change in temperature; Le. Y, = ———— 
Vot 


Let y, be the coefficient of cubical expansion of the container. Obviously 
Te — a. Fe 


Water has a very peculiar behaviour when heated from 0°C onwards. From 0°C to 4°C volume of 
water decreases as temperature increases 1.e. yis a negative number. However on heating water 
above 4°C; its volume increases as temperature increases i.e. yis a positive number. 


Example—34: 


A brass wire 1.8 m long at 27°C is held taut with little tension between two rigid supports. If the 
wire is cooled to —39°C what is tension developed in the wire of diameter is 2.0 mm? Coefficient 
of linear expansion of brass = 2x10~° (°C)'. Young’s modulus of brass = 0.9x10" Pa. 


Solution: 
Let A? be the decrease in length of wire (1f it were free) due to change in temperature. 


Al = ¢.0(A0) 


or 2 =a (A) 


= 2x10°x66 = 132x10” 


This is elongational strain in wire due to tension in rigid support. Let F be force of tension on each support. 
By definition of Young’s modulus. 





0.9 x 10!) = ——________ 
3.14 (10° ) x132x10” 
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or F=0.9x10''x3.14x132x107'N 


= 373N 
Example-35: 


Coefficient of cubical expansion of benzene and wood are 1.2x10° (°C) and 1.5x107% CC)". 
Density at 0°C of the two is 0.9x10° kgm” and 0.88x10° kgm™. At what temperature wood will 
just sink is benzene? 


Solution: 
Let V, and V be volume ofa body of mass M at 0°C and t°C respectively. Then 


M 
Po = Density of body at 0°C = y 


0 


z 


P, = Density of body at t°C = z 


Also V=V_(1+7 t); therefore 
p Vo = 
y tty) =(-9) 
Or p=p,(1-yt) 


Wood will just skin in benzene, if the density of wood equals that of benzene ; i.e. P, =P 3 at t = t°C. 
Therefore 


0.88x10% | 1-1.5x10~ xt | -= 0.9x10° [1-1.2x10” xt | 
[0.9x1.02x10> — 0.88x0.15x103] t = 0.9 — 0.88 


0.02 
t= 201100 
or (1.08-0.132)x10° 


Example-36: 


Mercury 
A capillary tube of area of cross-section a is filled with a mercury 
column of length L as shown in Fig. 2. The increase in length of 
mercury column when temperature increases by AQ is — L —> Gavin 
(a = coefficient of linear expansion of capillary, y = coefficient Fig. 2 ae 


of cubical expansion of mercury) 
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(1) L(y-a)A@ (2) L(yt+a)A@ 
(3) L(y-2a)A0 (4) L(y+2a)A0 
Solution: 


When temperature increases by A@; let ‘a’ and ‘I’ be the area of cross-section of tube and length of 
mercury column. 


V' = volume of mercury column when temperature increases = a'L' 


V = The initial volume of mercury column = a.L 


We have 
V'=V(1+yA8), and a'=a(1+a2A0) 


Laess 
1+ 2aA0 


VL V(1+yA0) aif 1+yA0 
a' a(1+2aA0) 


=L(1+yA0)(1+20A6) " 
Using Binomial expansion and retaining first order terms, we have 
L'=L(1+yA0)(1—-2aA0) 
= L|1+(y-2a)A0 | 
The increase in length of mercury column = L'— L 
=L (y — 2a) AO 
The correct choice 1s (3) 


Example-37: 


A bimetallic strip is formed out of two identical strips, one of copper and other of brass. The 
coefficients of linear expansion of the two are @, and @, (a, <a, ) respectively. On heating the 


bimetallic strip through a temperature AT ; the strip bends into an arc of a circle. What is radius 
of curvature of the strip? 
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Solution: 


Let '¢' and ‘t’ be the initial length and thickness oftwo strips. Let /, and 
l, be the lengh of the two when temperature rises by AT. Since 


a, >a,, l, > L. Due to this the bimetallic strip bends into arc ofa circle. 
Let R, R, and R, be the mean radius; radius of copper and brass part as 
shown in Fig. 3. Obvisouly 


R-R=t 0 2 ee (1) 





Let 0 be the angle subtended at center O by the curved bimetallic strip. 
Then 


£,=R,9; 2, =R,9 
or oH =6[R,-R,]=0xt sees (2) [Clf=n (1)] 
Also, ¢,=€(1+a,AT); 4, =¢(1+0,AT) 
or kamki = L(a, -a )AT m (3) 


Alo &=R0. From Eqns. (2) and (3) we have 


p- £274) 
R t 
m 4 L(a, -0)AT 
R t 
t 
R= 
(a, —a, )AT 


Specific Heat Capacity 
Consider ofa body of mass m. Let AH (= AQ) be the small amount ofheat required to raise the temperature 


from 0°C to (0 + A0)” C. Experiments show that AQ depends on 
(1) mass ofbody (m) and 
(2) nature of material of body 


We write 


AQ=m(A8).C (1) 
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where C is a constant depending on nature of body C is known as specific heat capacity (or specific 
heat) of the body. Obviously. 


_f AQ 
c-(=2) o (2) 


The specific heat capacity; C; ofa body is numerically equal to heat required to raise the temperature of 
unit mass by one degree. The CGS unit of C is cal / g°C and the SI unit is J/kg K. Obvisouly 
lcal 4.18J 


=- ——___=~418x10° Jke K 
g°C (10°kg)K i 





The specific heat ofa material depends its state 1.e. solid, liquid or gaseous. For example specific heat of 
ice. = 0.5 cal g' (°C)'. Specific heat of water = 1 cal g' (°C)' and specific heat of steam 
= 0.47 cal g`” CC)". 


The molar specific heat ofa material is heat required to raise the temperature of 1 gram—mole of material 
by one degree. Clearly 


Molar specific heat = Molar mass x specific heat capacity 


Expressed mathematically 


C = Molar specific heat = (2) 
n\ dð 


n=number of moles of the material. 


Variation of Specific Heat of Solids with Temperature 


According to Dulong and Petit the specific heat per mole of a pure crystalline solid is 
nearly 6 calmole™! K+. This is known as Dulong and Petit’s law and is nearly obeyed 
by a large number of substance near room temperature. However at low temperatures 
the specific heat decreases rapidly as show in Fig. 4. C, approaches zero as 
temeprature approaches absolute zero (1.e. OK). 





Specific Heat of Water . 7 
Rowland experimentally determined accurately specific heat of water 
at different temperatures. Water has a very peculiar behaviour. Specific 
heat of water decreases as temperature rises from 0°C to 15°C. For 
temperatures above 15°C specific heat increases as temperature 
increases. The variation is shown in Fig. 5. At 0°C, 


C= 1.008 cal g '(°C)". It is almost 1.0 cal g' (°C) at 15°C. At 100°C; 7 
it is 1.0057 cal g'(°C)! o io —> 0(°C) 
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Thermal Capacity and Water Equivalent 


The thermal capacity of a body is amount of heat required to raise its temperature by 1°C (or 1K). 
Obviously 


Thermal capacity = mc 
where m is mass of body and c is the specific heat of body. 


Water equivalent of a body is the mass of water which absorbs or evolves same amount of heat as is done 
by the body in changing its temperature by same amount. For a body of mass m; specific heat c; water 
equivalent 1s 


AQ = m.c(A8) =w x1x(A8) 


<. W = mce 


Water equivalent of a body is numerically equal to its thermal capacity. 


Latent Heat 


When a change of state takes place, the heat absorbed or liberated does not produce any change in 
temperature. This is known as latent heat. Let m be mass undergoing a change of state; the heat absorbed 
or liberated is 


H(=Q)=mL 


Latent heat is numerically equal to heat required to change state of unit mass without any change in 
temperature. For example ice at 0°C absorbs heat and gets converted into water at 0°C 1.e.changes from 
solid to liquid state. This is known as latent heat of fusion. Latent heat of fusion ofice is 80 cal g. When 
the change of state takes place from liquid to gaseous state at boiling point, we have latent heat of 
vaporisation. Water at 100°C is converted into steam at 100°C. This involves latent heat of vaporisation. 
For water it is 540 cal g”. 


Calorimetery 


A calorimeter is a copper hollow cylindrical vassel provided with a stirrer; and an insulated lid. It is placed 
inside a heat insulated container like wood. A thermometer is inserted to note the temperature of calorimeter 
and contents. 


Consider a calorimeter of mass m, made of material of specific heat c; containing, say, water of mass M 


at a temperature 0/C . A hot body of mass M ; at temperature 6;C(6, > 0, ) is put inside thermally 


insulated colorimeter. The equilibrium temperature of calorimeter and contents is 0°C . According to principle 
of calormetery. 


Heat lost by hot body = Heat gained by cold body. 
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Let C be specific heat of solid, then 


M,c[9, —98] = Heat lost by hot solid 
(M +mc, ) x 1x [0 — 0, | = Heat gained by calorimeter and contents. 


M,c(8,-8)=(M-+myc, )(8-9, ) 
Knowing all parameters involved; c 1s easily calculated. 


Example-38: 


A calorimeter of water equivalent 25g contains 75g of water at 20°C. A solid of mass 30g; specific 
heat 0.6 cal g' (°C) heated to 100°C is put inside a themally insulated calorimeter. What is 
equilibrium temperature of calorimeter and contents? 


Solution: 
Let O be the equilibrium temperature of calorimeter and contents. Then 
Heat gained by calorimeter and contents = (75+25)x1x[ @—20] 
= 100 [ 6-20] cal. 
Heat lost by the solid = 30x0.6x[ 100-6 ] cal. 
From principle of calormmetery 
Heat gained = Heat lost 


or 100 [0-20] = 18 [100-9 | 


— 3800 


or 0 : 232.2°C 


The equilibrium temperature of calorimeter and contents is 32.2°C 
Example-39: 


A copper calorimeter of mass 50 g contains 105 g of water at 80°C. 25 g of ice at —10°C is added 
to thermally insultaed calorimeter. What is equilibrium temperature of calorimeter and contents? 
Given 


Specific heat of Cu = 0.4 cal g” CC)" 
Specific heat of ice = 0.5 cal g' CC)" 


Latent heat of fusion of ice = 80 cal g' 


211 


A program to give wings to girl students 


Solution: 


Let O be the equilibrium temperature of calorimeter and contents. Heat is lost by water and calorimeter. 
Obvisouly 


Total heat lost = Heat lost by calorimeter + Heat lost by water inside calorimeter 
= 50x0.4x(80—6 ) + 105x1(80—6 ) 
= (20+105) (80-0 ) = 125 (80-0) ca. n (1) 
Heat is gained by 
(i) ice in raising its temperature from —10°C to 0°C =25x0.5x(10)= 125 cal. 
(i) ice at 0°C to melt (i.e. latent heat) and get converted into water at 0°C =25x80 = 2000 cal. 


(iit) water obtained at 0°C to raise its temmperature from 0°C to 6°C =25x1x0=250 


. Total heat gained = 125+2000+25 0 =[2125+250] cal. a. (2) 


From principle of calormetery; 
125 (80-0 ) = 2125+25 0 


0 = LER 52.5°C 
150 


Example—40: 


A calorimeter of water equivalent 20g contains 60g of water at 70°C. 10g of steam at 100°C is 
passed on to the thermally insulated calorimeter. What is equilibrium temperature of calorimeter 
and contents? 


Latent heat of vaporisation of water = 540 k cal kg" 

Solution: 

Let 6 be the equilibrium temperature of calorimeter and contents. 

Heat gained by calorimeter + water = (20+60)x 1x( 0-70) 
= 80 (0-70) cal. 

Heat lost by steam = Heat lost in condensing + Heat lost by water obtained at 100°C to 0 °C 
= 10x540+10x1x (100-90) 
= (6400-10 0 ) cal. 
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From principle of calormmetery 
80( 0—70) = 6400-10 0 


or pa T e 
90 


This is not possible. If this happens temperature of steam at 100°C rises to 133.3°C and the calorimeter 
and contents also accquire temperature of 133.3°C. This means there is only gain of heat! This is not 
possible. What is mistake in above calculation? We have assumed that the entire mass of steam condenses 
into water at 100°C. This does not take place. Let H_ be maximum heat calorimeter and water can take 
to accquire a temperature of 100°C. Obvisouly 


3 (20+60)x1x(100-70) cal. 
= 2400 cal. 


Once calorimeter and content accquire 100°C; there is no flow of heat from steam to calorimeter and 
content. Therefore 


24 
Mass of steam candessed = 540. g = 4.44g 


Only 4.44 g of steam condenses. Now calorimeter and steam are in thermal equilibrium 1.e. at same 
temperature. The equilibrium temperature, therefore, is 100°C. 

TRANSFER OF HEAT 
Introduction 


Heat can be transferred from one place to another by three different ways. These are (1) conduction 
(11) convection and (111) radiation. 


In a solid heat is transferred from one end to the other by conduction. In liquids and gases; the process 1s 
convection. Heat froma “hot body” (i.e. a body at high temperature) flows to distant places by thermal 
radiation. Earth is getting heat from Sun by radiation. We will discuss the three process one by one briefly. 


CONDUCTION 


In conduction a medium (1.e. solid material) is required. During the flow of heat the atoms / molecules of 
material donot move in the direction of heat flow. The atoms / molecules vibrate about their respective 
mean position. Heat is transferred from atoms / molecules in one layer to atoms / molecules in adjoining 
layer and the process repeats itself. 
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Thermal Conductivity 


Consider a metal rod PQ of length L; area of cross— 
section A. The ends P and Q of rod are maintained at 


constant temperature 6/C and 6$C respectively 
(0, > 0, ) . Heat enters the hot end P; flows along rod 


and comes out from the other end Q. A number of 
thermometer are placed along the length of rod as 





Heat shown in Fig. 6. 
inlet 
Hot end Cold end Initially we have a “Transient state”. In transient state 
at 07C 0 >0, at 0, C heat recieved by any cross-section of rod is partially 


retained by the atoms / molecules at the cross-section 
and a part is passed on the atoms / molecules in next 
cross—section. The temperature of any cross—section starts 


Fig. 6 


rising and changes (increases) as time increases. The reading P 6 6+d0 Q 

of different thermometers is different and varies with time. After a Se 

sufficiently long time the metal rod accuiqres steady state. / 

Now temperature ofdifferent parts ofrod is different but does oC 0, 
(Hot end) (Cold end) 


not change with time. During steady state the heat recieved by 
atoms / molecules in any cross-section is completely passed 
on to the atom / molecules in adjoining layer. Whatever heat 
enters rod at hot end; emerges out at the cold end. 


— L —i 
M— x —> 
k—(xtdx) > 
Fig. 7 
Consider a small element ofrod defined by x and (x + dx) as 


d 
shown in Fig. 7. The rate of flow of heat = ; under steady state 1s: 


dO 
(1) directly proportional to —— ; known as temperature gradient. 


dx 
(i) directly proportional to area of cross—section (A). Combining the above factor, we say 
dQ dO 
= SRRA O l 
dt dx o 


K is a constant depending on nature of material ofrod. It is known as thermal cnoductivity. Note that in 


dO d 
Eqn. (1) a is a negative number; therefore Z is a positive quantity. For a rod having a constant 


temperature gradient; as shown in Fig. 7; 


2 e-a (a2) 
dx L L 
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Eqn. (1) can be rewritten as 


= The rate of flow ofheat = KA (a2) sereo (2) 
t 


From Eqn. (1); ifA= 1 unit, aS l unit, 2 =K 
dx dx 





The coefficient of thermal conductivity is numerically equal to the rate of flow ofheat across a rod of unit 
cross-section having a unit difference of temperature across unit length of rod. SI unit of K is 


= K W 
J s =) = m Wm”K”. The C.G.S unit K is (cal s!) cem! (°C)! 


Dimensions of K are: 


[K]= [al MET” 


ATE 


= MLT” 90” 





K is a small number for bad conductors and is a large number for good conductors. 


Equivalent Thermal Conductivity 
Case 1. Rods in Series 


Fig. 8 shows two rods of same cross-section, A; 
length L, and L, joined together. K, and K, is 


thermal conductivity ofthe two rods. Ends L and 0.>0 


N are maintained as constant temperature. 0, and 





0, respectively. Let @ be the temperature of the 
common end M. In steady state rate of flow of 


dQ Fig. 8 
heat at in the two rods is same; therefore 


O-k,a(® 2) a{ ee] m 
P : ie 








I 2 


Rearranging, we get 
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-9.29.-| 22 | 2) Sy 
(0, -0)+(0—8, )=0, -0, -( Jara nee (2) 


Let Ka be the equivalent thermal conductivity of the arrangment. By definition 
dQ = K, A 0, E 0, 
dt 1 (L +L, 


[Q \ EL, +L, 
0-0, (2 KA = (3) 


From Egns. (1) and (3) we have 


L L L+L, 
KKK nc (4) 
1 2 


eq 





Case 2. Rods in Parallel 


Fig. 9 shows two rods of same length L; thermal conductivity K, and K, arranged co—axially as shown. 
The radius of rod of thermal conductivity K, and K, is R, and R, (>R, ) respectively. Let the ends be 


maintained at constant temperature 0, and 0, (0, > 0, ). 





SSIES 
Anuunret 


N 






Fig. 9 


d 
2) = Rate of flow ofheat in rod of conductivity K, 
1 


2 0, — 0, 
=K, (aR; (2) a (1) 


d 
2) = Rate of flow ofheat in rod ofconductivity K 
2 


=K, (xR; -ari )( 2) — (2) 
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= The net rate of flow of heat in the arrangement 


dt. 
_{ dQ dQ \ _ 2 2_p2\]/ 8-9; 
= 2) + 2) = n| KR; +K, (R? -R; ) E Jooo (3) 
Let K „ be the equivalent thermal conductivity of the arrangment. By definition 
dQ 2 0, E 0, | 
—~=K, aR | ——— 
dt eq 2 í O a (4) 


From Eqns. (3) and (4) we have 


KR? +K,(R}-R?) 
aooo Ro 


2 


R? 
=(K, -K,) -7 +K, 


2 


THERMAL RADIATION 


Radiation is the process of transfer ofheat from a hot body without any intervening medium; 1.e. radiations 
can propagate in vacuum. The wave length range of thermal radiations is from 800nm to 4x 10m. These 
radiations belong to the infra-red part of electromagnetic spectrum. Thermal radiations have same properties 


as light. The only difference is in their wave length. The wave length (A) of thermal radiation lies from 


8x10-’mto 4x10-’m where as the wavelength range of light is 4x10-’m to 8x10-’m. Energy associated 
with thermal radiations is less as compared to visible light. 


Reflection; Transmission and Absorption Coefficients 


Let Q be the energy of thermal radiations incident on a body. In a general; a part Q, is reflected back; Q, 
is transmitted and Q, is absorbed. From law of conservation of energy 


Q =Q, tQ, +Q, 
- HHE 
=rttta 


where r = = = The reflection coefficient or reflectance 
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Q, 


t= Q = The transmission coefficient or transmittance 
Q , 
and a= T = The absorption coefficient or absorptance of the body. 


Perfectly Black Body 


For a body, ifr =t =0 anda = 1 the body is known as a perfectly 
black body. In words: a perfectly black body absorbs completely 
the radiations ofall wavelengths incident on it. Practically no body 
can be 100% perfectly black. Lamp black is almost a perfectly 
black body. 

According to Ferry, any hollow enclosure with a very narrow 
opening O behaves like a nearly perfectly black body. Ferry’s Black Body 
Fig. 10 shows Ferry’s black body. Fig. 10 


incident 
radiation 





Important: Only the hole and not the entire sphere acts as a 
black body. 


Kirchhoff’s Law 


Everybody at a finite temperature emits thermal radiations of all wavelengths. Similarly a body absorbs 


radiations incident on it. The emissive power, e, ; ofa body is the amount of energy emitted per unit area 


ofa body in wave length range à and à + da . Similarly the absorptive power, a, , is amount of energy 


absorbed per unit area in wave length range à and à+ dà. 


According to Kirchhof?’s law, the ratio of emissive power and absorptive power of any body is a constant. 


The constant equals the emissive power (E, ) ofa perfectly black body. Expressed mathematically 


e 
— = constant = E, 
a, 
We can also say that good emitters are good absorbers and vice-versa. Following examples are illustrations 
of Kirchhoff’s law. 


(1) Take a piece of bone china having a black flower painted over a white back ground when viewed at 
room temperature. The black flower absorbs all incident radiation and the while part reflects all 
incident radiation. Heat this piece of bone china to ahigh temperature ( ~ 1000°C) and view inside a 
dark room. The flower appears white on a black background. This is in accordance with Kirchhoff’s 
law. The black flower is a good absorber and therefore a good emitter. The white background is a 
poor absorber and therefore a poor emitter. 


(2) Sodium vapours, on heating emit two yellow lines known as D, and D, lines. If white light from an 
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arc lamp (or sun) is made to pass through a chamber containing sodium vapours at low temperature; 
in the emergent light D, and D, lines are absent. Two dark lines are observed at the position of D, 
and D, lines. These are known as Fraunhofer s dark lines. Hot sodium vapours are good emitter 


of D, and D, lines therefore cold sodium vapour is a good absorber of these two lines; in accordance 
with Kirchhoft’s law. 


Stefan’s Law 


According to Stefan’s law; the amount of energy radiated per unit area per unit time (E) by a perfectly 
black body is directly proportional to the fourth power of the absolute temperature (T) of the body. 
Expressed mathematically 





E=oT 
where o is a constant known as Stefan’s constant o = 6.67x10° Wnr? K+. Dimension of o are: 
E ML?T 2 i 
fo] = EE = it rk 
[T] K 


For a body which is not perfectly black if £ 1s the degree of blackness (0 < € < 1); the energy radiated per 
unit area per unit time 1s 


E=ceoT’ 


Consider a perfectly black body of surface area A; at a temperature T K placed in a surrounding at a 
constant temperature T,K (T, < T,). The black body emits radiations to surroundings and absorbs radiation 
from surroudings. Since T> T,; energy emitted to surroundings is more than energy recieved (asorbed) 


from surroundings. The instantaneous rate of loss of energy by hot body = Ao [TÉ = T; ] 


Newton’s Law of Cooling from Stefan’s Law 


According to Newton’s law of cooling; for small difference of temperature between a body and its 
surroundings; the rate of cooling of the body 1s directly proportional to the excess temperature of the body 


over the surroundings. Consider a body at a temperature T = T, + AT and the surroundings at a constant 


temperature T°. 
The rate ofcooling = Ao | T’ -T; l 


=Ao| (T, +AT) -T5 | 
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From Binomial theorem; 
4 
I+ al =1+4 = 
To To 
AT 


<. The rate of cooling = Ao T; i +4 £) = ] 


0 


=(4A oT, )AT 
Obviously rate of cooling is directly proportionalto AT . This is Newton’s law of cooling. 


Example—41: 


Two rods A and B have lengths in ratio of 2:3 and thermal conductivity in ratio of 4:3. Temperature 
difference across ends of B is double that across ends of A. The ratio of flow of heat; in steady 
state; in the two rods is same. A /A,; the ratio of their area of cross-section is 


(a) 1:1 (b) 16:3 
(c) 16:9 (d 9:16 
Solution: 


Let (0, —0, ) „ be the difference across ends of rod A. The temperature difference across ends of B is 


(0,- 8, )e = 2(0, —9, ), . Given 





£2. K _4 dQ =Q 
L ok 2° Na 
KA KA 
. S4@,-0,),-E4(0,-,), 
1 2 


A G L, 
or 7 i 


eG 


Correct choice is (a) 
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Example—42: 


A copper bar of length 75 cm and a bar of steel of length 125 cm are joined together at one end 
as Shown in Fig. 11. Both have circular cross—section of diameter 2 cm. The free ends of copper 
and steel bars are maintained at 100°C and 0°C respectively. What is steady state temperature 
of the common end of bars? 


K = 9.2x107 keal. m's* °C)", K „a = 1.1*107 keal. m's™ (°C). 
Solution: 


Fig. 11 shows the given arrangment. Let 0 be the steady state temperature of common end. In steady state 
rate of flow of heat in the two bars is same. Therefore 


K Anon 8] k Pool 


cu steel 
L, L, 


0 =100°C 9 9,=0°C 


9.2x10° e] =1.1x10? Fa > Copper HE 


k— 75cm ——>k— 125cm — 





100-80 _ 1.1x75 _ 907 Fig. 11 
0 92x125 
100 
0 = —— = 93,3°C 
er 1.072 
Example—43: 


Fig. 12 shows two co—axial cylinder of same length radii R and 2R. The thermal conductivity of 
inner and outer cylinder is K and K, respectively. The equivalent thermal conductivity of the 


arrangment is 1.5 K. Then K, is 






D 









gy 


WY 

N 
M-o- 
KS 






2K IAS AY 
3K 5k L 
OS aan? pg 
Fig. 12 
Solution: 


Let 0, and 0, be the temperature of the two ends ofthe arrangement. Then the rate of flow of heat is 
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n(2R) K,, (a2) =KnR’ 0-2) k nf (oR) -RJ 2) 


or 4 K = K+3K, 
or 4x1.5 K = K+3K, e Ko = 1.5K] 


5 
or K, = =) K 


The correct choice 1s (d) 
Example—44: 


Solar constant is the energy recieved by earth per unit area per minute from radiations emitted 
by Sun. It is 8.315x10* Jm” (min)". Estimate surface temperature of Sun; assuming Sun behaves 
like a perfectly black body. Given radius of Sun = 7x10° km; Distance between earth and sun 
= 1.5x10° km. 


(o =5.77x10° W m’K*%) 
Solution: 


Let T be surface temperature of Sun on Kelvin scale. The total energy, E, 
radiated per second by Sun; using Stefan’s law, is 


E=(4nR;)oT* 


The energy is radiated uniformly in all directions. Consider a sphere of radius 
R, center coincident with center of Sun. The energy, E, crossing the surface 
of sphere per unit area per second 1s 


2 
R 
E, -| s oT? 
TR fs Ris 


E, 1s energy recieved per unit area per second by earth due to solar radiation. From definition of solar 
constant 





Fig. 13 





2 
R 
s = The solar constant = E x60 = ol E=] oT’ 


ES 
Given; s = 8.13510" Jm”? (mm); R, = 7x10° m, R,. = 1.510" m. 


Substituting given values ; 
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7x10° 


8.135x10* = 60 7 
1.5x10 


2 
x5.77x10°xT* 


y, 
8.135x(1.5x10" } x10 


Taa a H i 
60(7x10" | <5.77x10" 
~ 5732K 
Example—45: 


A body cools from 75°C to 70°C in 6 minute. In how much time will it cool from 55°C to 50°C. The 
surrounding temperature is constant at 22.5°C. 


Solution: 
According to Newton’s law of cooling 


TEN 
Q L Cx(0-0,) 


where C is a constant, 0 — 0, = temperature difference between body and surroundings. 


Case-1: 


75 +70 L72 50C 





Average temperature of body = 


The average excess temperature of body over sourroundings = (72.5—22.5) = 50°C 
Let Q be total heat lost in time t, = 6 minute. Then 

Q = mex(75-70) = kx50xt ae (1) 

where k is a constant of proportionality. 


Case-2: 
55+50 





The average excess temperature of body over surroudings = | — 22.5 = 30°C 


Let t, be time taken by the body to cool from 55°C to 50°C. Then 
Q = mce (55-50) = k x30xt, ae (2) 


From Eqns. (1) and (2) we have 
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50xt, = 30xt, 


5 3 . 
or l =i “oe minute 
Example—46: 


Two spheres A and B of same material have radii R and 2R respectively. Both spheres are 
heated to same high temperature and allowed to cool in same surrounding at a constant 
temperature. The ratio of 


(i) rate of loss of heat and 


(ii) rate of cooling of the two speres is 


(a) 251 (b) 132 
(© 1/432 (d) 254 
Solution: 


Let T and T, denote the instantaneous temperature of a sphere and the surroundings respetively. The 
instantaneous rate of loss of heat. 


< = (4mR? Jeo [T -T ] NE ee sseaie sooseeeeees (1) 


where s 1s degree of blackness of either sphere. Therefore 





gee 


dT 
Let a be the instantaneous rate of cooling. 


dQ dT (47_, dT 
— =mc— =| —R’p |c| — 
PONG a: dt E p| Z) 


where c 1s specific heat and P density ofmaterial of sphere. Therefore 


(rpe E= (4nR”)oo(T* =T) 
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From Eqn (2) it is obvious that 


(a) 
dt Ja Ry _, 


(ar) Ra 
dt J, 


The correct choice 1s (c). 





F Rog weeeene 
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PROBLEMS FOR PRACTICE 
[A] ELASTICITY 


A steel wire 100 cm long has a radius of 1 mm. It is suspended in a vertical plane from a rigid 
support. A load of 6 kg 1s attached to the free end. The length of wire increases by 0.088 mm. What 
is Young’s modulus of steel? g = 9.8 ms” 


[Ans: ~ 2x10"! Pa] 


A steel wire of length 4.7 m, cross-sectional area 30 mm’ stretches by same amount as a copper 
wire of length 3.5 m, cross-section 40 mm”. What is ratio of Y of steel and copper? 


[Ans: 1.79] 


A rod 2m long is suspended horizontally in a vertical plane from a rigid support using two identical 
wires attached to its ends. One wire is of steel of area of cross—section 10 mm? and the other is of 
brass of cross—sectional area 20 mm’. What is the position ofa weight attached to the rod so that 
(1) stress (11) strain, in the two wires is same? 


[ Ans: (1) 1.33m (11) Im] 


4.  Awire ofradius r, length ¢; density P is hung ina vertical plane from a rigid support. What is 
increase in length of wire due to its own weight? Y 1s Young’s modulus of wire. 


p? 
[ Ans: E 


A cable wire is made by twisting together 40 thin wires each ofradius 1.26 mm. The length of cable 
is 10 m. It is used to lift a heavy body of mass 400 kg. What is increase in length of cable? 


(Y = 2x10" Pa; g = 10 ms”) 
[ Ans: | mm] 
6. A rubber catapult is made ofa rubber cord 420 mm long; having a radius of 3 mm. The catapult is 


stretched by 20 cm and is used to launch a stone of mass 200 g. The stone files away; with a speed 
of 2x10° mms" on release. What is Y for rubber? 


[Ans: = 3x10° Pa] 


7. Asteel wire is kept taut by suspending a load from its one end. It is used to measure the depth ofsea. 
What is maximum depth that can be measured. Load suspended has mass negligible in comparision 
with the mass of steel wire. 
Given, breaking stress of steel = 7.85 10° Pa; 
Relative density of steel = 7.7; 
Average density of sea water = 1g (cc)' and g = 9.8 ms” 

[Ans: 11.96 km] 
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A metal has a relative density of 11. It is subjected to a pressure of 20 kPa. What is change in R.D 
of metal? Compressibily of metal = 1.25x10-'° (Pa)" 


[ Ans: 0.28] 


A solid sphere of radius 1.5m is submerged in a lake to depth of 10m. What is change in its volume. 
Bulk modulus of steel = 10” Pa 


[Ans: ~ 1.39 c.c] 


C 
Show that the ratio of the adiabatic and isothermal bulk modulus ofa gas equals y = C ; where C, 
V 


and C, denote molar specific heats of gas at constant pressure and constant volume respectively. 


[B] HYDROSTATICS 


A tank is filled with oil upto a height of 125 cm. At its bottom there is a circular hole of radius 25 mm. 
What force be applied to the other side of hole so that oil does not spill-over? R.D of oil = 0.5; 
¢=9.8 ms” 


[Ans: 12 N| 


A rectangular tank of cross-section 6x 10° cm’ contains a oil layer 1m high over water at the 
bottom up to a height of 60 cm. What is (1) pressure (11) thrust at bottom of tank? 
Atmospheric pressure = 1.013x10° kPa. 


[Ans: (i) 1.1306 102 kPa (ii) 678.4 kN] 


A U-tube contains some mercury in its two limbs. A column of gylecrine 100 mm. Length is poured 
over mercury in left hand limb. Oil is poured over mercury in right hand limb till the upper layer of oil 
and glycerine in the two limbs is same. What is length of oil column? R.D of glycerine = 1.3; 
R.D ofoil = 0.8; Density of mercury = 13.6 g/c.c. 


[ Ans: 96 mm | 


A U-tube is partially filled with water. An immisible liquid is poured in one limb of U—tube till it is at 
a height x above the level of water in the other limb. Due to addition of liquid the level of water has 
risen by an amount y from its earlier value. What 1s R.D of liquid? 
Ans 2y | 
x+2y 


A ring of internal and external radius 85 mm and 87mm is suspended from one pan of a balance 
which is counterpoised. The ring is made to touch surface of water in a beaker. An additional weight 
of 3.96 g has to be added to the other pan to counterpoise the balance. What is surface tension of 
water? 





[Ans: 72x10" Nm'] 
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16. 


20. 


21. 


22: 


23. 


A bubble of radius 10 cm is blown of soap solution of S.T 3x107 Nnv'!. What is work done? What 
is additional work done so that the radius of bubble increases by 100%? 


[Ans: 75.4 mJ; 226.2 mJ] 


A U-shaped hollow frame is placed in a vertical plane in gravity of earth. A slider of length 300 mm 
of negligible mass can slide freely over the frame. A soap film is formed in the arrangement. What 
mass be attached to slider to keep it in equilibrium? S.T of soap solution = 2.5x107 Nm”. 


[Ans: 1.5 g] 


8 identical water drops each of mass 0.157 mg combine together to form a bigger water drop. What 
is energy released? S.T of water = 72107 Nm'. Density of water = 10° kgm”; g = 10 ms”. 


[Ans: 0.905 u J| 
N identical droplets each ofradius r combine together under isothermal conditions forming a drop of 
radius R. S is surface tension of liquid of drop and p its density. Show that temperature of big drop 
. 3S|/1 l 
formed is asi (1) = (=) more than that of each droplet. 


A spherical shell has a small hole of radius r. It is immersed in a water tank upto a depth of 0.4m 
before water starts entering in via the hole. What is r? Surface tension of water = 73x10! Nm’; 
g = 9.8 ms”. 

[Ans: 3.7x 10° mm] 


Two spherical bubbles ofradiir, and r, coalese together to form a bubble under isothermal conditions. 
Show that 


3P(AV)+4S(AA)=0 
where P is atmospheric pressure and S is surface tension. AA and AV denote change in surface 


area and change in volume respectively due to coalesing together of bubbles. 


Calculate excess pressure inside a soap bubble of radius 0.5 cm. Surface tension of soap solution 
= 25x10" Nm'. The bubble is taken inside a tank of soap solution to a depth of 0.4 m. What is total 
pressure inside bubble? Assume there is no change in size of bubble. R.D of soap solution = 1.2. 
Atmospheric pressure = 1.01 10° Pa 


[Ans: 20 Pa; 1.057x10° Pa] 


Water rise upto a height of 80 mm in a capillary tube of radius r. Surface tension of water 1s 
7x107 Nm". The capillary tube is cut to a length of 50 cm. In equilibrium what is change in radius 
of curvature of meniscus? 


[ Ans: Increases by 0.1015 mm] 
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In a capillary tube water rises by 100 mm whereas mercury depresses by 34.2 mm. What is ratio of 
S.T of water and mercury? Angle of contact for water and mercury is 0° and 135° respectively. 
R.D ofmercury = 13.6 


[Ans: 0.152] 


A soap bubble ofradius r is blown at one end ofa tube. The other end of tube is connected to a 
vassel of volume V filled with air at atmospheric pressure P. Show that in equilibrium bubble accquires 
a radius r/2; if 





7 4SV E Tnr’P 
r 2 


2nrS 


S = Surface tension of soap solution. 
[Ans: | 
[C] HYDRO-DYNAMICS 


A square plate of 10° (mm)’ lies on surface of an oil layer 2 mm thick. The plate moves with a 
constant speed of 30 mms" when a tangential force of 23 g— œt is applied to it. Assume there is no 
slipping. What is viscosity of oil? g = 10 ms”. 


[Ans: 1.55 SI unit] 


A human vein is considered as a capillary tube of radius 2 u m. Assuming a stream lined flow the 
speed of flow of blood at center of vein is 0.66 ms‘. What is pressure difference across ends ofa vein 
1 mm in length? The pressure at higher end of vein = 10* Pa. Viscosity of blood = 4x 10° Nsm”. 


[Ans: ~ 19.5 mm of Hg] 


In Millikan’s oil drop experiment a spherical drop of radius 2x 107 mm moves freely undergravity 
and accquires a terminal speed v,.. Neglecting bouyant force what is v? 


R.D of oil= 1.2; viscosity of air = 1.8x 10” mNsm”. 
[Ans: ~ 58.1 mms`] 


8 identical drops each of radius 2mm are falling in a viscous medium under gravity of earth. Each 
drop accuires a terminal speed of 0.5 cms. The drops coalese together to form a bigger drop. 
What is terminal velocity of big drop formed? 


[Ans: 2 cms] 


Water flows ina long horizontal capillary tube of diameter 20 mm. What is the critical velocity of 
water? What is rate of flow (approximately) of water in the tube? Given 


Viscosity of water = 10° Nsm?; Critical value of Reynold’s number = 3x 10°. 


[Ans: 15 ems; 2.36x10° (m)?s"] 
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Water flows through a capillary tube of radius r length p at a rate of 40 mL per second when 
connected to a pressure difference ofh cm of water. Another tube of same length, radius r/2 is 
connected in series with the tube and the combination is connected across same pressure head. 
Calculate the pressure difference across each tube and rate of flow water through the combination. 


[Ans: P, - 22. P, =~ pgh; V’=2.353mLs"] 


A cylinderical water tank has two small holes A and B ina vertical wall. Hole A is at a depth y, from 
the surface of water in tank. Hole B is at a height y, above bottom of tank. Ify,/y, = 1. What is the 
ratio of the horizontal distance on ground where water from the two holes hits ground? 


[Ans: 1] 


Two cylinders L and M have area of cross—section in ratio of 2:3. Both have a identical hole near the 
bottom. Cylinder L is filled water to a height of 20 cm and M with mercury to a height of 15 cm. 
What is ratio of velocity of efflux of water and mercury? R.D of mercury = 13.6; g = 10ms” 


= 
[ Ans: 3 | 


In a test model experiment in a wind tunnel the speed of flow of air on the upper and lower wing of 
a plane is 100 ms"! and 80 ms ' respectively. The surface area of plane of wing is 2.5 m°. What is 
upthrust on the wing? Density of air= 1.3 kg m”. 


[Ans: 6.552 kN] 


Water flows is a horizontal tube of varying cross—section. The pressure at a point Lis 10 mm of Hg 
and speed of flow is 0.4 ms. What is pressure at a point M where speed of flow is 6.6 ms? 


[Ans: 6.26 mm of Hg] 
[D] HEAT 


A rod of an alloy has a length of 62.406 cm at 21°C. The temperature is raised by 10°C. The 
increase in length ofrod is 121.6 um. What is 


(i) length ofrod at 0°C? 
(1) coefficient of linear expansion of alloy? 
[Ans: (1) 62.380 cm (ii) 19.5x10°° °C) "] 


An iron ball ofradius 30 mm is 10 mm too large than a hole is a brass plate when both at 30°C. 
What is rise in temperature of the two so that the ball is just about to pass through the hole? 


Coefficient of linear expansion of iron and brass is 1.9x10° °C)‘ and 1.2x10° (°C) ‘respectively. 
[Ans: 23.8°C] 
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A pendulum clock is a second’s clock at 15°C. How much time does the clock gain or lose in a day 
when temperature increases by 20°C. 


Coefficient of linear expansion of material of pendulum = 2x 10°(°CY". 
[Ans: 17.28 s, loss] 


A flask of volume 10° c.c is partially filled with mercury in sucha manner that the volume ofair is flask 
is same at all temperatures. What is volume of mercury in flask? 


= 9x10% (K); Y „= 1.8*104 (Cy 


í glass 


[Ans: 3.36 c.c] 


A sinker of true weight w, has an apparent weight w, when immesered completely in a liquid at OC. 


The apparent weight is w, when liquid is 05C . What is coefficient of cubical expansion of liquid? The 


coefficient of cubical expansion of sinker is y . 


WwW, —W, 1( W.-W, ) 


_ (wo -w, )(0, —0,) y (wo —w,) 


5g of water at 30°C and 5g ofice at —20°C are mixed together in a colorimeter. What is equlibrium 
temperature. Neglect water equivalent of calorimeter. Latent heat of fusion of ice = 80 cal g'. 
Specific heat of ice = 0.5 cal g CY". 


[Ans: 0°C] 


An aluminium container of mass 100g contains 200g ofice at —20°C. Heat is added to system at the 
rate of 100 cals’. What is temperature of system after 4 minute? 


Specific heat of ice = 0.5 cal g' (°C); specific heat of aluminium = 0.2 cal g' °C). Latent heat of 
fusion of ice = 80 cal g”. 


[Ans: ~ 25.5°C] 


A cubical ‘thermocole’ box has a side of 0.3m and a thickness of 50mm. 4 kg of ice is put inside 
box. What is mass of ice remaining in box after 6 hour? 
Thermal conductivity of thermocole = 0.01 Wm (°C)'. Outside temperature = 45°C (constant). 


[Ans: 2.95 kg] 


Luminosity of Rigel star in Orion constellation is 1710? times that of the Sun. Estimate temperature 
of the star. Surface temperature of Sun = 6x10° K. 


[Ans: 68.52 10° K] 


231 


UDOON 


A program to give wings to girl students 


45. 


46. 


47. 


A 40W tungestun lamp has a filament at a temperature of 2170°C. The effective surface area of 
filament = 0.66 cm’. The degree of blackness of filament = 0.31 What is Stefan’s constant? 


[Ans: 5.49x10° Jm”? s'] 


A body at 80°C cools to 64°C in 5 minute and to 52°C in 10 minute. What is temperature of body 
after 15 minute? What is temperature of surroundings? 


[Ans: 43°C, 16°C] 
Earthen pots are used for cooling water in summer. A vessel contains M kg of water. The temperature 


of water decreases from 0?C to 03C in t second. Assume that a fraction f ofheat of evaporation 


of mass o evaporating per second is taken from the vessel. Show that average rate of fall of 


fol l , . , 
temperature 1s MC’ where Lis latent heat of vaporation of water and C is specific heat of water. 
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Key Learning Points 


[A] ELASTICITY 


Elasticity is the property of a body due to which body recovers its original dimensions when external 
deforming force is removed. A body that completely recovers its original dimensions is a perfectly 
elastic body. A body that does not recover at all its original dimensions 1s a perfectly plastic body. 


External applied force per unit area is known as stress. It can be either normal or tangential. 


The change in dimension per unit original dimension is known as strain. Three simple types of strains 
are (1) longitudinal (11) volumetric and (11) shearing strain. 


Stress versus strain graph is straight line (linear) upto some maximum value of external load. This 
maximum load gives elastic limit of the body. For external load more than elastic limit stress versus 
strain graph is non-linear. The yielding point is that external value ofload where the body (say a wire) 
starts flowing. Yielding is followed by breaking pomt. 


Within elastic limit, stress is directly proportional to strain. Stress / strain is a constant known as 
modulus of elasticity. This is Hooke’s law. 


Corresponding to three types of strain we have three different modulie of elasticity. 


(a) Young’s modulus (Y) is ratio ofnormal stress and longitudinal strain. For a wire of length L 


area of cross—section a; if AL is change in length when an external normal force F is applied; 
then 


F 
normalstress 1% 


Y = Young’s modulus = “long strain- 7 (4%) 





(b) Bulk modulus (K) is ratio ofnormal stress and volumetric strain. Let AP be change in external 
stress applied to a body of volume V. AV is change in volume. Then 


normal stress AP 


K = Bulk modulus = E (4%) 





The reciprocal of K is known as compressibility (x) . 


(c) Modulus of Rigidity (n) is the ratio of tangential stress and angle of shear () ie. 


The work done by applied force in causing a strain is stored as elastic potential energy. Elastic 


l | l , 
potential energy per unit volume = 7 stress stran. 
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[B] HYDRO-STATICS 


Hydrostatics is study of liquids at rest. A liquid at rest in a container exerts a pressure on the bottom 


F 
and walls of container. Pressure = P= A where F 1s force normal to the surface of cross—sectional 


area A. Pressure is a scalar quantity. SI unit of pressure is Nm”. 


A liquid column exerts a pressure at bottom of the container due to weight (w) of liquid init. Let a 
container of cross-section A have a liquid of density p upto a height (vertical) h. The pressure due 


to liquid column=P= hpg. 


According to Pascal’s law; pressure 1s transmitted equally in all directions by a liquid at rest. The 
hydraulic lift or hydraulic brakes are based on Pascal’s law. 


The gaseous envelope around earth extending upto a few kilometers around earth is the atmosphere 
of earth. The pressure exerted by this gaseous envelope 1s known as atmosphere pressure. Under 
S.T.P condition it equals 76 cm of mercury column. It is nearly 1.0110? Pa. 


Surface tension is the natural property ofa liquid surface at rest. The liquid surface tries to contract 
and have a minimum surface area. Small liquid drops accquire spherical shape due to surface tension. 


Surface tension is understood in terms of interatomic / molecular forces. The liquid between surface 
and a layer at a perpendicular distnace equal to range of interatomic / molecular forces = 107m is 
known as surface film. The potential energy of atoms / molecules on liquid surface is more than the 
potential energy of atom/ molecuels at the other end of surface film or deep below the surface. This 
excess potential energy per unit area is known as free—energy of liquid surface. 


We know that state of equilibrium of any system is one of minimum potential energy. Applying this to 
liquid surface; the excess potential energy ofatoms /molecules on surface of a liquid will be minimum 
if number of atoms / molecules making the surface is minimum. This will be so if liquid surface 
contracts and tries to decrease its surface area. This 1s surface tension. 


Surface tension of a liquid (S) is the tangential force per unit length acting at right angles to any 
boundary line on the liquid surface. S.I unit of S.T is Nm”. It can be shown that under isothermal 
conditions, surface tension (S) is numerically equal to the free energy of the liquid surface. 


In general a liquid surface is either concave or convex. Due to surface tension the pressure as 
concave side of the surface is more. This is known as excess pressure (p) 


. ae ; a ae 25 
For a small sized liquid drop of radius r the excess pressure (p) inside drop is — (ie p= z) . 
r r 


S is surface tension of liquid. 


Interatomic / molecular forces between atoms / molecules of same nature is known as force of 
cohesion. The same force between atoms / molecules of different nature is known as force of adhesion. 
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The liquid surface is concave if force of adhesion 1s more than force of cohesion. For example water 
in contact with glass. The liquid surface is convex 1f force of cohesion is more than force of adhension. 
This is so for mercury in contact with glass. The meniscus of mercury in contact with glass is convex. 


The angle of contact (0) is the angle between the tangent to liquid surface and the glass wall (say) 


measured inside liquid. If O is an acute angle; meniscus is concave. If O is an obtuse angle, the 
meniscus is convex. 


When a capillary tube; open at both ends is immersed in a beaker containing water; the level of water 
inside the capillary tube is more than in breaker. We say water rises inside capillary tube. This is 
known as capillarity. 


The height h ofa liquid inside a capillary tube ofradius r, is 


7 2Scos 9 
2pg 


h 





where S is surface tension and @ angle of contact, p is density of liquid. For a concave meniscus 
0<0< 7 his a positive number. This means liquid rises inside capillary tube. However it > <O<T, 


cos O and therefore h is a negative number. This means liquid level falls inside the capillary tube. 


Let the length (L) of given capillary tube be less than the height h to which liquid will rise in it. The 
liquid does not shoot out of the capillary tube. The tube is filled completely and equilibrium is attained. 
The radius of curvature of liquid meniscus automatically readjusts itself to have equilibrium at h = L. 


Surface tension of liquid decreases as temperature increases. 


[C] HYDRO-DYNAMICS 


Study of fluids in motion is hydro—dynamics. The flow ofa liquid is divided into two catagories. 


(a) Streamlined flow is a highly ordered flow of liquid. Velocity of every liquid particle at a given 
point in space is same. Liquid divides itself mto different layers. Particles moving in one layer 
donot mix with liquid particles in adjoining layer. 


(b) Turbulent flow is disordered flow of liquid particles. It is common in daily life. Velocity of one 
particle at a particular point in space is not same as of its predecessor. 


In a stream lined flow of a liquid, the liquid particles in one layer exert a force on particles in 
an adjoining layer, in a direction so as to opposse their relative motion. In simple words there is a 
force oppossing the relative motion between the two liquid layers under consideration. This is known 
as viscosity. It is also considered as internal friction between the two liquid layers under consideration. 
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Consider two liquid layers at distance x and x + dx from the liquid v+dv 
layer at rest as shown in Fig. The velocity of particles in the two 
| dv | | , , . 
layers is v and v + dv, a 8 known as velocity gradient. The viscous (x+dx) 
X 
force F, between the two layers is | 
dy Liquid 
F = -n A — iquid layer 
dx at rest 


where A is the area of cross—section of liquid layer. n is a constant known as coefficient of viscosity. 
It depends on nature of liquid. The above law is Newton’s law of viscous force. 


Coefficient of viscosity is numerically equal to the magnitude of external tangential force required to 
maintain a unit difference of velocity between layers unit distance apart having unit area of cross— 
section. SI unit of n is Nsm”. CGS unit of 7 is poise. 1 poise = 0.1 SI unit. Dimensions of n are 
ML'T". 

The viscous force, F, on a small sized spherical body of radius r; moving with a small speed v, ina 
viscous medium of coefficient of viscosity 1 1s 


F = 6 nnrv 
This is known as Stoke’s law. 


A small size sphere starting from rest moving under gravity of earth in a viscous medium experiences 
viscous force given by Stoke’s law. The sphere has a non—-uniformly accelerated motion. The 
acceleration decreases as time increases. After sufficently long time the body accquires a constant 
velocity, known as “terminal velocity” (v,,). The terminal velocity is 


eee 
n 


where p and o denote density of sphere and medium respectively. n is coefficient of viscosity of 
medium. 


A liquid of viscosity 1; flows in a horizontal capillary tube ofradiusr, length £ . P is constant pressure 
difference across ends of the capillary tube. V is the volume of liquid flowing out per second. It is 
known as rate of flow of liquid. 


T- n Prí 
Snl 





This is Poiseullie’s equation. 


For liquids viscosity n decreases as temperature increases. However for gases n increases as 
temperature increases. 
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A stream line is the actual path followed by liquid particles having a stream lined flow. A collection of 
stream lines is a tube of flow. A liquid enters at one end where liquid pressure 1s high and emerges out 
of the other end ofa tube of flow where the liquid pressure in lower. 


Consider a liquid of viscosity n moving ina capillary tube of radius r witha velocity v. There is a 
velocity known as critical velocity (v.); such that if 


0<v<v,; flow is stream lined, and 
v>v; flow is turbulent 
The critical velocity v_ 1s 
Kn 
C p r 
K is a constant; p 1s density of liquid in motion. 
According to Osborne Reynold; for a liquid of density p ; viscosity 1, flowing in a tube of diameter, 
D; the critical velocity v_ is 
R 
T 
pD 
R is a constant known as Reynold’s number. If 0 < R < 2000 flow is stream lined. For 
2000 < R < 3000; the liquid flow is unstable and for R > 3000, the flow is turbulent. 
In the stream lined flow ofa liquid, the liquid possesses: 
(1) pressure energy (11) potential energy and (111) kinetic energy. 


According to Bernoulli’s theorem for stream lined flow ofa liquid 


P y? 
— + gh + a constant 


P. | | — | | v’ 
— is the pressure energy per unit mass; gh is the gravitational potential energy per unit mass and F 


is the kinetic energy per unit mass ofthe liquid in steady flow. 


A tank contains a liquid at rest upto a height h above a narrow opening O. The velocity, v, with which 
liquid emerges out of O is 


v=,2gh 


v is known as velocity of efflux. 
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For a liquid flowing in a horizontal tube of varying cross-section; the velocity of flow (v) is more 
where area of cross-section is less and vice—versa. Where speed of flow increases liquids pressure 
decreases and vice-versa. Let v, and v, be velocity of flow at two points where area of cross- 


section of tube is a, and a, (a, < a,) respectively. Let P, and P, be liquids pressure at the two 
points. Then 





Since a,<a,; v, > v,; therefore P > P.. 
The above principle 1s used to explain: 
(1) Two fast moving boats tend to collide when they come too close to one another. 


(i) A person can be sucked towards a high speed train ifhe (or she) is standing near the edge of 
plateform. 


(i) The thached roof ofa hut is blown off during a storm in hills. 
(v) To provide a part of upthrust to an aeroplane due to design of wing of the plane. 


(v) The curved path ofa spinning ball moving forward. 


[D] HEAT 


Heat is a form of energy that produces a psychological sensation of hot or cold. Heat possessed by 
a body is due to motion of atoms / molecules involved. CGS unit of heat is calorie. 1 calorie = 4.2 J 


The temperature of a body is a parameter associated with it which determines the direction of flow 
of heat when the body is the thermal contact with another body. Two bodies are in in thermal 
equilibrium of their temperature 1s same. 


C, F and R denote temperature of a body on Celsius; Fahrenheit and Romer scale respectively. 
Then 


C_ F-32_ R 
5 9 4 


On the kelvin scale (or absolute scale of temperature) the temperature T 1s 
T= 273 +C 


In solids; there is an expansion on heating. This is known as thermal expansion. Solids have three 
simple types of expansion. 


(a) Linear expansion takes into account change in length due to change in temperature. L and L, 
be length ofa body at 0°C and t°C respectively. Then 


L.=L, (1+ at) 
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a is a constant known as coefficient of linear expansion. 


(b) Superfacial expansion ofa body takes into account change in surface area due to change of 
temperature. 


A =A (1 +B t) 
A, and A, denote surface area at 0°C and t°C respectively. B is coefficient of superfacial 
expansion. 


(c) Cubical expansion accounts for change in volume of a body due to change in temperature. Let 
Vp V, be the volume of body at 0°C and t°C respectively. Then 


V=V a+ yt) 
y 1s coefficient of cubical expansion. 
For a homogeneous, isotropic body. 
Ve P 


For a liquid we only talk about cubical expansion. A liquid has to be present in a container. On 
heating the liquid and container both expand. If we donot take into account change in volume of 
container we have apparent expansion. On taking into account expansion of container we get the 
real expansion of liquid. Let y ,, y , be the coefficient of apparent and real cubical expansion. Then 


Fa Aa 


F is coefficient of cubical expansion of container. 


For a body of mass m the change in heat energy AH (= AQ) fora change AQ in temperature is 


AH (= AQ) = mc(A8) 


c is a constant, known as specific heat capacity (or simply specific heat) of the body. C depends on 
nature of body. It is numerically equal to heat required tochange temperature by one unit for body 
having unit mass. CGS unit of C is cal g’ (°C)! and SI unit is Jkg! (KY". 


The molar specific heat C is heat required to change temperature by one degree of 1 gram—mole of 
material. Obviously C = Mc, where M = molar mass. 


The thermal capacity of a body is numerically equal to heat required to raise the temperature of body 
by one degree. Obviously 


Thermal capacity = mc 
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Water equivalent of a calorimeter is mass of water that requires same amount of heat for same 
change of temperature as is required by the calorimeter. It is numerically equal to thermal capacity of 
calorimeter. 


Latent heat is the heat required to change the state; 1.e. from solid to liquid or from liquid to gaseous; 
without any change in temperature. Latent heat is numerically equal to heat required to change state 
of unit mass. Latent heat of fusion refers to change of state from solid to liquid, whereas latent heat of 
vaporisation involves change from liquid to gaseous state. 


For a thermally isolated calorimeter; heat lost by hot body equals heat gained by body at lower 
temperature. This is a restatement of law of conservation of energy and is also known as principle of 
calorimetery. 


Heat is transferred from one place to another in three different ways. These are 
(1) conduction (11) convection and (11) radiation. 


In thermal conduction a medium is required. The atoms / molecules of medium donot move along 
with the heat flow. They only vibrate to and fro about their respective mean positions. Heat is passed 
on from atom or molecules in one layer to atoms / molecule in next layer and so on. 


For a solid rod of length L; area of cross-section A; having its ends maintained at temperature 6°C 


and 0,C (0, >90, ) respectively; in steady state. 


d _ 
aes = Rate of flow ofheat = KA E= 
dt L 


K is a constant for a particular material. It is known as thermal conductivity ofthe material. 


Thermal conductivity K is numerically equal to rate of flow ofheat in a rod ofunit cross-section 


having a constant unit temperature gradient across it. SI unit of K is — K and the CGS unit is 
m 


cal stem’ (°C)'. Dimensinos of K are MLT°K". 


In radiations there 1s flow of energy without any intervening medium; 1.e. radiations can propagate in 
vaccum. The wave length range of thermal radiation is 800 nm to 4x10“ m. 


When radiant energy Q is incident on a body a part Q, is reflected back; Q, is transmitted and Q, is 
absorbed. Obviously 


Q = 240,40. 

Q,) (a,) (Q, 

(| SS as] 82 ig aa 

a (Jf ]-(S 
=f7Tt ra 
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where r ~Q = The reflection coefficient; =e = The transmission coefficient and 


a= _ = The absorption coefficient; the body. 


A perfectly black body absorbs all radiations incident on it. For a perfectly black body 
r =t=Oanda=1 
The emissive power, e, ; ofa body is amount of energy emitted per unit area in wavelength range À 


and A+dh. 


The absorptive power, a, ; ofa body is the amount of energy absorbed pe runit area in wavelength 


range A, A +dÀ. 


According to Kirchhoff’s law: for a perfectly black body, the ratio of emissive power (e, ) and 


absorptive power (a, ) of any body is a constant. The constant equals emissive power (E, ) ofa 


perfectly black body. Expressed mathematically 
©), 
— = constant = E, 
a, 


The energy emitted per unit area per unit time E by a perfectly black body is directly proportional to 
the “fourth power” of absolute temperature (T) of the body. Expressed mathematically 


E=oT 


This is known as Stefan’s law. o isa constant known as Stefan’s constant. o = 5.67x10 8 Wm?’K~. 
Its dimensions are 


[o]=MT°K™ 


A body at a temperature T is placed in a surrounding at a constant temperature T, (T >T). For small 
difference of temperature; 1.e. T =T, + AT; the rate of loss of heat is directly proportional to the 
excess temperature (AT) of the body over its surroundings. This is known as Newton’s law of 


cooling. 
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Unit—7 : Properties of Solids and Liquids 


Average Elasticity 


1. The length ofa metal wire is recorded to be £, under a tension T, and £, under a tension 


T,. The natural length of the wire is 


(1) pa. (Incorrect) 
T+ 
LET +£,T, 
(2) Par (Incorrect) 
(3) = (2,+24,) (Incorrect) 
1 
£ it, -£ 21, 
(4) T, -T, (Correct) 


Correct answer: (4) 


Solution: 


For a force F on a wire of length L elongated by AL ; the Young’s modulus Y = el . As A (cross— 
AAL 


sectional area) and L are constants; therefore 





F YA . 
<a constant or ALa F . Therefore (4, —L) and (4, —L) are directly proportional to T and 
Iy Le. 

a 
(lo, L 
or 71, =L L= ALLG =LL 
L(T, -T,)=4,T, -4 T, 
L- LB -4T 
L-T, 
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Unit—7 : Properties of Solids and Liquids 


Easy 


Elasticity 


2. The load versus extension graph for a one meter long wire suspended from a rigid support 
have the load on its free end is as shown in Fig.1. If the cross—sectional area of the wire is 


1 mm’, the value of Young’s modulus of the material of the wire is: 


= 04 
& .03 
5 02 
PS 

aa 

n 01 

20 40 60 80 
(1) 2x10" Nm? HORHOR = 


Fig. 1 
(2) 2x10" Nm’ 


(3) 0.5x10-* Nm? 
(4) 2x10" Nm’ 
Correct answer: (2) 


Solution: 


We have, A/ (Extension ) = — , whre W is applied load. Therefore 


Al = =) W 
AY 


L L 
.. Fromthe given graph, slope = —— or Y = 
g grap p AY 


A (slope) 


5 
Slope of the graph = 2 = a = 2 = L 10° mN” 
CD 20N 20 2 





Given L=1 m, A=1mm=(10°m)= 10°n’ 
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(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 











co 
A slope 
ee 0" Nae 
10° 10° 
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Difficult 
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Elasticity 


3. Inthe Young’s modulus apparatus, a brick is suspended and it is found that the wire elongates 
by 2 mm. The brick in now immersed in water (all other parameters of the set up remaining 
same) and the wire is found to contract by 0.6 mm. The density of water is 1000 kg/m*. The 


density of the brick is 

(1) 6666 kg m” 

(2) 3333 kg m” 

(3) 300 kg m” 

(4) 1200 kg m” 
Correct answer: (2) 


Solution: 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 


Let L, A and Y respectively denote the unstretached length, area of cross—section and Young’s modulus of 
the wire. M is the mass ofthe brick. The increase in length ofthe wire with brick in air is given by 


Kee? om 
AY 
WL E 
or R [W = Mg = Weight of brick mar] = > uun (1) 


W' denotes the weight of brick immersed in water, then 


W'L 
—— =(2-0.6)=1.4mm 
a ( y=bh4mm 0 (2) 
Loss of weight of brick immersed completely in water 
AY AY 
W -W'=—(2-1.4)=0.6 | — 
T ( ) í 3 j p (3) 
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from Eqns (1) and (3) we have 


Weight of brick in air W 2 


Loss of weight in water ~W-W' 0.6 


Vpg 2 


V(1000)g 0.6 


p= = = 3333kg m” 


Unit-7 : Properties of Solids and Liquids 


Average 


Elasticity 


4. A steel wire elongates by ¿ mm when a 5 kg load in hanged from it. The wire is now passed 
over a pulley and two loads of 4 kg and 2 kg are hung at the two ends. The enlongation in 


the wire will be 
o $a 

(2) : £ 

(3) = £ 

4) ; t 


Correct answer: (3) 
Solution: 
Elongation of wire with 5 kg load = £ mm 


Tension in the wire when 2 kg and 4 kg loads are suspended from it is 


p_2mM _2x2x4_8 


m+M 6 3 








l 8 U 


.. Elongation produced due to tension T in wire = 5 ms 3 = 15 _ 
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(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 


Average 
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Unit—7 : Properties of Solids and Liquids 


Elasticity 


Fig. 2 shows the variation of potential energy U between two molecules as a function of 
intermolecular separation x between them. The values of x at points A, B and C respectively 
are 0.58 A; 1.3 A and 1.9 A. The intermolecular forces at these points respectively are 


(1) 
(2) 
(3) 
(4) 


repulsive; zero; attractive 
Zero; repulsive; attractive 
Zero; repulsive; attractive 


attractive; zero; repulsive 


Correct answer: (1) 


Solution: 


The force F = -( A 


d U 





r 


| therefore 





(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 


At A; potential energy in positive. So the force is repulsive. 


At B; PE is minimum, therefore F = — < = Zero 


r 


At C; potential energy is negative. So the force is attractive. 


The correct choice 1s (1). 


Easy 
6. 


Unit—7 : Properties of Solids and Liquids 


Elasticity 


A rubber rope of length 8 m is suspended from the ceiling of a room. Given 


Y =5x10° Nm” for rubber; Prubber = 1.5x10° kg m>; g = 10 ms”. The elongation in the rope 
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due to its own weight is 


(1) 96mm (Correct) 
(2) 24mm (Incorrect) 
(3) 48mm (Incorrect) 
(4) 344mm (Incorrect) 


Correct answer: (1) 
Solution: 


Mass of the rope = Volume x Density 
M=AL.p 
The weight of the rope will act at its centre of gravity. So for the purpose of calculation of elongation; the 


original length of the rope is = Now 


y- Stress _ “el 4 (ALp) gL 
AL 


Strain A 7 2AAL 


a pgl’  1.5x10°x10x8x8 


m=69 mm 
2Y 2x10x10° 


Unit—7 : Properties of Solids and Liquids 
Average Elasticity 


7. A cube is made of a material of coefficient of linear expansion a and bulk modulus ß. 


Pressure P is applied on the cube from all the direction. The rise in temperature which the 
cube should be subjected in order to maintain original volume is 


P 

(1) 3aß (Correct) 
3 Pa 

(2) p (Incorrect) 
3aß 

(3) E (Incorrect) 
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(4) 3 (Incorrect) 


Correct answer: (1) 
Solution: 


The decrease in volume due to volumetric strain of pressure P should be equal to increase in volume due to 
thermal expansion. We have 


B = The Bulk modulus = A "EAA 
Volumetric strain Y% V 
_ PV 
Ve B — (1) 


v is decrease in volume 


The volume V' when temperature is raised to °C =V + y Vt=Vt3 0 Vt [“Y =3a] 


Increase in volume = v= V'-V=30Vt 20. 2 aa, (2) 
From (1) and (2) we have 
a =3aVt 
p 
P 
or 3a8 


Unit—7 : Properties of Solids and Liquids 
Easy Elasticity 


8. The change in volume caused on stretching a rubber chord along its length is negligible. 
The Poission’s ratio for the material of the chord is 


(1) 1 (Incorrect) 
1 

(2) > (Correct) 
1 

(3) 4 (Incorrect) 

(4) 2 (Incorrect) 
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Correct answer: (2) 
Solution: 


Let ‘r’ be the radius of the rubber chord of length '/'. Suppose the chord is stretched to increase its length 


i, = — ~. M >. AT 
by AX resulting in a decrease Ar in its radius. We have Longitudinal strain = — , Lateral strain = — 
r 


As volume of the chord remains constant, we have 


mr! = n(r—Ar) (L+AL) 


=n(r?-2rAr)(¢+ A£) | Neglecting (Ar) | 
or pl =rL-2rlAr+r Al [ Neglecting Ar.A4] 
2rlAr = rA 
2 ¢Ar =rAt 
or 2 = E . Therefore 
r Ag 2 


_ Lateralstran _ Ar/r_ 1 
Longitudinalstrain Af/f 2 





Unit—7 : Properties of Solids and Liquids 
Easy Elasticity 


9. AwireoflengthL, radiusr, Young smodulusY showsan extension x under a load F suspended 
from its free and with other end fixed to ceiling. The extension produced in another wire of 


5 4 F 
length F L ; radius 2r and Young’s modulus : Y under a load 2 is 


(1) 3 X (Incorrect) 
25 

(2) g X (Incorrect) 

3) =x Incorrect 

(3) 95 (Incorrect) 
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25 
(4) Dg A (Correct) 


Correct answer: (4) 
Solution: 
For the given wire; extension A / is 


Agate = 
AY mryY 





For the new wire; given 


— ee eee ee and Te Y 
2 4 5 


ro, 


1 5 1 5 FL 2 
= —X—X— X > 5 = —— X 
= =] 128 


<. Extension = Af = 





Unit-7 : Properties of Solids and Liquids 
Average Elasticity 


10. Two rods with identical dimension but different Young’s modulus of 4x10" Nm” and 
6x10" Nm” are joined end to end. An equivalent rod of identical dimensions is to be 
constructed. The Young’s modulus of the equivalent rod will be 


(1) 5x10" Nm” (Incorrect) 
(2) 2.4x10" Nm” (Correct) 
(3) 10x10" Nm” (Incorrect) 
(4) 12x10" Nm” (Incorrect) 


Correct answer: (2) 


Solution: 


Let L and A be the length and area of cross-section of each rod. Then 
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FL 
Extension in first rod = (Ad ) Sa Oa i 
l AY, ( ) 
OE” _ FL 
Extension in second rod = (A4), = o (2) 


2 


Total extension = ( AL), j ( Al), 


Extension in the equivalent rod is also (^£), +(A2), . Let Y be Young’s modulus of the equivalent rod. Then 


FL 


(A) ADs 3) 


From Eqns (1), (2) and (3) we have 


FL FL FL 
AY AY, AY, 
1 1 1l YY, 


o m=—+— or Y= 
YY LTX 





Substituting give values of Y and Y, we have 


4x 6x10” 
Y ~ (446)x10" = 2.4x10" Nm” 


Unit—7 : Properties of Solids and Liquids 
Average Elasticity 


11. A light metal rod AB of length ‘L’ is suspended from a rigid 
support and held horizontal by means of two vertical wires of 
equal length tied to its ends as shown in Fig. 3. The wires (1) 


la? 


and (2) have Young’s modulus Y and 2Y and radii ‘a’ and 3 A 


weight ‘W’ is suspended from a point C at a distance x from 
end ‘A’. In order to produce equal stress in the wires, the value 





of x should be 
L 

(1) 3 (Incorrect) 
L 

(2) 4 (Incorrect) 
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L 

(3) 9 (Incorrect) 
L 

(4) T (Correct) 


Correct answer: (4) 
Solution: 
Let T and T’ be tension in wires (1) and (2) respectively. Then given 


Stress in wire (1) = Stress in wire (2) 





T_T 
ma’ n(x) 
or T=9T 


The rod AB remains horizontal ifmoments of T and T’ about point C are equal and opposite, 1.e., 
A tes T'(L-x) or 9T'x= T'(L - x) 


L 
x = — 
10 


Unit-7 : Properties of Solids and Liquids 
Average Elasticity 


12. Alight metal rod AB of length Lis suspended from a rigid support 
and held horizontal by two vertical wire of Young’s moduli Y and 
2Y and cross-sectional areas A and 2A tied at the ends as shown 
in Fig. 4. A weight W is suspended at a point C at a distance x 
from end A so that the rod still remain horizontal. Then xis 





1 

(1) z L (Incorrect) 
4 

(2) z L (Correct) 
8 

(3) = L (Incorrect) 
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16 
(4) z L (Incorrect) 


Correct answer: (2) 
Solution: 


For the rod ABto remain horizontal with the load suspended; the increase in lengths of the two wire must 
be equal. Let T and T, be tension in wires (1) and (2) respectively. 








Increase in length of wire (2) = AL, = (2A)(2Y) ~ 4AY 


Given AL, = AL, ; therefore 
T,=4T, and T, +T =W 
For the rod to remain horizontal, we have 


T, (AC) =T,(CB) 


Tx =4T, (L-x) 
4L 
x =— 
5 
Unit—7 : Properties of Solids and Liquids 
Average Elasticity 


13. A massive pillar of height ‘h’ density p and having uniform cross-section ‘a’ rests on a 
rigid base and supports a maximum vertical load W newton at its upper end. The peak 
compressing strength of the pillar is S. Taking a safety factor of 10; the minimum area of 
cross-section of the pillar should be (g = 10 m/s’) 


10 
(1) ee (Correct) 
S-100hp 
a I i 
(2) S-10hp (Incorrect) 
10 W 
(3) “s (Incorrect) 
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10S 


(4) W-10hp 


(Incorrect) 


Correct answer: (1) 

Solution: 

The pillar supports the load W as well as its own weight at the bottom. Therefore 
Total load = Weight of the pillar + W 


=(hap)g+W 


(hap)g+W 


a 


Stress on pillar = 


S 
This stress should not exceed To 38 safety factor desired 1s 10. Therefore 


(hap)g+W Ss 
a 10 
100hap+10W =aS [-- g=10ms”] 


a(S—100hp)=10W 
, __l0W 
mn  §-100hp 
Unit—7 : Properties of Solids and Liquids 


Easy Elasticity 


14. The following four wires A, B, C and D have their lengths, radii and Young’s modulus as 
tabulated below. 


A L r 3Y 


2Y 


Y/2 


Y/6 
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When subjected to same load; the maximum extension will be observed in wire. 


(1) A (Incorrect) 
(2) B (Incorrect) 
(3) C (Incorrect) 
(4) D (Correct) 


Correct answer: (4) 


Solution: 


We have extension= AL = ae = * 
AY nrY 








L 
For the same load extension in proportional to ay In other words the extension depends on the value of 


L L 
yy of the wires. We have, the values of ty in the following table. 


7b ity L 
4r°2Y 4\r'Y 


os 3 (=) 
16r°Y 2\r°Y 
6Lx2 L 

2 =4 2 
Or-Y rY 


As the value is maximum for D; the extension will also be maximum in D. 





Unit-7 : Properties of Solids and Liquids 
Easy Elasticity 


15. A solid sphere of radius R when taken to a depth of 100 m in water gets compressed so that 
its radius decreases by 0.1%. The value of bulk modulus of the material of the sphere is 


(density of water = 10° kg m°; g = 10ms”) 
y 8 8 
(1) 10° Nm? (Incorrect) 
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1 
D 5x10? Nm? 
(3) 10° Nm 
4 
(4) 3 «10 Nm” 


Correct answer: (2) 


Solution: 


The pressure due to liquid column at 100 m depth = hpg = 10° x 10° x 10 Nm” 


Let V be volume of sphere on surface of earth. Obviously 
V= 2 rR? 
3 


Let (V - AV ) be the volume of sphere at a depth of 100 m. Then 


V-AV =<n(R-AR) 


3 
_4 3 ,_ AR _ 4h pe; ;_2AR 
3 R 3 R 


l AR 
Given — x 100=0.1. 


R 
3V 
“ V-—AV = V -— or AV a 
1000 1000 
The volumetric strai See 
e volumetric strain = T000 





AP 10° (= Ss 
Bulk Modulus = —- = =| — |x10 Nm 
AV Howe 3 


Unit—7 : Properties of Solids and Liquids 
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(Correct) 


(Incorrect) 


(Incorrect) 


Elasticity 


16. ‘Two speel plates are soldered on the two sides of a copper plate. All plates have equal 


cross-section A each. The coefficient of thermal expansion of copper and steel are a, and 
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a, and their Young’s moduli are Y and Y. The temperature of the plates is raised by t°C 


and plates retain their shape; the tension in the copper plate is 


AY, +2Y. 
(1) 2Y Y, (ac -d, )t 


2AY, Y. (ac -a )t 
2) Y. +2Y. 


AY, Y. (ac -a )t 
6) 2Y, + Y; 


AY. Y, (ac - Gs )t 
@ 2(¥, +2¥,) 


Correct answer: (2) 


Solution: 


Let F, be the tension in each of the steel plates and F, be tension in copper. Then fom Fig. 5 


P= ZE. 
Also, 


(Incorrect) 


(Correct) 


(Incorrect) 


(Incorrect) 


Thermal expansion in copper + Elastic compression in copper = Thermal expansion in steel + Elastic 


elogation in steel. 


a Lt- ZBL =a Lt+ Li 
AY, AY. 


EIl 2 
(ac -ast 


F, san 


Al YY, 








E AX Yo (ac -aq )t 
OY +2, 


S 


The tension F, in copper plate is 





JQ, OY 
UDAAN 

Te _ 2AYY¢ (ac -as)t 

= Y.+2Y, 


Unit—7 : Properties of Solids and Liquids 
Difficult Elasticity 


17. A steel wire of length'¢' and radius of cross-section ‘r’ is stretched horizontally between 
two rigid supports attached at its ends. A load Mg suspended from its midpoint produces a 
depression of x well within elastic limit of the material of the wire. The Young’s modulus of 
the material is 











2 
(1) = > (Incorrect) 
Snr x 
22 
(2) tis (Incorrect) 
Mgl 
Mgl’ 
(3) EROA (Correct) 
Mgl 
(4) E (Incorrect) 


Correct answer: (3) 


Solution: 


In Fig. 6, AB is wire of length £ . M is mass suspended from mid point C. In equilibrium, point C moves 
to position D as shown in Fig. 6. Now 


2T sin 0 


4 
AB = 0,BC= 5 and CD = x. 


a) 
.. DB? = 3 

2 ⁄ » 2 
pa-|($) ve -ffir 7 : 
2 2} (4%) 
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ihr 2x7 
The Increased length of wire = ADB = 2DB = £ | 1+ pe |= C+ 7 


2 
Increase in length of wire = A£ = = 





By definition 
Sain Increasein length _ 2x° EE TensionT _ T 
Originallength 8’ Area a 
For equilibrium at point D, 
2T sin 8 = Mg 


2T 8 = Mg [For small 0, sn 9~0] 


_Mg_ Mg Mg 
20 {= 4x 
⁄ 


Substituting value ofT, we have 








T M 
Stress = -= st 
Tr 4nr x 








Therefore 


y — Stress _ Mg/ C Mge 











7 - 20" 20 2 
Strain 47r°x 2x Snr’ x? 


Unit-7 : Properties of Solids and Liquids 


Average Elasticity 


18. Two blocks of masses m kg and M kg are connected by a metal wire passing over a smooth 
pulley as shown in Fig.7. Given g = 10 m/s’. The breaking stress in Nm”, of the metal wire 
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is B. The minimum radius ‘r’ of the wire to support the system without breaking is 


10 M 
ila 
2) 20mM 
10(M 
p [| 2om_ 
4) a(m+M)B 
Correct answer: (4) 


Solution: 


The tension in the wire is given by 








r-(2=) _ 20mM 


m+M m+M 
eaa = A 
tess developed = a n(m+M)r 


Fig. 7 


For the wire to support the system without breaking 


20mM 
m(m-+M )r° E 
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(Incorrect) 


(Correct) 
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a ra 
n(m+M)B 


20 mM 
ts =m 
n(m+M)B 
Unit-7 : Properties of Solids and Liquids 
Average Elasticity 
19. A metal wire of length ‘L is just streteched between two fixed points at a temperature t/C . 


The tension in the wire of Young’s modulus Y coefficient of linear expansion 'a' when the 


0 ° 
temperature drops to t,C is 





(1) oY (t,-t) (Incorrect) 
Tr 

(2) nar'Y(t,-t,) (Correct) 
amr’ Y 

(3) t-t, (Incorrect) 


(4) 


(Incorrect) 


Correct answer: (2) 


Solution: 


The length L' at temperature t? C is given by 
L'=L|1+a(t,-t,)| 
Change in length= L'-L=aL(t, -t,) 


Changeinlength oaL(t,-t,) 
Original length L 


Strain = =a (t, = t, ) 
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Stress =Y X strain = a Y(t, —t,) 


Force -— =aY(t, —t,) 


2 





Area rnr 


Tension in wire = F = nr'aY(t, —t,) 


Unit—7 : Properties of Solids and Liquids 
Average Elasticity 


20. A steel wire of area of cross—section A is stretched within its elastic limit between two 
pillars P, and P, as shown in Fig. 8. A mass M is suspended from the mid point of the wire. 
The strain produced in the wire is 





2L 

O -7 Fig. 8 (Incorrect) 
xX? 

(2) T7 (Incorrect) 
y? 

(3) 21 (Correct) 
y? 

(4) 4E (Incorrect) 


Correct answer: (3) 
Solution: 


Fig.9 shows wire in equilibrium under load M. AO, B= 2L’ is new length of wire. Obviously 


L'=Vx°+L 


x? ‘ 
or v=1[+2 
L 
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Increase in length = AL = 2L'— 2L = 2. 


Strain 


Average 


2 


[2 


zjn 


= Lis 
2 


Original length 


2 
X 


2L 





_ Increaseinlength _ 2a Tox 
7 2L 2L 20 


2 


Fig. 9 


Unit-7 : Properties of Solids and Liquids 


Elasticity 


21. Two rods of different materials having coefficients of linear expansion @,; a, and Young’s 


moduli Y, and Y, respectively are fixed between two rigid massive walls. The rods are 
heated such that they undergo the same increase in temperature. There in no bending of 


the rods. If a, :a, = 2 : 3 , the thermal stresses developed in the two rods are equal provided 


Y, : Y, is equal to 


(1) 
(2) 
(3) 
(4) 


2 


1: 
3: 
4: 


.3 


1 
2 
9 


Correct answer: (3) 


Solution: 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 


For an increase in temperature AQ@; increase in length A? = a /A0 . Longitudinal strain due to rise in 


A 
temperature = = =a AO. We know 


Stress 





Strain 


Thermal stress = Y x strain = Yo A0 


Given thermal stress in the two wires 1s same. 


= Y; therefore 


. Y,a,A0= Y, a,A0 
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Unit—7 : Properties of Solids and Liquids 
Difficult Elasticity 


22. A pendulum made of a uniform wire of cross-sectional area ‘A’ has time period T. When an 
additional mass M in added to the bob, the time period changes to T,,. The Young’s modulus 


of the material of the wire is Y; then = is 





» (B)as (Corres 
(2) (®) : J ~ (Incorrect) 
(3) i i 6 ) | = (Incorrect) 
(4) i (By it (Incorrect) 


(g = acceleration due to gravity) 


Correct answer: (1) 
Solution: 


The time period T of a simple pendulum is 


T=2n Ż eecee (1) 
8 
Mg L 


where Lis the length of pendulum. An additional mass M increase the length by AL . Obviously AL = Pa 


.. Increased length of pendulum = L + AL = L + E 
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114 NE 
AY 


Due to increase in length, the time period T, 1s given by 





Correct option is (1) 


Unit—7 : Properties of Solids and Liquids 
Difficult Elasticity 


23. Fig.10 shows a tappered wire of length L under an external force F. The radius at end O and 
Ais 2r and r respectively. Y is Young’s modulus of material of wire. A normal external force 
F is applied at end A. The increase in length of wire is 





Fig. 10 














i FL 

> FL 

(2) 2nYr’ 
3 2FL 
(3) 3nYr’ 
4 3FL 
4) 2nYr’ 


Correct answer: (2) 


Solution: 


The rate of change of radius along the length of wire 


= a 


r, = The radius of the element considered = [2r + ay | 


Let dx by be the change in length of element of original length dy due to applied force 


F. Then 


7, 2 
TY, 
dy 


F 
or dx=—, 
TYT, 








dy 


F 


=——— d 
nY [2rt+ay] i 


Integrate 


F ¢ dy 


Larram nY 





dr = 
—=Q= 
L 


F 





ts 


Consider a small element of wire define by y and y + dy as shown in Fig. 11 


(2r+ aY) 


—Q 





L 
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(Incorrect) 
(Correct) 


(Incorrect) 


(Incorrect) 
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Unit—7 : Properties of Solids and Liquids 








Easy Pascal’s Law 


24. In Fig. 12, the area of cross-section of wider tube is 800 cm’. A mass of 12 kg is placed on 
a massless; frictionless platform as shown. h is the difference of height of water in the two 
limbs. h is (g = 10 ms”) 





(1) 10cm (Incorrect) 
Fig. 12 

(2) 6cm = (Incorrect) 

(3) 15cm (Correct) 

(4) 2cm (Incorrect) 


Correct answer: (3) 
Solution: 


P = The pressure on liquid due to weight placed 


aia Pa = 15x10? P 1 
= —— = x 
800x104 aoo (1) 


From Pascal’s law pressure is transmitted equally in all directions in a liquid. Therefore 
P=hpg=hx10 x10 Pa ee (2) 
From Eqns. (1) and (2) we have 


hx10*° =15x10° 
or h=15x10’?m =15cm 
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Unit—7 : Properties of Solids and Liquids 


Liquid Pressue 


25. Fig. 13 shows a closed tube ABCD containing water at room teperature. End A is heated 
and end B is cooled. Which of the following statements is correct? 


(1) 
(2) 
(3) 
(4) 


D C 





Water does not circulate Fig. 13 (Incorrect) 
Water circulates in clockwise direction inside tube (Incorrect) 
Water circulates in anticlockwise direction inside tube (Correct) 
Water circulates clockwise along ADC and anticlockwise along ABC (Incorrect) 


Correct answer: (3) 


Solution: 


On heating end A; density of water at A decreases whereas on cooling end B; density of water at end B 
increases. Therefore liquid pressure P , and P, at ends A and B are such that P, < P}. The liquid (water) 
moves from region of higher pressure to lower pressure. Therefore water circulation is anticlockwise 
direction inside tube. 


Average 


Unit-7 : Properties of Solids and Liquids 


Fluid Pressure 


26. A closed enclosure contains an ideal gas. The pressure exerted by gas is same at all points 
inside enclosure. The enclosure is given an acceleration (uniform) in horizontal direction. 
The pressure in compartment now is 


(1) 
(2) 
(3) 
(4) 


same everywhere (Incorrect) 
lower in front side (Correct) 
lower in rear side (Incorrect) 
lower on upper side (Incorrect) 


Correct answer: (2) 
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Solution: 


Due to acceleration of compartment there 1s ficticous force an atoms / molecules of gas directed towards 
rear of enclosure. Therefore pressure of gas is more at rear of enclosure or equivalently we say pressure 1s 
lower in the front side of container. 


Unit—7 : Properties of Solids and Liquids 
Difficult Liquids at Rest 
27. A circular tube of radius R is placed in a vertical plane. Two 


immisible liquids of density P, and P2 are poured inside tube 


T 
such that each liquid subtends an angle of > at center O 


as shown in Fig. 14 p, : p, :3:2. The radius OC makes an angle 





0 with the vertical. Then 
Fig. 14 


(1) 6@0=tan” (34) (Incorrect) 
(2) 6=tan"(%) (Incorrect) 
(3) 6=tan"(%) (Incorrect) 
(4) 6=tan"(%) (Correct) 


Correct answer: (4) 

Solution: 

Let h, and h, be the vertical height above C of the two liquids as shown in Fig. 15. Obviously 
h, =OD-—OE 


= R [cos -sin 0] 


h, = OD + OB, 
R sin 0 
= R[cos6+sin 0] 
ae R [cos 8 - sin 0] 
In equilibrium _ 
heg=h,pg 
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or R{cos@—sin8|p, =R[cos6+sin6]p, 


@ cosO0+sinO 1+tand 


P- ~ cosĝ®-sin® 1-tané 





Pı 
Given o = 7, therefore 


3 1+tané@ l 
= or tanO=— 
2 1l-tanð 5 


0 = tan” =) 
5 





Unit-7 : Properties of Solids and Liquids 
Average Fluids at Rest 
28. A cylinder of radius R. Length L = 5h, has a hemispherical part of radius R removed from 
its bottom. M is mass of the remainnig part of cylinder of density P; . Itis suspended inside 


a liquid of density P, as shown in Fig.16. The upper face of cylinder is at a depth h below 
the liquid level. The force on bottom of cylinder due to liquid is (P is atmospheric pressure) 





(1) nR'|P+6p,gh] (Incorrect) 





(2) nR’ ? + p,g óh - R) (Correct) 
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2R 
(3) nR’ P -Pg 6n E J (Incorrect) 
2R 
(4) nR’ P +p,g ‘sh = J| (Incorrect) 
Correct answer: (2) 
Solution: 
F, 


In Fig. 17; F, 1s force on upper face of cylinder. It is 


F=(Pt+hpg)tRe a (1) 
B is the bouyant force on cylinder. From Archemede’s principle t B 
B = weight of liquid displaced 

=Vxp, xg 
where V is volume of cylinder. Obviously 

F, 
V =aR?L =" R? = 5nR2h AER? [CIf L=5R] 
3 3 Fig. 17 


= TR? sh = =| 


Let F, be the upward force on bottom of cylinder. In equilibrium, F, — F, = B; 


+ E=F+B= (P+hp, g)nR* +R’ sh-7% g 


= nR'P + nR pg 6h — = 


= nR? E + Pg ‘oh — *) 


Unit—7 : Properties of Solids and Liquids 
Difficult Liquids at Rest 


29. In Fig. 18, Ais a cylinder of radius 2r; height h. The density of material of cylinder is p . The 
cylinder is inside a tank filled with a liquid of density 3p. The level of liquid in tank starts 


al 
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decreasing very slowly. When level of liquid is at a height H above the cylinder; it (the 
cylinder) is on brink of moving up. H is 





(1) h >i Tie (Incorrect) 
Ah Fig. 18 

(2) 3 (Incorrect) 
Sh 

(3) 3 (Correct) 
Sh 

(4) > (Incorrect) 


Correct answer: (3) 


Solution: 
A, = The area of cross-section of cylinder = x (2r) =4nr’ 


A, = The area of the base of cylinder in air = mr’ 
A, = The area of cylinder inside liquid =A, —A, = 37r’ 
Let P, be the atmospheric pressure. 


F = Force on upper face of cylinder = (P, + 3Hp g) Amr’ 

F, = Force on part of cylinder in air at its bottom= P, (nr? ) 

F, = The force on bottom of cylinder inside liquid = |P, + (H + h) x 3p g| Eg 
W= The weight of cylinder = (4nr7h) pg 


The forces are shown in Fig. 19. When cylinder is on brink of rising up 
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F+W = Et, 
4n|P, +3Hpg|r° +4nr hpg =P, (nr? + |P, +(H +h) 3pg | x 3nr 
F, 
or 4P,+4(3H+h)pg =P, +3P,+9(H+h)pg 
or 4(3H+h)=9(H+h) 
or 3H=5h 
F, W F; 
5 . 
H=—h Fig. 19 
3 
Unit—7 : Properties of Solids and Liquids 
Difficult Liquids at Rest 


30. Fig.20 shows a cylinder of length L radius R density s placed inside a tank. The tank 


contains a liquid of density p . The level of liquid in tank is H above the bottom of cylinder. 
The cylinder is in equilibrium, H is 





4L 

(1) 9 (Correct) 
5L 

(2) 3 (Incorrect) 
5L 

(3) 9 (Incorrect) 
2L 

(4) 3 (Incorrect) 


Correct answer: (1) 
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Solution: F, 


A, =Area ofcross-section of cylinder = rR’ 





2 2 
A, =Area of cylinder in air = (= wus 
2 4 
, F, W F, 
A,=Area of bottom of cylinder inside liquid = A, — A, = pi nR? Fig. 21 


Let P, be the atmospheric pressure. The forces acting on cylinder as shown in Fig. 21. Obvisouly 


R 
F =P R°; F, nf 





3nR? 








E = |P, + Hpg] : W=nR’LEg 
In equilibrium 

F+W=E +E 

, nR'Lpg nP,R nR’ 
Lak n |3P, + 3Hpg| 

3 4 4 
Se 
3 pg 4 pg 
4L 

H = — 

or 9 
Unit—7 : Properties of Solids and Liquids 

Difficult Liquid Pressure 


31. A U-tube of uniform cross-section contains a liquid of density p upto 
a height h in each limb. The tube is rotated with a constant angular 
speed œ about one limb as axis as shown in Fig. 22. The difference in 
the level of the liquid in the two limbs of U-tube is 


Fig. 22 
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wL 

(1) 5 (Incorrect) 
o L? 

(2) 5 (Incorrect) 
wL 

(3) 2g (Correct) 

p 

(4) 2g (Incorrect) 


Correct answer: (3) 
Solution: 


Consider a small element LM of liquid defined by x and x+dx as shown in Fig. 23 
dm = The mass of element considered = (Adx) p 


where A is area of cross-section of limb of U-tube. The element LM moves in a 
circular path ofradius x. It experience centrifugal force dF. Obviously 





dF = (dm) xo” = Apo xdx M- x >I 
k- (x+dx) M- 
Let P, and P, be liquid pressure at bottom of left and right hand limb. Then 
Fig. 23 
x=L L 
(P, -P )A = | dF = Apo” | xdx 
x=0 0 


pol’ 





or P,-P = ....(i) 


Let h be the difference in level of liquid in the two limbs. Then 
P, —P, = hpg ... (I) 
From Eqns (1) and (11) we have 


o L? 


2g 


h = 
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Unit—7 : Properties of Solids and Liquids 
Average Liquids of Rest 


32. Aand B are two solid spheres of radius R, density P and 3p respectively. The two spheres 
are connected to one another by a massless spring of spring constant k. The arrangement 
is immersed completely in a liquid of density 2p as shown in Fig. 24. In equilibrium, the 
elongation of spring is 





(1) 4nR'pg (Incorrect) 
k 

(2) Reg (Correct) 

(3) rR pg (Incorrect) 

(4) mR pg (Incorrect) 


Correct answer: (2) 
Solution: 


Let x be the extension of spring in equilibrium. The forces on sphere A and B are shown in Fig.25 (a) and 
(b). We have 


W,= = Rp g; Buoyant force B, =2 (= R` | Ps 


For equilibrium of A 
B =W, + kx 


A 
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3 3 
STR pg _ 4nR PS ky 


or 3 ee (1) , 
Similarly for sphere B; | 
W, = (Er Jape B, = TR’ ape 
For equilibrium of B; W, = B, + kx. W,Y Y kx 
(a) 


3 3 
. z PS | ky 12rRpg 


From Eqns. (1) and (2) we have 


4 3 
ne nR pg 
3K 





Unit-7 : Properties of Solids and Liquids 
Difficult 


(b) 


Fig. 25 


Liquids at Rest 


33. Two solid spheres A and B of equal volume but different densities of d, and d, are connected 
by a string. They are fully immersed in a liquid of density d,. They get arranged into an 
equilibrium state as shown in Fig. 26 with a tension in string. Which of the following is not 





correct? 

(i) d,<d, Fig. 26 
(2) d,>d, 

(3) d ad; 


(4) d.+d,=2d, 


Correct answer: (3) 
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(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 
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Solution: 


Let V be volume of sphere A or B. Fig. 27 (a) shows forces acting on sphere A. F = Bouyant force onA 
or B= Vd..g For equilibrium of A. 


F=W,tT F Tp 
Vd.g=VdetT ee (1) 
Similarly Fig. 27 (b) shows forces acting on sphere B. For equilibrium O 
T+F=W, 
w,yvl 
o T+Vdg=Vdg 2 2 2 2 2 oa (2) ms 
(a) (b) 


Adding Eqns. (1) and (2) we have Fig. 27 


2d.Vg=(d,td,)Vg 
or 2d.= dtd, ee (3) 


Eqn. (1) can be satisfied at d, > d,. This is option (1). From Eqn. (2); d, > d,- This is option (2). Eqn. (3) 
is option (4). The only option which is not correct is (3). 


Unit—7 : Properties of Solids and Liquids 
Average Liquid at Rest 


34. A cylinder of length Sh is made of a material of density o. The cylinder is in equilibrium as 


shown in Fig. 28, P, and P, respectively denote density of two immisible liquids 1 and 2. 


The cylinder is pushed vertically downwards so that its upper face just touches surface 
(upper) of liquid 1 and released. The initial acceleration of cylinder is 
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ay) #2 
(2) — 
(3) a[ 2] 
T 


Correct answer: (1 ) 


Solution: 


(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


Let A be the area of cross—section of cylinder. When cylinder is pushed down; its length inside liquid 2 
increases by h. The extra bouyant force due to liquid 2 1s net upward force, F; on cylinder. Therefore 


F= (Ah ) P28 
The total mass, M, of cylinder is 


M=A(5h)o 
The initial acceleration of cylinder when it is released = F 


= Ah p,g _ &P> 
A(5h)o 50o 





Unit-7 : Properties of Solids and Liquids 
Difficult 


Fluid Pressure 


35. The vertical limbs of U-tube are filled with a liqiuid of density p upto a height h on each 
side. The horizontal portion of the U-tube having length 2h contains an immisible liquid of 


density 2p. The U-tube is moved horizontally with an acceleration of g/2 parallel to the 


horizontal arm. In steady state the difference in the level of liquid in the vertical limbs is 


= (Incorrect) 
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12h 

(2) 5 (Correct) 
4h 

(3) z (Incorrect) 
3h 

(4) 5 (Incorrect) 


Correct answer: (2) 
Solution: 


Fig. 29 (a) shows the given arrangement. Fig. 29 (b) shows the liquid levels when U-tube has a horizontal 
acceleration a* = g/2. Let the liquid level fall by an amount x in limb M as shown in Fig. 29 (b). 


L M L M 


M= 9k — > — 





le— (21-7) eX 


(a) Fig. 29 (b) 
M = Mass of liquid in horizontal part of U-tube 


=| (2L-x)x 2p+xxp |a 


where a is area of cross-section ofthe limb of U-tube. When U-tube has a horizontal acceleratio a*=g/2 
the liquid in horizontal part experiences a ficticous force F, directed towards limb L. Obvisouly 


F,, = Ma*=[(2L-x)x2p+px] 7 S (1) 
F. is equal to force F on bottom of limb L due to liquid pressure. Obviously 
F=a[hp+xx 2p] g — (2) 
From Eqns. (1) and (2) we have 
a [2(2L—x)xp+px] ==a[hp +2xp] g or =< 


12h 
The difference in liquid level in the two limbs = 2x = = 
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Unit—7 : Properties of Solids and Liquids 
Average Surface Tension 


36. A tank of width 4cm is filled with a liquid. A thin wire of linear mass density 1g cm" is gently 
placed over the liquid surface in the middle without breaking the surface film. The liquid 
surface is depressed by 10/7 mm. The surface tension of liquid is (g = 10 ms”) 


(1) 0.07 Nm" (Incorrect) 
(2) 0.7 Nm“ (Incorrect) 
(3) 7 Nm” (Incorrect) 
(4) 70 Nm” (Correct) 


Correct answer: (4) 
Solution: 2S sin 0 


Fig. 30 (a) shows wire W placed on surface of liquid. A {--------- Beneneneeen B 


Fig. 30 (b) shows the depressed liquid surface. S is force E 
of surface tension acting tangential along the surface. che lll itech 


Resolving S into rectangular components; at equilibrium rrr 





2S£ sin 0 = mg 
k— 0=4cm — 
m = mass of wire = Af (a) (b) 
where à 1s linear mass density of wire. Fig.30 
2SlsmO=AlCG aaea (1) 
Also sin (ine a = (2) 
% O 
From Eqns. (1) and (2) we have 
25x ee Àg 
0) 
or S= 20E 
4y 
3 
Given À = tg = 10 kg =10'kgm'; o=4x10°m; y= ae m 
cm 10°m 7 
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7 10'x4x107 x10 


a[o) 
f, 


= 70 Nnr! 


Nm”! 


Unit-7 : Properties of Solids and Liquids 
Average Liquid Pressure 


37. Fig. 31 shows a three arm tube in which a liquid is filled up to height 2 . It is rotated with an 
angular speed œ about yy' as axis passing through arm B. The angular frequency œ at 
which level of liquid in arm B becomes zero; is 





2g 
(1) pma (Incorrect) 
3] 
l 
l 
S bg 
2 = Incorrect 
2) l Fig. 31 ( ) 
3g 
(3) q (Correct) 
3g 
(4) a (Incorrect) 


Correct answer: (2) 
Solution: 


Fig. 32 shows the arrangement when liquid level on tube B is zero. The liquid has risen in limb A and C by 


id 
z` This is due to centerifugal force directed towards ends D or E experienced by liquid in the horizontal 
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part DF or FE. This force, F, is 


P=ap | eA (1) 





34 
at end D (or E) due to liquid column of height -— . Therefore 


een 








oe ge 
L 
»= [E 
4 
Unit-7 : Properties of Solids and Liquids 
Average Surface Tension 


38. Assume that a drop of liquid evaporates due to decrease in its surface energy so that its 
temperature remains unchanged. What should be the minimum radius of drop for this to be 
possible? 


Surface tension = T; density of liquid = P , Latent heat of vaporation = L. 


(IIT 2013, Main) 

(1) P (Incorrect) 
T 
T 

(2) —= (Incorrect) 
pT 

3 = I 

(3) oL (Incorrect) 
2T 

(4) pL (Correct) 


Correct answer: (4) 
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Solution: 


The liquid drop evaporates if energy released due to decrease in surface area equals latent heat of 
vaporisation. Consider a drop of radius r. Let radius decreases by dr. 


Surface energy released = T(ds) 

= Td| 4nr? | =870Trdr aaa (1) 
The change in mass dm ofdrop due to change dr in radius 

z (4n? dr) p 
The latent heat of vaporisation = (dm)L 

= (4npr°dr | | (2) 
From Eqns. (1) and (2) we have 


8 xT rdr = 4nLpr“dr 


20 

or aE 
Unit—7 : Properties of Solids and Liquids 

Easy Surface Tension 


39. A bubble of a liquid of surface tension S is blown to a radius r. The work done in blowing 
bubble is W. The percentage change in work done in doubling the radius of the bubble is 


(1) 100% (Incorrect) 
(2) 200% (Incorrect) 
(3) 300% (Correct) 
(4) 400% (Incorrect) 


Correct answer: (3) 
Solution: 


W = work done in blowing bubble of radius r 


=2)4mr°S]=8mr’S a, (1) 
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W' =work done in blowing a bubble of radius 2r 
= 4 n(2r) S| = 32nr°S 


' 


x100% 





% change in work done = 





[an 


> foo 
Snar S 


= 300% 


Unit-7 : Properties of Solids and Liquids 


Difficult 


40. A soap bubble is being blown at the end of a narrow 
tube of diameter 2r. Air moves with a speed v inside 
tube and comes to rest inside bubble. Surface tension 
of soap solution is S and p is density of air. The bubble 
separates from tube when its radius is R.Which of the 


following statement is correct? 

(1) Ris directly proportional tor 

(2) Risinversly proportional tor 

(3) Risindependent ofr 

(4) Ris directly proportional tor’ 
Correct answer: (3) 


Solution: 


Surface Tension 






— -~ 


Air > > > 


“Bubble 


Fig. 33 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 


Fig. 33 shows tube of radius r and bubble blown at its end A of radius R. Air moves inside tube at a speed 
v and comes to rest inside bubble. The force exerted by air as it comes to rest at B inside bubble. 


F=pAv 


A = area of the bubble where air strikes it. The force on area at B due to excess pressure. 


o 
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The bubble is on brink of separating from tube 1f 


(2) 
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From Eqn. (11) we note, R does not depend on the radius r of the tube. 


Unit—7 : Properties of Solids and Liquids 


Average 


Surface Tension 


41. AB isa glass tube of uniform cross-section. V is a value which isolates ends A and B when 
closed. A bubble of radius r and 2r is blown at the two ends of the tube. The end A is inside 
an enclosure having air at pressure P. The same for bubble at end B is 2P as shown in 
Fig. 34. On openning value V air will flow from B to A if (S = surface of tension). 





ay) p=- 

r 
(2) p>= 
3) p< 
4) P== 


Correct answer: (2) 


Fig. 34 (Incorrect) 


(Correct) 


(Incorrect) 


(Incorrect) 
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Solution: 
ae 4S 
P, =Total pressure of air inside bubble A= P + — 
r 
ee 4S 2S 
P, = The total pressure of air inside bubble B = 2P + a = 2P +— 
r r 


On opening value V air will flow from B to A 1f P, > P, 


1.e. 2P a pe 
r r 
or P> aa 
r 
Unit-7 : Properties of Solids and Liquids 
Difficult Surface Tension 


42. A dropper is used to form a spherical drop. The radius of dropper is r. R is radius of drop 
when it is on brink of getting detatched from dropper (r << R). S is the surface tension of 
liquid of drop. Then R is 


W 


r 





S 
S 


2074 
(Correct) 
2p 





2pg 





(1) | 

207% 
(2) É S| (Incorrect) 
(3) | 


2 
a | (Incorrect) 
2pg 


rs |’ 
(4) 5] (Incorrect) 
ps 


Correct answer: (1) 
Solution: 


The liquid drop is on brink of detatching itself from dropper, when vertical force due to S.T is just equal to 
weight of drop formed. 


288 


In Fig. 35, 
AO, =r= Radius of dropper 
AO = R= Radius of drop 


The force of surface tension at A acts along tangent to spherical drop 
at A. Resolve S in horizontal and vertical components. The horizontal 
components add to give zero resultant. 
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Wall of 
dropper 











The net upward force due to S.T = F = | Ssin 0.dé Aen 
= 2nrSsin@ 
Fig. 35 
Also fromright angled A OAO, 
sin 8 = el 
AO R 
2nr°S 
ze l 
s (1) 
i 4T 3 
The weight of drop = W = 3 RPS >n (2) 
From Eqns. (1) and (2) we have 
2 2 
2nr S M T o Ri 3r°S 
R 3 2pg 
Unit—7 : Properties of Solids and Liquids 
Average Surface Tension 
43. Two bubbles A and B have radii in ratio of 1:2 and surface tension S. The bubbles are kept 


in a closed chamber where air is maintained at a constant pressure P = a2 . The ratio of 


Py 


number of moles of air in bubble A and B is (assume bubbles are at same temperature). 


(I) 1 (Incorrect) 
1 
(2) g (Incorrect) 
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1 
(3) 6 (Correct) 


2 
(4) 3 (Incorrect) 


Correct answer: (3) 
Solution: 


Fig. 36 shows bubbles A and B inside enclosed chamber. Given 


P = Air pressure inside chamber = 45 


r 
C) 
4S 8S 


P, =The pressure of air inside A = P + — = — 
r r 


Air Pressure=P 





V, = Volume ofair inside A = a 
3 Fig. 36 

Similarly for bubble B 

P = The pressure of air inside B 

4S 6S 

aro r 


ye The volume of air inside B 


=P+ 


=F (21) 


Let n, and n, be number of moles of air in bubble A and B respectively. Using ideal gas equation PV = nRT 


Ste) 
na _ PaVa NT 3 1 


ng g Pp Vp g (a(t) 6 
r 3 


Unit-7 : Properties of Solids and Liquids 





Difficult Surface Tension 


44. A glass capillary tube is of the shape of a truncated cone with an apex angle a, so that its 
two ends have cross-sections of different radii. When dipped in water vertically, water 
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rises in it to a height h, where the radius of cross—section of tube is b. If surface tension of 
water is S; its density is p and its angle of contact with glass is @; the value of h will be 
(g is the acceleration due to gravity) 


(1) *5 cos (0-a) 





one (Incorrect) 

(2) = cos(0+a) nee! (Incorrect) 
(3) a COS C - z) (Incorrect) 
(4) E cos c + =) (Correct) 
[HT 2014 Adv.] 


Correct answer: (4) 
Solution: 


In Fig. 37 (a); AB is concave meniscus of water of radius of curvature R. 
In Fig. 37 (a) AT is tangent to meniscus at A. OB = b= radius of capillary tube at 


position of meniscus. ZA,AT=0=angle of contact. Obviously 


LV'AT=ZY'AA, +ZA,AT=— +0. 


From right angled A AOC ; ZOAC=0 T and 
OA a b a 

—— =cos| 0+—| or — = cos| 0+— 

AC 2 R 2 


a 
cos( 0+ Fig. 37 (a) 
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2S 2S OL 
The height h = —— cos} 0+ a 


Rpg bpg 


Unit-7 : Properties of Solids and Liquids 


Difficult Surface Tension 


45. 


On heating water, bubbles begin forming at the bottom of the vassel. [2222222202000000 


The bubble detatches from the vassel and rises up. Take the bubble to  Ẹ::::::::::::::::::: 
be a sphere of radius R and making a circular contact of radius r with = f2222222222222222::: 


the bottom of the vassel. If r << R and the surface tension of water is Saba aie a eR Ea 





T, value of r just before bubble detatches is (desnity of water is p ). == saree 
all 

(1) R’ 2pg (Correct) a 

3T Fig. 38 
2) R’? Ps (Incorrect) 

6T 
(3) R? PS (Incorrect) 

T 
(4) R? 3Pg (Incorrect) 

T 
[IT Main 2014, Main] 


Correct answer: (1) 


Solution: 


Fig. 39 shows bubble in contact with bottom of vassel. AB is diameter of 
circle of contact with the vessel. T 1s surface tension acting along tangent at 
the point of contact at A. Resolve T into rectangular components. The 
horizontal components add up to zero and the net vertically downward 
force F is 


The bubble detatches from the bottom ifthe bouyant force, B on it is such 
that B 2 F. 


F = |(Tsin 0)d¢ = 2nrT sin ® m (1) 
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At 
Also B= = Ree 
The bubble just detatches itself if B = F. 
An 


Rpg =2mTsmO aa (2) 


From right angled AOO, B 





From Eqns. (1), (2) and (3) we have 





AT _ ; Lnr? 
—R'pg= T 
ae 
> _ 2R'pg 
or Eo 
3T 
t =R’ 2P8 
3T 
Unit—7 : Properties of Solids and Liquids 
Difficult Bernoulli's Theorem 


46. Water is poured vertically downwards inside a cylinder. Water is 
moving vertically downwards with a constant speed v, at the top 
of a cylinder as shown in Fig. 40. O is an opening at a depth h 
below the level of water in cylinder. A and a denote area of cross— 
section of cylinder and opening O respectively. The rate of flow 
of water from O is 








(1) a/2gh (Incorrect) Fig. 40 
2gh 
(2) a O (Incorrect) 
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2gh 
(3) Aa ( A? a’) (Correct) 
4) ê FS I 
(4) ( A a’) (Incorrect) 


Correct answer: (3) 
Solution: 


Let P be the atomospheric pressure and v, speed of efflux of liquid from O. Applying Bernoulli’s theorem 
at A and O, we have 


P +oH++v -P 4.9(H-h)+—v 
p 2 P 2 


We have taken base of cylinder as zero of gravitational potential energy. From equation of continuity. 
AV, =8V, 0 (2) 


From Eqns. (1) and (2) we have 


j 


gh+—vj = ae 


2gh = v? a 


V,=A 


>| 


The rate of flow of liquid from O = av, 


_ aq | 28h 
(A? -a’) 

Unit—7 : Properties of Solids and Liquids 
Average Bernoulli’s Theorem 


47. A tank is filled with a liquid of density p upto a height 4h. There are two holes O, and O.. 
QO, is circular hole of radius R and O, is a square hole of side L. O, is at a depth h below the 
level of water in tank and O, is at a height h above the bottom of tank. The rate of flow of 
liquid from O, is twice that from O.. L/R is 
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VA 
(1) Z] Fig. 41 
m y, 
J ice 
K ka 
y 
2n 
3 a 
= ka 


Correct answer: (3) 


Solution: 
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(Incorrect) 
(Incorrect) 


(Correct) 


(Incorrect) 


Let v, and v, be velocity of efflux of liquid from O, and O, respectively. From Torricelle’s theorem 


=,/2gh, Vo = /2g(3h) 


Let V, and V,be rate of efflux of liquid from O, and O, respectively. Then 
V, =nR"v, =2R°./2gh 
V, =L’v, =L’J6gh 

Given V,=2V ; therefore 


2nR*./2¢h = L’./6gh 
2o 
or R? J3 


HE 


A | o 
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Unit—7 : Properties of Solids and Liquids 
Average Bernoulli s Principle 


48. A glass tumbler of length L is open at both ends. The radius of upper and lower end is 2R 
and R as shown in Fig. Water is poured vertically at upper end with a constant speed v. The 
velocity of water as it emerges out of the lower end is 


H2R> 





(1) v,+/2gL (Incorrect) 
(2) ee (Correct) 
15 
8eL 
(3) 3 (Incorrect) 
16¢L 
(4) z (Incorrect) 


Correct answer: (2) 
Solution: 


Let P be the atmospheric pressure and bottom of glass be the zero of gravitational potential energy. Let v, 
and v, be speed of water at top and bottom of glass. From Bernoulli’s theorem 


v P v? 
—+4— +4], =—+2+0 
2 p 2 
or o vj=v +2gL a (1) 


From equation of continuity 


v,n(2R) =v,n(R) 
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From Eqns. (1) and (2) we have 
v 2 
= (2 +2gL 


2 
a 
16 


32gL 
"275 


Unit—7 : Properties of Solids and Liquids 
Difficult Bernoulli's Theorem 


49. An open cylinderical container of negligible mass has cross-sectional area A. There is a 
small hole at the bottom having cross-sectional area 1% of the cylinder. The cylinder is 
placed on a smooth horizontal surface. The cylinder is filled with a liquid of density p . The 
mass of liquid in cylinder is M. At t =0 the hole is opened. The intial acceleration of cylinder 
is 


(1) zero (Incorrect) 
(2) g (Incorrect) 
(3) gx10" (Incorrect) 
(4) 2¢x10° (Correct) 

(1.1.T) 


Correct answer: (4) 

Solution: 

Let H be the initial height of liquid in cylinder. Clearly 
AHp =M 


M 


a _ (1) 
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Let v, be the initial velocity of efflux of liquid through hole. From Bernoulli’s principle 


2gM 
v/a Pe 


Let a be area of cross-section of hole. Given a = a Let F, be the initial force on cylinder due to liquid 


flowing out from O. 
A 22M M 
R sapv (7p a ie cas 
100 Ap 50 
The initial acceleration of cylinder = a = Fo Ba 
ý 0M 50 


=2x10°xg 


Unit-7 : Properties of Solids and Liquids 


Average Bernoulli's Theorem 


50. An open cylinder is filled with two immisible liquids as shown in Fig. 43. p, and p, 


respectively denote density of liquids I and II. O is a small hole in the middle of the lower 
part of cylinder. The velocity of efflux of liquid from O is 


kK T —— I — 





(1) /3gh (Incorrect) 
Fig. 43 
(2) f 1 e) aH (Incorrect) 
3 1 
(3) fi = 701 a (Correct) 
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yr 
(4) fi T 2) H (Incorrect) 


Correct answer: (3) 


Solution: 


Let P be the atmospheric pressure. Taking the hole O as the zero of gravitational potential energy; from 
Bernoulli’s principle 


H l 
P+ pgH + P8 =) =P+ eY 


(P Be gH = Spv 


beje 


Unit-7 : Properties of Solids and Liquids 


Average Bernoulli's Theorem 


51. The cylindrical tub of a spray gun has an area of cross-section A. The other end has N 
holes each of cross-sectionl area a. The speed of liquid of the broader end is v. The speed 
of ejection of liquid from each hole of spray gun is 


O v, (Incorrect) 

(2) nv, (Incorrect) 
AV 

(3) —— (Incorrect) 
N 

4 AV C t 

(4) aN (Correct) 


Correct answer: (4) 


Solution: 


m, = The mass of liquid entering broad end of spray gun = Avp 
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where p is density of liquid. Let v, be speed of ejection of liquid from each hole of spray gun. 


The mass of liquid emerging out of one hole= m; = av,p 
The total mass of liquid emerging out ofall holes 

=m, = Nm; = Navip 
Since there is no loss of mass of liquid, m, = m,. Therefore 


Avp = Nav,p 


Unit—7 : Properties of Solids and Liquids 


Average Liquids in Motion 


52. Aman inside a lift holds a jar filled with a liquid of density p . The lower end of jar is ata 
height H above floor of lift and has a small hole. With lift at rest the liquid emerging out hits 


floor of lift at a horizontal distance D from a point below the hole on lift. The lift 


(a) accelerates up with an acceleration g/10 
(b) accelerates downwards with an acceleration g/5 


The corresponding distance now is D'. Then 


(a) (a)D' =D (b)D' =D (Correct) 
(2) (a)D' >D (b)D' <D (Incorrect) 
(3) (a)D' =D (b)D'>D (Incorrect) 
(4) @D =D (b)D <D (Incorrect) 


Correct answer: (1) 
Solution: 


When lift is at rest 


v = The speed of efflux of liquid from O = 4/2gH, 
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= ,/2gH, x asd 
g 
See (1) 


When lift accelerates up or down effective value of g changes. 
In case (a) g „> g and case (b) g „< 8. 
From Eqn. (1); D does not depend on value of g. Therefore in both case (a) and (b); D’ =D. 


Correct choice is (1) 


Unit-7 : Properties of Solids and Liquids 
Difficult Bernoulli s Principle 


53. A cylinderical tank of cross-sectional area A has a hole O of cross-section a as shown in 
Fig. 45. The tank is placed on a rigid horizontal plateform at a height H above ground. 
Initially tank is filled with a liquid up to a height h. The time taken by tank to empty itself on 
opening O is proportional to 


| 
| 
| 





(1) Hh Ground (Incorrect) 
(2) JAh Fig. 45 (Incorrect) 
(3) Jh (Correct) 
(4) M (Incorrect) 


Correct answer: (3) 
Solution: 


v= The instantaneous velocity of efflux of liquid from O 


301 


UDAAN 
A program to give wings to girl students 
= 2gy 


where y is the instantaneous height of liquid in tank above O. 


dy 


The instantaneous rate of flow of liquid from O = av =—A— 


dt 


where dy is change tn level of liquid in tank in time interval t and t + dt. 


van (2) 


Integrating; 


T 
fdt = 


0 


or L= 


Average 


0 


y^ 
7 














y=0 
E A 
a a,/2¢ 


| A 
a,/2¢g 


h 


A [2h 
aye 


Unit—7 : Properties of Solids and Liquids 
Fluids in Motion 


54. Water emerges out of a garden hose pipe. Assuming flow is stream—lined which of the 
following statement is correct. 


(1) 


(2) 


(3) 


(4) 


When hose pipe is held vertically up the stream spreads like a fountain but narrows 
down when hose pipe is held vertically down. (Correct) 


When hose pipe is held vertically up the stream narrows down and spreads like a 
fountain when hose pipe is held vertically down. (Incorrect) 


There is no spreading or narrowing down of stream when hose pipe is held vertically 


up or down. (Incorrect) 
There is no spreading or narrowing down of stream when hose pipe is held vertically 
down. (Incorrect) 


Correct answer: (1) 


Solution: 


When hose pipe is held vertically up the speed of water particles decreases as they move up. The pressure 
inside water increases as compared to pressure outside stream. The stream therefore spreads out like a 


fountain. 
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When hose pipe is held vertically down speed of water particle increases. The pressure inside water 
stream is less than the pressure outside therefore water stream contracts. 


Unit—7 : Properties of Solids and Liquids 
Average Bernoulli's Theorem 


55. Fig. 46 shows a “spray gun”. N is the 
nozzle and P is the piston. The radii of 
piston and nozzle are 20 mm and 1 mm 
respectively. When piston is pushed in; 
the air from gun rushes out ofthe nozzle. Fig. 46 Spray Gun Liquid 
There is a liquid container attached to 
gun as shown. As piston pushes out air the liquid from container rises into the nozzle end 


p 





and is sprayed out. The piston is pushed in with a speed v. P, and P, is density of air and 
liquid. The rate (volume per unit time) the liquid strayed is proportional to 


Pa 

(1) P (Correct) 
Pi 

(2) P,P; (Incorrect) 
Pı 

(3) ù. (Incorrect) 

(4) p, (Incorrect) 


Correct answer: (1) 
Solution: 


Let p, be pressure of air in spray gun and liquid container. Let v be speed at which air rushed out of nozzle 
and p, 1s atmospheric pressure. From Bernoulli’s theorem 


ls 
Pi — Po ~ 5? Vi EPa (1) 


For the liquid in container; let v, be speed at which liquid emerges out ofnozzle. Then 


| 
Pi-Po = 5P, Vo (2) 


From Eqns. (1) and (2) we have 
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F....2 
Pa Va — PV; 


The rate ofliquid strayed is directly proportional to v, and therefore is directly proportional to £ l 
£ 


Unit-7 : Properties of Solids and Liquids 
Average Viscosity 


56. An air bubble A of radius r accquires a terminal speed v in a water tank. A second bubble B 
accquires a terminal speed 2v in same water tank. Bubbles A and B coalese to a form a 
bubble C. In same water tank terminal speed accquired by C will be 


(d) 3v (Incorrect) 
(2) (1 +22 ) v (Incorrect) 
(3) (1 +242 )’ v (Incorrect) 
(4) 1 F22 J v (Correct) 


Correct answer: (4) 
Solution: 


We known terminal speed is directly proportional to square of radius of bubble. Let r, be radius of bubble 
B. Then 


or r, =V2r pest (1) 


Let r be the radius of coalesd bubble C formed. Then 


ATG > 3 4n 3 4T, 
= (r) += (v21) ~ 3 fe 
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%13 3 
or | L+(2)* |P =r 


or = [1+2V2]"t 
Let V be the terminal speed of bubble C. Then 


w) =[1+2V2 f 


V r 


or v=[1+2N2]v 


Unit—7 : Properties of Solids and Liquids 
Average Viscosity 


57. A small sphere of radius r falls from rest in a viscous medium of coefficient of viscosity 1. 
Heat is produced in sphere due to the viscous force of medium. The rate of heat produced 
in sphere when it has accquired terminal velocity is proportional to 


D) r (Incorrect) 
2) r (Incorrect) 
3) r (Correct) 
4) (Incorrect) 


Correct answer: (3) 
Solution: 


Let v, be the terminal velocity accquired by the sphere. We know v, a 1°. The viscous force, F, on sphere 
when it has accquired terminal velocity is 


F=6nntv, ar i Va r | 


The rate of heat produced is rate of work done by sphere against viscous froce = F.v}. Since F is proportional 
to r° and v, is proportional to r° rate ofheat produced is directly proportional to r°. 
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Unit—7 : Properties of Solids and Liquids 
Average Liquid Pressure & Viscous Force 
58. A spherical bubble is trapped inside a liquid of density p, ; coefficient of viscosity n. The 
bubble starts rising upwards. Besides the bouyant force; the following forces act on it. 
(1) Only force of gravity (Incorrect) 
(2) The force due to gravity and the force due to pressure of liquid (Incorrect) 


(3) The force due to gravity; the force due to the pressure of the liquid and the force due 
to viscosity of liquid (Incorrect) 


(4) The force due to gravity and the force due to viscosity of the liquid (Correct) 
Correct answer: (4) 
Solution: 


As bubble moves up the bouyant force on it is due to the difference of liquid pressure at the liquid layer just 
in contact with the upper and lower of the bubble. The other forces on bubble are: 


(1) force of gravity and 
(2) the viscous force of the liquid 


The correct option is (4) 


Unit—7 : Properties of Solids and Liquids 
Difficult Viscosity 


59. A small sized spherical ball of radius r, mass M is dropped in a viscous medium of coefficient 
of viscosity 1. Neglect the bouyant force on ball. v, is the terminal velocity acquired by 


Vv 
ball. t, is time taken by ball to acquire a speed FA from initial state. t, is time taken by ball 





to increase its speed from Yr to 2, 1 is 
4 2 t 
8 
(1) in 3 (Incorrect) 
In =) 
3 
(2) 2 | (Correct) 
In 3 
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(3) = 3 | (Incorrect) 
2 


9 
(4) In > (Incorrect) 


Correct answer: (2) 
Solution: 


When ball accquires terminal velocity v,,; net force on it (ball) is zero. In other words viscous force equals 
weight of ball, 1.e. 


Omntv,;=Mg ee (1) 
Let ‘v’ and ‘a’ denote instantaneous speed and acceleration of ball. The equation of motion of ball is 


Ma =M = =(Mg-6nnrv) 


dv -( B smer) 














or w M 
dt Z 2 
_ 6mnrv 
Ç M 
a; 7 
1 4 M — 
fa = Í dv pe ln(Mg-6nnry) 
4 > (Mg-6znrv) —6nntr A 
M M M M 
or h5 6nNT Or | 6n ~ T 
n 8 n 4 n Mg-—2 


4 





So pe E 
Onnr 3 Mg 
4 
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Similarly 








M 4 
= Myf (2) 
omnr 3 
MÍ dv 
7 (Mg —6znrv) 
l 
—M 
ee a i 
6nNr 3 
—M 
4 g 
M 2 
= inj a (3) 
ONNE 3 


From Eqns. (2) and (3) we have 





n én(%) 
t, (n(% ) 
Unit—7 : Properties of Solids and Liquids 
Difficult Viscosity 


60. 


Two capillary tubes AB and BC have radii r and J2r lengths 3 and 2¢. The two are 
joined together as shown in Fig. 47. A viscous liquid of 





viscosity n enters the arrangment at A and flows out A B C 
from C. Po =P, and P, =2P, denote pressure at C and B Ls 
in steady state. The ratio of pressure gradient along AB —— 3f —— 2f — 
and BC is 

3 Fig. 47 
(1) > (Incorrect) 
(2) 3/2 (Incorrect) 
(3) 3 (Incorrect) 
(4) 4 (Correct) 


Correct answer: (4) 
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Solution: 


Let P, be pressure at end A. In steady state rate of flow of liquid in the two tubes is same. Therefore 


n[P,—2P,]r*  ™[2P, -P,](v2r) 
8n(30) = 88 (28) 


or “11 ap, = P, =8P, 


Pressure gradientalong AB _ ©), _ 2("%) 
Pressure gradient along BC CP) (4) =4 








Unit-7 : Properties of Solids and Liquids 
Difficult Viscosity 


61. Fig. 48 shows an arrangment used to make water flow through a horizontal capillary tube 
LM using a water bottle. Which of the following statements is correct? 





: Capilla 
Fig. 48 fake $ |¢-Beaker 





(1) Rate of flow of water is constant till level of water in water bottle falls upto point O 
(Incorrect) 


(2) Rate of flow of water decreases as level of water in water bottle decreases upto point 
O (Incorrect) 


(3) Rate of flow of water is constant till water level in bottle decreases upto point A and 
then decreases as water level falls upto O (Correct) 


(4) Rate of flow of water decreaes till water level in bottle decreases upto point A and 
then is constant till water level decreases upto O (Incorrect) 
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Correct answer: (3) 
Solution: 


Let h be the instantaneous height of water above point A. P, is atmospheric pressure. P, = pressure of 
liquid in bottle at level A= P, 


P = Pressure of liquid at opening O 
=P, +(H,-h)pg=P,+(H’) pg; where H,—-h=H'=OA 


Pressure P is constant till water level in water bottle reaches point A. Therefore rate of flow of water in 
capillary tube is constant. If level of water in bottle goes below point A; pressure at O does not remain 
constant. It is equal to P, + pressure due to water column above O but below A. Since pressure at inlet of 
capillary tube varies (decreases) the rate of flow of water in capillary tube also decreaes. 


Unit—7 : Properties of Solids and Liquids 
Difficult Flow of Liquids 


62. A cylindrical tank of upper radius R, lower radius r is filled with a liquid of density p.A 
capillary tube LM is attached to of tank as shown in Fig. 49. When capillary tube is removed 
the liquid comes out of tank with speed v,. An additional pressure Pis applied to upper end 
of liquid surface in tank. The rate of flow of a liquid of coefficient of viscosity n through 
capillary tube is (P, = Atmospheric pressure) 


Seeseeedeeeeee = 


ee ee ee ee 


ee ee 


see ee gee eee 


ee 
SE rrr 
ee eee 
seeeseede cee eee 
ee ee ee a a 


eeeeeadan nee 








H pgr 
ae Capillary 
ae tube M 
2 4 
R a | 
nv? TE 8nl “age k—$<— +. 9 
(1) 2 | r) |8yl —_ 
Fig. 49 
: 2 aq‘ 
(2) NV, 1- R Syl _ 
T : 2 a! 
© Tl UR) [16n _ 
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n R\ | af 
(4) 7V,/1- T) iem (Incorrect) 


Correct answer: (3) 
Solution: 


Let v, be speed of liquid on top of tank. v, is speed of flow of liquid out of tank when capillary tube is 
detatched. Using Bernoulli’s theorem 


2 


P+P, + pv? +pgH =P, +v 


l 
P+pgH =—(v>-v; l 
or PE > ( 2 1 ) eames ( ) 
From equation of continuity 


Vv, (7R?) =V, (nr ) S (2) 


2 

l r 

AP =P +pgh =—7v}|1-| — 
pg 5 | 9j 


AP is pressure difference across ends of capillary tube LM. The rate of flow of liquid in capillary V is 


a E 


Snl 16nZ 


Unit-7 : Properties of Solids and Liquids 
Difficult Conduction 


63. x is thickness ofice layer on surface or a lake. The sorroundings temperature is constant 
_9°C - K =Thermal conductivity ofice L= Latent heat of fusion ofice. p = density ofwater. 
The time in which the thickness ofice layer increases by 100% is 


3pL E 


1 Incorrect 
D x; ( ) 
4pL , 
—— x 
(2) Ko (Incorrect) 
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3 2pL e I t 

(3) Ke (Incorrect) 
3pL , 

(4) T Xi (Correct) 


Correct answer: (4) 
Solution: 


Let A be area of cross-section of lake. x 1s the thickness of layer ofice at t = t and x + dx is thickness of 
d 
ice layer at t = t + dt. Obvisouly = = The rate of heat flow from water in lake to surroundings 


= ol 


X 


S 
=H = a (1) 


X 





Also, dQ = (mass ofice formed in time interval t and t + dt) x latent heat of fusion ofice. 
=(A.dx)pxL z (ApL) dx ages (2) 


From Eqns. (1) and (2) we have 


ApL 2) = + Ean 





dt X 
or dt= AA 
KO 

t L 2x 

fat =£ f xax 

KO + 

3PL 
t=—— x 

2K0 

Unit—7 : Properties of Solids and Liquids 

Easy Stefan s Law 


64. Two spheres A and B of same material have radii R and 4R. The temperature of A and B 
are 4T and 2T on absolute scale.The ratio of the energy radiated per second by the A and 
B is 


312 


(1) 
(2) 
(3) 
(4) 


1 
>] 
<1 


can lie any where between 0.5 and 1 


Correct answer: (1) 


Solution: 


Let ¢ be degree of blackness of the two spheres. From Stefan’s law. 


E, = Energy radiated per second by sphere of radius R 


=e0| 4nR? |(4T)’ =1024e0T' 


E, = Energy radiated per second by sphere of radius 4R 


= 80| 4n (4R)? |(2T)' =1024e0T* 


Average 


Unit-7 : Properties of Solids and Liquids 


JQ, OY 
UDAAN 
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(Correct) 
(Incorrect) 


(Incorrect) 


(Incorrect) 


Stefan s Law 


65. A perfectly black body L of surface area Ais at T, kelvin. Another body M; having surface 


area 2A is at a temperature T, kelvin. The degree of blackness of M is ¢,. A third body N; 


A 
having surface area 3 is at a temperature T, = 2T,. The degree of blackness of N is £,. 


€ 


The radiant power emitted by the three bodies is same. 7 is: 


(1) 
(2) 
(3) 
(4) 


2 


2 
4 
8 
1 


Correct answer: (2) 
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(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 
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Solution: 


Let W be the radiant power (1.e. energy emitted per unit area per unit time) of the three bodies. From 
Stefan’s law; 


1) For body L 
W =oAT, 
2) For body M; 
W =¢,0(2A)(2T,) , and 


3) For body N; 


W= o|] (27, 


€ 


2g, = = (2) = $g, 


Unit—7 : Properties of Solids and Liquids 
Average Stefan s Law 


66. Two metallic spheres S, and S, are made of same material and have identical surface 
finish.The mass of S, is thrice that of S,. Both the spheres are heated to the same high 
temperature and placed in same room having lower temperature but are thermally insulated 
from each other. The ratio of the initial rate of cooling of S, to that of S, is 


(1) ; (Incorrect) 
1 

(2) B (Incorrect) 

(3) 2 (Incorrect) 
1” 

(4) 3) (Correct) 
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Correct answer: (4) 
Solution: 


Let € be the degree of blackness of each sphere. The temperature of each sphere is TK. Let the room 
temperature be TK (T,<T). Let M and R denote mass and radius of sphere of density p . Then 


4 
M= 7 R°p, and A= The surface area of sphere = 4R? 


%, 
_ an] | 
4Ttp 


d 
The rate of loss of heat = = = eoA| T* - Ts | 


Also dQ = M x s x dT; where s is specific heat of sphere. 


dT eoA l 3M |” 
reel Besa} [T 





aT 
edt. M4 
(™%.), (Me) -(4) 
(T), M, 3 
Unit-7 : Properties of Solids and Liquids 
Difficult Stefan s Law 


67. A solid sphere of a material of density p ; specific heat capacity c; having a radius r is 
initially heated to a temperature T, kelvin. It is suspended inside a chamber whose walls 
are maintained at absolute zero of temperature.The degree of blackness of sphere is g. 
The time taken for the temperature of sphere to reduces to T, (T, < T,) kelvin is 


rpc; 1 1 

(1) osc T T? (Correct) 
rpc; 1 1 

(2) 366 T T? (Incorrect) 
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re 1 1 | 

3 Ao eae ae Incorrect 

G) 986] T? T? ( ) 
ej 1 1 

4 P be Incorrect 

@ 3e6|T, T, ( ) 


Correct answer: (1) 
Solution: 


Let T be the instantaneous temperature of sphere on kelvin scale. T, K= Temperature of surroundings. 


d 
a The rate of radiant energy given by sphere to surroundings 


=sgAT*  — ne (1) 
A= surface area of sphere. Also 
dQ=mc(dT) 2 ee (2) 


where m is mass of sphere. From Eqns. (1) and (2) we have 


dT _ ESCA Ti 





an. 2 
dt mc (2) 
Als A Am _ 2. 

m “4 r p rp 


t T, 
ja- ie 
r Yeol tT, T, 
Unit-7 : Properties of Solids and Liquids 
Average Newton s Law of Cooling 


68. Equal volume of aniline (R.D = 1.02) and water are allowed to cool from 55°C to 50°C in 
same surroundings. The time taken are 4 minute and 7.5 minute respecitvely. Specific heat 
of aniline is (nearly) 
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(1) 0.4 cal g” (O)! (Incorrect) 
(2) 0.4 J g` (O)! (Incorrect) 
(3) 0.52 cal g” CC)" (Correct) 
(4) 0.52 Jkg' (K)' (Incorrect) 


Correct answer: (3) 
Solution: 


Let m, and m, be mass of aniline and water respectively. Then 


— =f 102 


2 Pp 


3 


p, = density of aniline and p, = density of water. Let Q be heat lost by aniline of specific heat c, in cooling 


from 55°C to 50°C in time t,. Let 0°C be constant temperature of surrounding. Then from Newton’s law 
of cooling. 


mc, [55-50|=kx[52.5-0|xt un (1) 
Similarly for water 
m,c, [55 -50| =k[52.5-0, [xt a (2) 


From Eqns. (1) and (2) we have 


mio op 10s 
mc, t, Cy I.) 
“1 = 0.52 


C) 


Taking c, = 1 cal g °C; c, = 0.52 cal g! °C"; 


Unit-7 : Properties of Solids and Liquids 
Average Newton s Law of Cooling 


69. A cubical vassel of side 50mm of negligible heat capacity is filled with water. It is placed in 
room whose walls are maintained at a constant temperature of 26.0°C. According to Newton’s 


d 
law of cooling; the rate of heat lost, = is 
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se 


dt (0-8, ) 


where A is area of cross-section of body losing heat 0—0, = excess temperature of body 


over surroundings k = 5.00x10' Cals m” (°C)". The time taken by water in vassel to cool 


from 30°C to 28°C is 

(1) 10s (Incorrect) 
(2) 1111s (Correct) 
(3) 911s (Incorrect) 
(4) 1200s (Incorrect) 


Correct answer: (2) 
Solution: 
M = Mass of water in cubical vassel 
= (5x10°)x10° kg = 125x10” kg 
H = The heat lost by water in vassel 
= 125x10°x1x2 k cal = 250x10° k cal 
Let t be the time taken. The average rate of cooling 


Š _H_ 250x107 


2 
kcals™” = ee aie 
t t 


The surface area of cubical vassel = 6x[5x107]? m’? 


= 150x107 m? 
304+ 28 





The average excess temperature of water in vassel over surroundings = í l -26.0 =3°C_ From 


Newton’s law 
R = 5.00x10!x150x10*x3 cal s7! 
= 225x107 calst na (2) 


From Eqns. (1) and (2) we have 


250 


3 
—— = 225x10" or ka 


225 


=I1l1ls 
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Unit—7 : Properties of Solids and Liquids 
Difficult Newton s Law of Cooling 
70. A body cools from 72°C to 68°C in 1 minute and from 62°C to 58°C in 1.25 minute and from 


6°C to 38°C in 2.5 minute. The surroundings is at a constant temperature of 0,C . Then 


(1) 0,=20 0=42 (Correct) 
(2) 0,=20 0=40 (Incorrect) 
(3) 0,=18 0=44 (Incorrect) 
(4) 0,=20 0=43 (Incorrect) 


Correct answer: (1) 
Solution: 


Let m amd c be mass and specific heat of body. Then 


mxex{ 72-68] =kx|(7*®8) 0, 1x60 








4mc = k| 70-98, |x 60 ene (1) 
where k is a constant of proportionality. Similarly 
4mce = «| (P28 )-0, x75 
2 
=k[|60-0,|x75 aoe (2) 


From Eqns. (1) and (2) we have 
(70-0, )x 60 = (60-8, )x75 
4(70-6, )=5(60-8, ) 

Ə, = 20°C 


When body cools from 0° to 38°C in 2.5 minute; 
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[Sh 


mxc|0-38] = 
50x 60 


From Eqns. (1) and (3) we have 


(2+8) 20 x150 
0-38 |\ 2 


4 50 x 60 





. 0=42°C 


Unit—7 : Properties of Solids and Liquids 
Average Thermal Expansion 


71. A composite rod is made by joining end to end two rods P and Q of same cross-section. At 
25°C the length of composite rod is 1 m of which 0.3 m is of P. The composite rod is heated 
to 125°C. Its length increases by 1.91 mm. Coefficient of linear expansion of 
P=1.7x10> (°C)". The coefficient of linear expansion of Q is 


(1) 2x10* (C)! (Incorrect) 
(2) 1.5x10° Cy! (Incorrect) 
(3) 2x105 (C)! (Correct) 
(4) 2.5x10* ?Cy' (Incorrect) 


Correct answer: (3) 


Solution: 

Let @, and £, be length ofrod P and Q at 25°C. Given 
lp =0.3m; £,+f,=Im; ~. lo =0.7m 

Let (A£), and (A£ Jo be increase in length of P and Q when temperature is raised to 125°C. Then 
(A£), =0.3x1.7x10~ x100 


(AC), =(0.7xax100 
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3 
Given A/ =(AC), +(AC), =1.91x10°m 
1.91x107° =5.1x107* +700 


_ -3 
-091 0.51)x10 


A = 2x105 (°C) 


or 


Unit-7 : Properties of Solids and Liquids 
Average Thermal Expansion 
72. Two rods one of aluminium and the other of steel; having initial lengths /, and £, at 0°C 


are connected together to form a single rod of length (£ rT ) . If the length of each rod 








4 
increases by the same amount on increasing temperature by 0’C; the ratio (2, +2,) in 
1 + 2 
terms of coefficents of linear expansions a, and q, is 
a 
O —— (Incorrect) 
a, 
a, 
(2) (Incorrect) 
GO, 
OG, 
(3) a, +a, (Incorrect) 
a, 
(4) a, +a, (Correct) 


Correct answer: (4) 


Solution: 


The increase in length of the two rods on raising temperation by 0°C is same. Therefore 


oS 


2 Q 


(,a,0=,0,0 or t Oy 
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ce yi 
a O, 
Lily. Q Fa; 
or pf n 
1 2 
fi O, 
(+f, a,+a, 
Difficult 


Unit—7 : Properties of Solids and Liquids 


Thermal Expansion 


73. A vertical glass tube closed at bottom contains mercury up to a height of 500 mm at a 
temperature of 10°C. The height of mercury column at 30°C changes by 


(1) 
(2) 
(3) 
(4) 


(Yu =18%105(°C)'s a 


— 0.2 mm 
+1.6 mm 
— 1.6 mm 


+ 0.2 mm 


Correct answer: (2) 


Solution: 


glass 


=0.8x10° C“ | 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 


Let a,, 4i; p and v, denote area of cross-section length of mercury column; density of mercury and 


volume of mercury in glass tube at 10°C. The corresponding quantites at 30°C are a,, /,, p, and v, 


respectively. The mass of mercury in tube remains same, therefore 


M —deetoe Oi 2 wis (1) 


Also, 


a,=a, [1+2a, x 20 | 


a 


l 


~1-=32x10” 


=[1+32x10° |” 
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Also, 


P =P, | 1+ Yay X20 | =p, | 1+18x10™ x 20 | 


P 
or 751.0036 a (3) 


P» 
From Eqns. (1), (2) and (3) we have 


alle, 


= 500| 1-32x10° |[1.0036] = 501.6 mm 


The change in height of mercury in tube = 501.6—500 = 1.6 mm 


Unit—7 : Properties of Solids and Liquids 


Easy Heat and Latent Heat 


74. <A block of ice at —10°C is slowly heated and converted to steam at 100°C which of the 
following curves represent the phenomenon qualitatively? 


Temperature 
Temperature 


Heat supplied Heat supplied 
(1) (2) 


Temperature 
Temperature 


O 


Heat supplied Heat supplied 


(3) (4) 
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Correct answer: (1) 


Solution: 


First heat is supplied to raise temperature of ice from —10°C to 0°C. Now heat supplied is latent heat of 
fusion of ice. During this stage temperature remains constant at 0°C. Now heat supplied raises temperature 
of water formed from 0°C to 100°C. Then heat supplied is latent heat of vaporisation. There is no change 
in temperature due to heat given. These features are correctly represented by curve (1). 


Unit—7 : Properties of Solids and Liquids 
Difficult Heat and Latent Heat 


75. 60 g of steam at 373 K is mixed with 450 g of ice at 253 K. In the final state the mass of 
water in the system is 


[Given: Latent heat of vaporisation of steam = 540 Cal g~ 
Latent heat of fusion of ice = 80 Cal g" 
Specific heat of ice = 0.5 Cal g! °C)"; specific heat of water = 1 Cal g^ @C)"] 


(1) 475.5 ¢ (Incorrect) 
(2) 483.15 ¢ (Correct) 
(3) 500.00 ¢ (Incorrect) 
(4) 510.00 ¢ (Incorrect) 

[TIT 2006] 


Correct answer: (2) 

Solution: 

H, = Heat required to melt ice completely 
= 450x0.5x[0-(—20) |+450x80 
= 40,500 cal. 


H, = Heat released when entire mass of steam gets converted into water at 100°C 
= 60x540 = 32,400 cal. 
H, = Heat released if water at 100°C cools to 0°C 


= 601x100 = 6000 cal. 


2 


Total heat that can be released by steam and subsequent cooling of water to 0°C= H, +H 
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= 32,400 + 6,000 = 38,400 cal. 


Since H > H,; sufficient heat is not available to melt entire mass of ice. The mass of ice melted, m ; is 


=e _ =26.25¢ 





Total mass of water; in equilibrium; at 0°C 
= 60 + (450-26.25) 
= 483.75 g 


Unit—7 : Properties of Solids and Liquids 
Average Colorimetery 


76. A geyser heats water flowing in it at the rate of 50 cc st from 27°C to 77°C. The geyser 
operates on a gas burner. It consumes 0.6 kg of gas per hour. The heat of combustion of 


gas is 

(1) 6.3x10* kJ(kg)" (Correct) 
(2) 6.3x10* J(kg)' (Incorrect) 
(3) 6.3x10° kJ(kg)" (Incorrect) 
(4) 6.3x10? kJ(kg)" (Incorrect) 


Correct answer: (1) 
Solution: 
Heat absorbed by water flowing in 1s 
= 50x 1x1 (77-27) Cal. 
= 2500 Cal. = 2500 x 4.2 J=1.05x10* J 
Total heat absorbed in one hour = 1.05<10*x3600 
=37.8x10°§ a (1) 
Let a be the heat of combustion of fuel in joule per kg. 
Heat liberated by fuel in joule in one hour = 0.6x0 ws. (2) 


From Eqns (1) and (2) we have 


37.8x10° =0.6a 
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sa J kg” 
0.6 


=6.3x10' J kg” =6.3x10°kJ kg” 


Unit-7 : Properties of Solids and Liquids 
Average Calorimeter 


77. A copper calorimeter of mass 0.1 kg contains m kg of iec at 4°C. The temperature of 
calorimeter and content rises from—4"C to —2°C when 0.52 kcal of heat is given. To raise 
temperature of calorimeter and content by 4°C an additional amount of 41.54 kcal has to be 
added. C is specific heat of copper. Then m and C are 


(Latent heat of fusion of ice = 80 k cal kg” specific heat of ice = 0.5 kcal kg! °C“) 


(1) m=0.5 kg; C =0.1 kcal kgt °C" (Correct) 
(2) m=0.5 kg; C=0.15 kcal kg! °C" (Incorrect) 
(3) m=0.4 kg; C =0.1 kcal ket °C" (Incorrect) 
(4) m=0.4 kg; C =0.2 kcal kg’ °C" (Incorrect) 


Correct answer: (1) 


Solution: 

Given 

0.1xCx[(—2)H(-4)] + mx0.5 [—2-(-4)] = 0.52 
0.2C+m=0.52 (2 2 ae (1) 


When temperature of calorimeter and contents rises by 4°C from —2°C; the final temperature attained is 
+2°C, In this process calorimeter + ice will absorb heat Q, to raise temperature from —2°C to 0°C. Now 
heat Q, 1s absorbed to melt ice. Q, is heat required to raise temperature of calorimeter and water obtained 
due to melting of ice from 0°C to 2°C. Given 


Q +Q,+Q, = 41.54 kcal 
Q, =0.1*Cx2 + mx0.5x2 = 0.2C+m kcal 
Q, = mx80 kcal, Q, = 0.1xCx2 + mx1x2 kcal 
~. 0.2C-+m+80m+0.2C+2m = 41.54 


or  82m+0.4C=41.54 °° 2. °° a, (2) 
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Solving Eqns. (1) and (2) we have 
m= 0.5 kg; C=0.1 kcal kg? °C! 


Unit—7 : Properties of Solids and Liquids 


Average Conduction 
78. A copper bar MN of length 50 cm has a water layer of 100°C z} 0°C 
thickness 0.5 mm at end m as shown in Fig. 50. The = 
temperatures maintained at ends are as shown in Fig. ee 
0 is nearly. Se 
M N 
Given: |4 n———— 0.5m ————1 
Thermal conductivity of copper = 45x10 Wm“ (K)" A Sain Fig, 50 
Thermal conductivity of water = 60x10“ Wm" (K)") 
(1) 98°C (Incorrect) 
(2) 96°C (Incorrect) 
(3) 93°C (Correct) 
(4) 90°C (Incorrect) 
Correct answer: (3) 
Solution: 
The rate of flow of heat in water layer at end M and copper bar MN is same. Therefore 
60x10“ [100-6] 45x10°.A[6-0] 
5x10% 0.5 
or 4/100-6] = 0.30 
400 
0 =—— = 93°C 
= 4.3 
Unit-7 : Properties of Solids and Liquids 
Average Conduction 


79. Two identical conducting rods are first connected simultaneously to two vassels one 
containing water at 100°C and the other containing ice at 0°C. In second case the two rods 
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are joined end to end and connected to the same two vessels. Let q, and q, rate of melting 


of ice in the two cases respectively. The ratio E is 
2 


i 
(1) 5 
2 
(2) í 
4 
(3) 7 
1 
(4) 4 


Correct answer: (3) 


Solution: 

A 

0°C 
100°C 
B 
— l —> 

(a) 

Case I 


100°C 


Fig. 51 


k 2, = 





(b) 


(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 


UG 


Fig. 51 (a) shows the two rods A and B. Let a and denote area of cross-section and of length of each 
rod. K is thermal conductivity of material of rods. 


100-0 
Q, = Rate of flow of heat = | Ka =] 





_ 200 Ka 
ig 
200K 
q, = The rate of melting of ice = Q = a 
L [L 


where L 1s latent heat of fusion ofice. 
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Case H 


The arrangment ofrods is an shown in Fig. 51 (b) 





100 —0 50 Ka 
Q, = Rate of flow of heat = Ka =] — 





UDOON 


A program to give wings to girl students 


Unit—7 : Properties of Solids and Liquids 


20 f 
, Q, 50Ka 
q, = The rate of melting ofice = — = 
L L 
d4 
q2 
Difficult 


80. Two metal blocks P and Q have thermal capacities C, and 
C, respectively. The blocks are connected to one another 
by a rod of cross-sectional area A; length L of negligible 
heat capacity. The arrangment is thermally insulated from 
surroundings. T —-T, =T is the instantaneous difference ot 


dé 
temperature between P and Q. dt is 





ge. 
(1) LC 

KA 
(2) LC, 
» KALA a 
Oo Tle cs 
p KALE 
O “Tle c 


Correct answer: (4) 
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Thermal Conductivity 


T, T, 
Y 
Q. 


Fig. 52 


(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 
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Solution: 


The rate of flow of heat from P toQ 


_ KAO 
L 

KAO 
The rate of loss of temperature of P= 7| 7, 

LC, 

KAO 

The rate ofrise of temperature of Q = —-——— 

Le; 
do 


The instantaneous rate of change of 0 = a 
t 
KAO| 1 1 
= — ——_ | ——_ + — 
LIG © 


Unit-7 : Properties of Solids and Liquids 
Difficult Conduction 


81. Three rods of identical cross-section made of the same material form the three sides of the 
of an issoceles triangle ABC; right angled at B.The points A and B are maintained at 


temperature T and /2T respectively. In steady state temperature of point C is To 


T 
Assuming that only conduction takes = is 





1 
(1) 2(V2-1) (Incorrect) 
3 
(2) ( J2+ 1) (Correct) 
a: oe 
(3) J3 ( J2- 1) (Incorrect) 
1 
(4) (/2+1) (Incorrect) 


Correct answer: (2) 
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Solution: 


Given T, =T; T, =J2T>T,. 


In rod AB heat flow from B to A to maintain temperature at end B heat must flow from C to B. Therefore 
in rod AC heat flows from A to C. The rate of flow of heat in AC and BC must be same. Therefore 


Ka Ka V2 
r-r] HT- A 
ZL 4 { 7 
T-T, 
e eet 
or C 
J2 V2 £ 
or T-T, =vV2T,-2T 
3T = (1+ V2 JT. v2T | 
— l ——— 
TI 3 
or T (V2+1) Fig. 53 
Unit-7 : Properties of Solids and Liquids 
Difficult Conduction 


82. Three rods A, B and C of same length ¢ and cross-sectional area a are joined together as 


K 
shown in Fig. K, = K,= K and K, = ra The temperature of common end O in steady 





state,is 90°C 

90°C 
(1) 50°C BiA (Incorrect) 
(2) 54°C (Correct) 
(3) 55°C (Incorrect) 
(4) 60°C (Incorrect) 
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Correct answer: (2) 


Solution: 


Let © be temperature of common end O. Let Q,; Q, and Q, be rate of flow ofheat in rod A< B and C 
respectively. Obviously 





Q,=Q,+Q, 0 ee (1) 
Ka( 0-0 K 90-0 
Also, Q, ==) and c= (a! 7 ) 
Kae -Ka (oo-0)+ K2 20-0) 
id 4 4 2 
3(90— 
or To oa ®) 
2 
pees 
5 
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UNIT-8 : THERMODYNAMICS 


Learning Objectives 


After going through unit, you would be able to understand, appreciate and apply the following concepts to: 


System and surroundings. 

Thermodynamic variables. 

Thermodynamic state. 

Equation of state. 

‘Temperature. 

Thermodyanic processes. 

Thermal equilibrium. 

Zeroth law of thermodynamics and concept of temperature based on the zeroth law. 
Concept of heat and work. 

Internal energy 

First law of thermodynamics 

Applications of first law of thermodynamics. 
Limitations of first law of thermodynamics. 
Reversible and irreversible processes. 

Heat engines 

The Carnot engine 

The refrigerator, Carnot’s engine in reverse direction. 
The second law of tharmodynamics. 


Carnot’s theorem. 
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Introduction 


The subject of thermodynamics was initially developed to study the interrelation between heat energy and 
mechanical energy. As the subject developed its scope also got widened and a present it is a subject 
concerned with the inter-relation between heat energy and energy in other forms. 


System and Surroundings 


While studying thermodynamics we generally focus our attantion on a particular region of spice or a finite 
portion of matter. This particular region of space or piece of matter, in which our attention 1s concentrated 
from the point of view of thermodynamics consitute a thermodynamic system. Everyting around it which 
can effect its behaviour and properties, there make up the surroundings. 


Thermodynamic Variables 


In the studies of thermodynamics we can centrate our attention on the interior of the system. However we 
still describe the internal behaviour ofthe system in terms of some macroscopic quantities that control or 
effect its internal state. Experimentally it is observed that whenever a chemically defined homogenous 
system is in a state of equilibrium, its thermodynamic beharious can generally be studied in terms of its two 
macroscopic properties — volume (v) and pressure (p). The quantities p and v are often referred to as the 
thermodynamic variables of state for the gives system. 


Thermodynamic State 


We use the variables pressure, volume and temperature to specify the thermodynamic state of a given 
system. Usually we have a relation between there three variables so that only two of their are really 
independent. Hence any two ofthese there variables are sufficient to specify a thermodynamic state. 


Equation State 


Thermodynamics state variable describe equilibrium states of systems. The mathematical relation between 
state variables the pressure the volume and the temperature is called the equation of state. The equation of 
state for an ideal gas having n moles can be expressed as 


PV =nRT 
Real gases may have more complicated equation of state 


The above equation applies to isothermal change. For adiabatic change, the equation of state is represented 
by 


PV” = constant here 


where y is the ratio of two specific heat of the gas. 
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Concept of Temperature 


‘Temperature 


We first discuss the concept of temperature in simple terms and then we will discuss the concept more 
rigously from the point of view of zeroth law of thermodynamics. The temperature ofa given object has 
been assigned a meaning similar to the level of a liquid. When two differently heated bodies are put in 
contact, there is a flow of heat from one to other. We say that this “flow” is because of a difference in 
temperature between the two bodies. The flow (by itself) is always from a body at a higher temperature to 
one at a lower temperature (very similar to a flow of liquid). The heat ‘flow’ continues until the two bodies 
attain a common temperature. It was these types of considerations that led Maxwell to define temperature 
as the ultimate state of the body with reference to its ability to communicate heat to other bodies. 


Thermodynamics Processes 
We discuss below the definitions of the basic types of thermodynamic processes. 
Quasi-static Process 


A quasi-static process 1s an infinitely slow process such that system remains in thermal and chemical 
equilibrium with the surroundings. In a quasi static process, at every stage, the temperature and pressure of 
the surroundings differ only infinitesimally from those of the system. 


Isothermal Process 


An isothermal process is a process in which temperature remains constant. If T is the temperature of a 
system on the absolute scale, then in an isothermal process AT=0. 


Adiabctic Process 


An adiabatic process is a process in which no heat enters or leaves the system. If Q be in heat contant of 
a system, than in an adiabctic process AQ = 0 


Isochoric Process 


An isochoric process is one in which leave is no change in volume of the system. If v is the volume of a 
system, then nan isochoric process Ay =(). 


Isobaric Process 


An isobaric process is one in which there is no change in the pressure of the sytem. Ifp is the pressure of 


a system than in isobaric process Ap = 0. 


The following diagrams indicate the way the volume of ideal gas the changes with pressure for each of the 
above process. 
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p p p p 
o y o Y 6 = O n 
Isothermal Adiabatic Isochoric Isobaric 

Indicator Diagrams 
In indicator diagram allows us to study how the volume ofthe system 
changes will changes in its pressure even if the process under P . 

, Su , n Indicator 
consideration is not of the above mentioned processes. An indicator Diagram 


diagram tells us, in a graphical form the manner of variation of the pressure 
of a given system with changes in its volume. This type of diagram 
provides an indication of the way the state of the system has been allowed 
to change. 





It can be shown that the shaded area ofan indicator diagram tells us the 
work done by the system when its volume is allowed to change from an 
mitial value v, to a final value v.. 


Thermal Equilibrium 


It is amatter of common experience that when two different system are brought in contact with each other, 
there is in general, a change in the thermodynamic variables characterizing them such as volume pressure 
etc. These changes are generally brought about by transfer of heat from one to other system. The change 
inthe values of the thermodynamics variables of the two system continues for a while but ultimately a state 
is reached when these variable stop changing any further. When this happens we say that the two systems 
have attained a state of thermal equilibrium with each other. 


Let us consider three systems A, B and C. Imagine that we have seperated A and B by materials which do 
not allow any heat trasnfer between them(1.e. by an adiabaticwall). At the same time let both A and B be in 
contact will system C with a wall which allows heat to pass freely (i.e. a diathermic wall). As a result both 
A and B will their attain thermal equilibrium with system C. After this has happended let us put a diathermic 
wall between A and B and adiabctic walls between A and C and B and C. It is then found that the values 
of thermodynamics variables do not show any further change, that is Aand B are also in thermal equilibrium 
with each other. These experimental facts are often stated in the form. 


Two systems which are in thermal equilibrium with a third one, are also in thermal equilibrium with each 
other. 
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The above statement 1s now considered as one of the basic law of thermodynamcis and refered to as the 
Zeroth Law of Thermodynamics. 


Adibatic Wall 
v 
cafe 
Diathermic Wall 


Diathermic Wall 
a] Be 


The zeroth law of thermodynamics is now regarded as the basis of the existence of the concept of temperature. 
The zeroth law implies that various systems, in thermal equilibrium with one another have some property 
which is common among all of them. This property we designte as temperature. This temperature of a 
system 1s a property that keeps us to decide whether this system would or would not be in thermal 
equilibrium with another system. It is clear then that temperature can be measured by observing some 
property ofa particular system which varies will the addition of heat. 





Heat 


It is well known that when two system at different temperature are brought in contact will each other, 
something flows from the one at a higher temperature to a lower temperature until both acquire a common 
temperature intermediate between their original values. This “something” is what we commonly call heat. 
We consider heat as a form of energy and define heat as the energy that as trasferred between a system 
and its surrounding because ofa temperature between the two. 


The transfer must of course, be in accordance will the principle of conservation of energy. The unit of heat 
is Joule. In the early stages of development when heat was thought to be something special and distinct, it 
was measured in a particular unit called the calorie. It is now know that 1 calorie is 4.18 Joule. 


From the studies of kinetic theory we know that heat energy is due to the random motion of the molecules. 


Work 


In our studies of mechanics we are fimilar with the defination and concept of work. However in 
thermodynamics studies we have to carefully distinguish between external work and internal work. Fora 
defined system, external work will consitute the work done by the system as a whole on its surroundings 
whereas internal work will be the work done by the different parts of the system on one another. The work 
done as used in thermodynamics refers only to external work, internal work haas no place in 
thermodynamics. Thus we can say that work involves some interaction between a system and its surroundings 
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is of relevance in thermodyanamics. Internal like the work done by the forces acting between the molecules 


of a real gas undergoing an expansion does not constitute work in a 
thermodynamical sense. 


One of the most commonly discussed system in thermodynamics consist 
Moveable 


ofa gas contained in a cylinder with a leak proof moveable piston as shown Piston 


in figure. When the gas undergoes an expansion (or compression) the piston 
moves and can thus do useful external work. Let to calculate this work 
done. Let p be the pressure exerted by the system on the piston of cross 
sectional area A. The total force exerted on the piston is then clearly pA. If 





this force moves the piston through a distance dx, the work done in this 
infinitesimal expansion 1s 


dw = (pA) x dx = p(Adx) = pdv 


The total works done in a finite expansion from an initial volume v, to a final volume v, is therefore given by 


dw = | pdv 
We will work out the work done in an isothermal process and an adiabatic process in later section of our 
discussions. 


Work done during a Cyclic Process 


A cyclic process 1s of characterized by the fact that the system returns to its initial state after undergoing a 
series of changes. It can be proved that network done diving a cyclic process is numerically equal to the 
area of the loop representing the cycle. 


For example, as shown in the figure the network done during the cycle PQ RS is equal to the area PQ RS. 


One should note that heat and work are two distinct modes of energy 
transfer to a system that result in change in its internal energy (discussed in 
next article). Heat is energy transfer due to temperature difference between 
the system and the surroundings. Work is mode of energy transfer brought 
about, for example, by moving the piston of a cylinder containing the gas 
by raising or lowering the weight connected to the piston. 


When we apply the heat to a gas, mode of energy transfer is random 
motion ofthe gas molecules. When a piston is compressed in gas, ina way 
it is regarded as the mode of energy transfer that produces organised 
motion ofthe gas molecules. 
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Example-1: 


The p—v diagram for a cyclic process is a triangle ABC drawn 
in order. The co-ordinates of A,B,C are (4, 1), (2, 4) and (2, 
1). The co-ordinates are in the order pv ( p is in Nm” and 
volume in litre), calculate the work done in complete cycle. 


Solution: 





Work done during the process from A to B (expansion) is 
_ ; 0 12 3 4 5 ya 
W p ~Area of trapezium ABDEA 

A=Area of triangle ABC + Area of rectangle BDEC 


= ~(BCxAC) + (DExCE) 


=-(4-1)x(4-2)+(4-1)(2-0) ~9x103] 
This work done is positive 
Work done during the process B to C (Compession) is 
Wc =- BCDE — DEXCE 
=— 3x10°x2=-6x10°J 
This work done is negative 


Work done during the process CA 1s zero because there is nochange in going from C to A. 
Work done in complete cycle W =+Area ABC = W,, + Wa. + Wea 

= 3x10° J 
Internal Energy 


The concept of internal energy is another useful concept used in thermodynamics. The internal energy is 
regarded as the energy that is intrinsically associated or stored in a system. Under proper conditions, this 
energy can enable the system to do work. Thus for example an explosive mixture, on explosion and a 
compressed gas on expansion, can do the useful mechanical work by virtue of the energy that is intrinically 
stored im it. 


According to our knowledge of structure of atom we regard the internal energy of a system as the kinetic 
and potential energy of the atoms molecules electrons and nuclear etc. of which the system 1s composed. 


A some what formal definition ofthe internal energy ofa system is obtained as follows: 
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Consider a system that is tharmally insulated from its surroundings and let some work (W) be done on it. 
The performance of this “adiabatic” work will cause a change in the internal energy of the system from an 
initial value u, to a find value u, such that 

-W =u,- u, 

The negative sign is attached to W because as per convention work done on the system is to be regarded 
as negative. 
The above equation enables us to determine internal energy changes. It can also be used to define internal 
energy ofa state provided the state “f” is a standard reference state. 
Also the definition of internal energy as given above is useful because it turns out that the internal energy of 
a system in a particular state depends only upon that state and neither on the past history of the system nor 
upon the way the system has arrived at that particular state (unlike work which 1s a path dependent function 
whereas internal energy is a path independent point function). It is therefore a characterstics function ofa 
given state. Formally one can say that the internal energy of a system in all cases is a single valued function 
of the variables of the state of the system. The fact that such a single valued energy function can be 
associated with each state of a giver system is of fundamental importance of thermodynamics. 


First Law of Thermodynamics 
We have dicussed above that when a work W is done ona thermally insulated system to change it from an 
initial state ‘T to a final sate ‘f then 
—W=u,-u, 
where u, and u,are the internal energires of the system in the initial and final states. 


Suppose now that the system is not thermally insulated and is again made to change its internal energy from 
an initial value u, to a final value u, Since the system is now not thermally insulated some heat Q can enter 
it in addition tothe work done on it. By the principle of conservation of energy, we must have 


Q+ (-W) =u,-u, 
Above equation represents the principle of conservation of energy as applied to a process involving heat 


transactions. It 1s often regarded as the mathematical formation of the First Law of Thermodynamics. 
Hence according to first law of thermodynamics. 


The increase in internal energy of a system is equal to the sum of work done on the system and the heat 
added to it. We can rewrite the equation in the form: 


Q=(U,-U,) + WwW 
In differential form above equation can be written as: 
dQ = du + OW 


i.e. when heat is added to a system, the heat added equals the sum of the of the change in internal energy 
and the external work done by the system. This is as it should be once it is realized that (1) heat is a form of 
energy and (11) the total energy ofa given system is a conserved quantity. 
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Application of the First Law of Thermodynamics 
Isothermal Process 


In an isothermal process heat is transferred from a system to the surroundings with out any change in 


termperature i.e. AT=0. 


For an ideal gas u = 0 for an isothermal process. This is because the internal energy of such a gas is 
solely made up of the kinetic energy of constituent atoms and molecules and this does not change as long 
as temperature remains constant. Hence for an ideal gas from the first law of thermodynamics we have 


oQ = òðW 
Now we know that the work done by a gas diving are isothermal expansion is given by 
OW = pdv 
For an ideal gas expanding from an initial volume v, to a final value v,, the workdone equals 


w=f pdv = nRT log, 2 
V 


Vi 1 


or W=2.303nRTlog,, 2) 
V 


1 


Adiabatic Process 


In an adiabatic process the system is thermally insulated from its surroundings so that no heat enters or 
leave it. Thus AQ = 0 for such a process so that from the first law of thermodynamics, we have 


out dW =0 


Considering a kilogram mole of an ideal gas this relation can be been shown to lead to the well known 
adiabatic process relation 


pv’ =constant or py’ =k 


This relation can be used to calculate the work done during an adiabotic expansion. 


As before 


WY ie -f pdv 


Vi 


Since pv’ =k we have 
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p=kv' 


Waa = [ kv-tav 


Vi 


l-y |“ 
y 


t= 


or 





adia 








Vi 


Since k = p,v/ = p, v} 
W = l e daly 
adia =] | pviv, = P2V2V;, | 
= tow, —p,v, | 
y=] 


1 
or Te —p,v, | 


Isochromic Process 


In an isochoric process v is constant, so no work is done on or by the gas. From the first law of 
thermodynamics viz. 


dQ = ðu + òW 
The heat obserbed by the gas goes entirely to change its internal energy and its temperature. 
Isobaric Process 


In an isobaric process, P is fixed. Work done by the gas is 
W-p(v, —v,) = nR (T, —T,) 


Since temperature changes so does internal energy. The heat absorbed goes partly to increase internal 
energy and partly to do work. 


Cyclic Process 


In a cyclic process the system returns to its initial state. Since internal energy is a state variable ou = 0 for 
a given cyclic process. Hence from first law of thermodynamics viz 


dQ = ðu +W 


The total heat absorbed equals the work done by the system. 
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Example—2: 


In changing the state of a gas abiabatically from an equilibrium state A to another equilibrium 
state B an amount of work equal to 22.3 J is done on the system. If the gas as is taken from state 
A to state B via a process in which the net heat absorbed by the system is 9.35 cal, low much is 
the net work done by the system in latter case? 


Given 1 Cal = 4.19 J 
Solution: 


Since the work is done on the system is given to be negative, therefore heat absorbed by the system is 
positive. 


For an adiabatic process Q = 0 and W =- 22.3 J 


From I* law of thermodynamic 


Q=du+ W 
0 = du- 22.3 J 
“. du= 22.3 J 


In the second process 

Q = 9.35 Cal = 9.35x4.19 J = 39.2 J 

~ W=Q-du = 39.2 — 22.3 = 16.9 J 
Example-3: 


An ideal gas is taken through a cyclic thermodynamic process through four steps. The amount of 
heat in these steps are Q, = 5960 J, Q, =—5585 J, Q, =—2980 J and Q4 = 3645 J respectively. 
The corresponding works involved are W, = 2200 J, W, = -825 J, W, = —1100 J and W, 
respectively. Find W,? 


Solution: 
By the first law of thermodynamics 
dQ = du + dW 
However du is zero be cause the process is cyclic which implies that 
dQ = dW 
which means that we can write 
Q,+Q,+0,1Q, = W+W,t+W,tW, 
or 5960—5580—2980+3645 = 2200—-825-1100+W, 
W, = (5960+3645+825+1100) — (5585+2980+2200) 
= 765 J 
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Example—4: 


In a given process on an ideal gas dW = 0 and dQ <0. What happens to the temperature of the 
gas. 


Solution: 
We have 
dQ = du + dW 
We are give that dW = 0 and dQ < 0, so we can conclude that dU < 0 
Further for an ideal gas u œ T so that dT <0. Which implies that the temperature of the gas decreases. 
Example-5: 


1.0 mole of an ideal monochromatic gas is carried around the cycle 


shown in the adjoining figure. Calculate the heat AQ the change in B, 600 K 
internal energy Au and the work done Aw for each of the three o Eo 
processes and cycle as a whole value at points 2 and 3. 5 Adiabatic 
D 
Solution: à 
A & 
The process in going from A to B is isochoric (volume constant). Hence the 300 K 450 K 





work Aw done in the process 


Volume 


Aw, = pdv =0 
Let AQ ben the heat energy abserbed in going from A to B. 


From the first law of thermodynamics 


AQ, = Au, + Aw, = Au, = Mc, AT 


AQ, =1x (= )(600-300) = z) x8.31x300J = 3739.5 J 


Let Aw, be the work done in going from B to C. 
From first law of thermodyamic 

O = AQ, = Au, + Aw, 
or Aw, = Au, =1805.25J 


The process from C to A is isoharic (pressure constant) 


Heat AQ, involved in the process is 
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AQ; = Mc, AT 


AQ, = TR) (300-455) = 2A kissy = 3220.125-J 


The change in the internal energy Au, = Mc AT 





3x8.31 
2 


=( 13x |(300-450) - x155J =_1929.75 J 


From the first law of thermodynamics 


AQ, = Au, + Aw, 
or Aw, =AQ-Au, =-3220.125 —(1929.75) 


=— 1290.2375 J 


For the complete process 


AQ = AQ, + AQ, + AQ, =3739.5+ O -3220.12 = 519.375 J 


and Aw=Aw,+Aw,+Aw, 
= 0+1805.25—1290.375 = 514.875 J 
Also Au = Au, + Au, + Au, 


= 3739.5—1805.25—1929.75 = 4.5 J 


Limitation of the first Law of Thermodynamics 


First law of thermodynamic can be regarded as esstentially a statement of the principle of conservation of 
energy as applied to processes involving transfer of heat. A serious limitation of this law is that it does not 
specific any information regarding the direction of heat transfer. The law cannot answer the basic questions 
why heat always flos from a body at a higher temperature to one at lower temperature and the versa. It is 
significant to note that either was transfer of heat will not violate the energy conservation principle. 


The first law of thermodynamics cannot answer the question into work can heat be totally converted? 
(since mechanical work done in a process can be totally converted into heat). 


Thus we find that first low of thermodynamics cannot answer these two basic questions. We will be 
discussing that answers to these questionscan be provided bh the second law thermodynamics. 


Reversible and Ireversible Process 


The concept of reversibility is one of the very important concept used in thermodynamics. From a 
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thermodynamics ponit of view, a process is said to be reversible ifan infinites small change in external 
condition will result in all changes taking place in the direct process being exactly. repeated in the inverse 
order and opposite sense. The idea can easily be extended to a cycle of operations. Thus a given set of 
cyclic operations will constitute a reversible cycle only if it is made up ofa succession of revesible changes 
so that the cycle when traversed in the reverse reestablishs the initial state of the working substance. 


Reversibility is an idealized concept. Strictially speaking no natural prcess is areversible phenomenon. A 
process can be reversible only if it is quasistatic and their are no dissipative effects. For example, a quasi 
static isothermal expansion ofan ideal gas in a cylinder fitted with frictionless moveable piston is a reversible 
process. 


Irreversible Process 


Any process which cannot be retrace ofin the reverse direction exactly is called an irreversible process. All 
naturally occuring processes are irreversible in the strict sense of the term. This 1s because dissipative 
effects such as viscosity, friction etc. are an inseperable ingradient of any normally occuring process. Still 
we tend the tract a mumber of actual physical processes as if they are reversible. 


Conversion of Heat into Work — Heat Engines 


Since energy in the form of heat is available all around us in ulmost unlimited quantities, attempts were 
made to develop means by which heat can be converted into work. A heat engine, a device to convert heat 
into work must have the following essential constituets or parts. 


(a) There must be a working substance which may serve as a vehicle or medium through which heat may 
pass through the engine. The functions ofthe engine is based on the thermal properties of its working 
substance. 


(b) There must be a source or reservoir of heat which supplies the heat to the engine. This source must 
have a very large thermal capacity so that finite amount of heat drawn from it does not produce an 
change in its temperature. 






(c) In addition to the source and the working substance, a heat pres 


Q = Heat extracted 
from source 


engine also needs a cold body or heat sink maintained at a 
constant lower temperature. The heat sink must again be a body 
of very large thermal capacity so that the absorption of any 







Heat 
Engine 


finite amount of heat by it does not cause any appreciable rise 





in its temperature. W = Work done by 


In order that the same working substance may continously be used to heat engine 


Q= Heat given 
to sink 


convert the heat of the source into useful work it is necessary for it to 
go through a cycle of operations. This is possible if the working 
substance first absorbs a quantity Q of heat from the source, does 
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some useful mechanical work W and finally repeat the “left over” extra heat Q’ to the sink and return back 
to its original conditions to again go through same cycle of changes. The work done, 1s therefore equal to 
heat utilized 1.e (Q—Q’). So that the efficiency n ofthe engine is 





|=—_= SS 


w 2-2 fi 4 
Q Q Q 


It is clear that a engine will have 100% efficienty only if Q’ = 0 1.e engine works without rejecting any heat 
to sink. Human experience forbid such a possibility because if it were possibvle. It would result in producing 
perpetual motion of second kind. 

The Carnot Engine 


The first hypothetical engine was constructed by Sadi Carnot in 1824. For 


working of sucha engine, the engine has to extract a certain quantity of heat ay i 
from the source convert a part of it to work and to reject the balance to a Insulators 
heat sink. To get useful work done heat must pass from the source to the 
sink through the working substance. 
These considerations led him to think ofthe following ideal arrangement for 
his engine. 
Perfect 
The working substance is contained in a cylinder closed by a perfectly fitting Conductor 


but completely frictionless piston. The piston and the cylinder walls are 
assumed to be perfectly heat insulating materials; the base of the cylinder is however perfect conductor. 
The heat source S, is suppose to be capable of suppling any amount of heat without any change in its 
constant temperature T. Similarly the heat sink S, can take in any amount of heat without any change in 
constant temperature T. Both the source and the sink are 
S; S3 S; supposed to have perfectly conducting tops. Further to seal 
the base ofthe cylinder as and when needed, we are also 
equipped with a perfectly insulating cap S, which can exactly 


T, T, fit the base of the cylinder. 
Let the cylinder be initially placed with it base in contact 
í í with the heat source so that the gas init is at the temperature 


T. The condition ofthe working substance in it (a perfect 


Heat Per fect Heat gas) will then be represented by some point A on the 
Source Insulating Sink > 
Cap indicator diagram. Now let the following steps of cyclic 


operations be performed. 


(i) | With the cylinder placed in contact will S, let the pressure on the piston be decreased slightely so 
that the gas in it undergoes a slow expansion. The expansions assumed to take place so slowly that 
the heat absorbed by the gas from the source keeps pace with the work done by it and the temperature 
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of the gas stays constant. The isothermal 
expansion of the gas is, therefore a 
reversible process. Ifthe gas is assumed 





to expand up to a condition represented C 
by a point B, it will do an amount of work 
equal to area ABba (see figure). This 
work is equal to the heat absorbed Q 
from the source during isothermal S; 
expansion. eit Heat 
. . . . Source Insulating Sink at Insulating 
(i) The cylinder is now placed in contact Teip. Gap a Gap 


with the insulating cap S, and the pistorn 

is allowed to expand by intertia. This 

expansion now take place without any heat entering or leaving 

the system 1.e under adiabatic conditions. The expansion is 
allowed to continue till the temperature of the gas falls to a value 

T,; the temperature of the sink. The final state of the gas is P 
represented by a point C on the indicator diagram so that the 

gas does a work represented by the area BCcd during the | 





adiabatic expansion. 





O, ; Isothermal 
(i) The cylinder is next placed on the heat sink S, and the pressure Oi Compression 
on the piston is increased very slowly. During the compression 3 ; at Temp. T, 
work is done on the gas and theheat developed is passed on to a d b c 


the sink. Again as in the first step, the work done and heat 
developed are supposed to keep pace with each other so that 
the temperature ofthe gas stays constant at the value T,. The gas is thus made to undergo an 
isothermal conpression in a reversible fashion and its final state at the end ofthis step is represented 
by a point D on the indicator diagram. The work done on the gas in this step is represented by the 
area CcdD and this is equal to the heat Q’ rejected to the sink. 


(iv) Finally the cylinder is again placed on the insulating stand S, and the gas in it is slowly compressed till 
it is restored to its original condition represented by the point A. The compression again takes 
without any transfer of heat either way 1.e under adiabatic conditions. Its temperature will therefore 
rise and the compression is continued till the temperature again risen back to the value T, the 
temperature of source. The compression is again assumed to be done very slowly 1.e in a reversible 
fashion. The work done on the gas during the adiabatic compression 1s equal to the are a DdaA. 


Thus we find that by the above mentioned steps, the working substance is exactly restored to its original 
condition and can, therefore, be made to undergo the same cycle again. During this cycle an amount of heat 
Q has been absorbed from the source and an amount Q’ rejected to the sink. The net work done by the 
gas during one cycle is the difference of work done on it and the work done by it. This is clearly see to be 


W = Area ABba + Area BCcb — Area CcdD — Area DdaA = Area ABCD 
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This work done is equal to the difference heat absorbed Q and the heat rejected Q’ by the working 
substance during one cycle. 


The efficiency n of the engine is therefore 


oe ie 
Q Q Q 
Assuming the gas to be perfect, it can be shown that the efficiency of cannot engine is 
Q T, 


The Refrigerator — The Carnot Cycle in Reverse 


We have seen that the function ofa heat engine is to absorb heat froma 
source at ahigh temperature, convert a part of it to work and reject the 
rest of it to a heat sink. Let us now image a cycle carried in reverse. Let 
there be a device that absorbs some heat a lower temperature, has some 
work done on it and rejects a large amount at a higher temperature.A 
device that performs a cyclic operations in this manner is called a 
refrigerator and the system undergoing a cycle a referigerant. 


Source 
at temp. T, 


Q=Q+W 
= Heat given to 


source at 
temp, I, 










W = Work done 
on refrigerator 


Since the carnot cycle is performed through steps that are perfectly 
reversible. It can be traversed in the reverse order in the order ABCBA. 
When the process is carried out in this way, we have what may be called 
a Carnot refrigerator. Here an amount of heat Q’ is taken from the sin k 
and on amount of heat Q given to the source. 


Q= Heat extracted 
from sink at 
temp T, 


Sink at 
lower temp. T, 





TFT 


In this case an amount ofwork equal to area ABCD will be done on the 

working substance. The refrigerator is thus a device that is capable ofpumping out heat from a cold body 

as a result of the work done on its working substance. The effectiveness of a refrigerator can, therefore be 

measured by the ratio of heat Q’ pumped out from the cold body to the work (Q—Q’) done on the 

machine. This ratio 1s called the coefficient of performance. Hence the 

Co-efficient of performance ofa refrigeration = _Q_ = = 
Q-Q' T, 7 I, 


Example—6: 


A Carnot cycle is performed by air initially at 327°C. Each stage represents a compression or 
expansion in the ratio 1:6. Calculate (i) the lowest temperature and efficiency of the cycle. 


Given y= 1.4 
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Solution: 


v | 
Here T, = 327 + 273 = 600 K and =" a. 
2 


We know that T,v? =T, v” 


1 
E y-l 1 1.4-1 
I, = 2 x I = =) x600 = 293 K or 20°C 
V, 6 


T 293 
ii) Efficiency n = 1- — =1——— = 0.512 
(1) yn T o 


or n=51.2% 
Example—7: 


A Carnot engine has its source at 100°C and the sink is maintained at a constant temperature 
0°C by means of ice. If the engine is working at the rate of 100 watt, how much ice will melt in one 
minute? Specific latent heat of ice is 333x10° J/Kg 


Solution: 


T 
The efficiency of carnot engine is given by n = 1-— 
1 


T2 = temperature of sin k = 0+273 = 273° K 
T= temperature of source = 100+273 =370°K 
W 273 \ 100 
n = n |= ea E 
373) 373 


Now W = work done by the engine = 100 J/s 
Q = heat absorbed from the source = 373 J/s 


Let Q’ be the heat rejected to the sin k 


T 
Since Q = — we have 


Q' T, 
T, 273 
' = — Q = — x 373 = 273 J /s 
Q T Q 373 


1 


Heat rejected tothe sink in one minute. 273x60 = 16380 J 
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16380 


Hence mass of ice merted in one minute = 


Example-8: 


A carnot engine having a perfect gas as the working substance is driven backward and is used 
for freezing water already at 0°C. If the engine is driven by a 500 watt electric motor having an 
efficiency of 60% how long will it take to freeze 15 Kg of water. Take 15°C and 0°C as the 
working temperatures of the engine and assume that there are no heat loses in the refergerating 
system. 


Specific latent heat of ice = 333x10° J/Kg 


Solution: 


The effective power of the motor used to drive the engine is 500 x a watt = 300 watt 


Since the latent heat of ice is 333x10° J/Kg the heat energy that must be extracted to freeze 15 Kg of 
water at °C = 15x333x10° 


= 50.05x10° J 
Now the co-efficient of performance ofa Carnot engine working as a refrigerator 


Epe CUE ORO oe 
Work done on the machine Lei, 288-273 15 





The work done on the machine is 300 J/s. Hence the heat pumped out from the cold water per second 


iz, 300 J — 5460 J 


The total heat that must be pumped out is 50.05x10° J. Hence the time taken for the entire process is 


— 50.05 10° 
5460 


= 15.28 minute 


Example-9: 


Two Carnot engines A and B are operated in series. The first one A receives heat at 800 K and 
rejects to a reservoir at temperature T. The second engine B receives the heat rejected by the 
first engine and in turn rejects to a heat reserved at 300. Calculate T when the outputs of two 
engines are equal. 


Solution: 


We have T, = 800 K and T, =T K (Say) for the engine A. 
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L 800 
Also allee 
Na = T T 
' i T 
Further a =—4 = —_ 
Q T 800 


Workout by the engine A, w, is 


Q' 
AT XAT a ~ tla MN, =l- 
Wa =Q =Q, = Ng XQ n J 
T 
A € Z jo 
Jeh S 
Ng = I T 


and Ww,=Q-Q'=n, 


wa =Q -Q =, XQ, = (1-2 Jo, 


Since the engine B absorbs the heat rejected by the engine A so Q, =Q, 


wy=(1-2? Jo, 


When the output of the two engines are equal we have w, = w, 


300 \ Q 300) T 
T nida Se, 
(1- Zoo) Q -(1- |e C x) L 
Solving we get T = 550 k 


Example-10: 


A reversible engine converts one sixth of heat which it absorbs from source into work. When the 
temperature of the sin k is reduced by 82°C its efficienty is doubled. Compute the temperature 
of source and heat of sink. 


Solution: 


Let T, K and T, K be the temperature of source and sink respectively. IfQ_ is heat absorbed and Q, heat 
given back to sink, the efficiency n of the engine is 
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T 
Sj 
n T, 
1 T-T 
or == 
6 T 


or T, =6T,-6T, or 6T,=5T 


6 
Ls £) Bo a (1) 
When the temperature of sin k is lowered by 82° i.e 355 K, the efficiency is doubled 
1 1 
V n=2x—=-— 
a 6 3 


Let T, be the new temperature of the sink obviously T, = T, — 355 


, T, =355 
nizl——2 or E ) 
T 3 T 
or 3T, =2T, +1065 u (2) 


From equation (1) and (2) we get 


OG -2x(Ś)r, +1065 or = =1065 


2 
i; DA e and T, =2x1775 =2130K 


Example-11: 


The ice in a cold storage melts at the rate of 2 Kg per hour when the external tempere is 20°C. 
Find the minimum power output of the motor used to drive the refrigerator which just prevents 
ice from melting. Latent heat of fusion of ice = 80 Cal/g and J = 4.2 J/Cal. 


Solution: 


The co-efficient of performance of a refrigerator is given by 





peg 2 
W T-T, 
273 273 


O = ——— = ——_ 
293-273 20 
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Also in the relation = Q2 , Q, is the quantity of heat which should be taken out by the refrigerator to 
W 


prevent the melting of2 Kg ofthe per hour at 0°C. 


Q, = 2x1000 x80 i d 
3 60x60 0x60 cal per secon 
Hence we have 


_ 273 _ 2000x801 


Q=—= 
20 3600 W 


_ 20x 2000 80 _ i3 60 watt 
273x3600 
or we H.P=0.18 H.P 
746 


The Second Law of Thermodynamics 


We have already seen in our discussions that whereas work may be totally converted into heat, the converse 
is not true. This fact has been referred to as one sided convertibility by Willard Gibbs. 


These facts concerning of heat into work have now been embodied in the form ofan important principle 
ofnature. This principle is called the second law of thermodynamics and has been stated in a number of 
different forms all of which can be shown to be equivalent to one another. 


Kelvin and Planck stated the second law of thermodynamics as follows: 


It is impossible to construct an engine that operating in a cycle, will produce no effect other than extraction 
of heat from a reservor and the performance ofan equal amount of work. 


Clausius stated the Law as follows: 


It is impossible for a selfacting machine un aided by any external agency to convery heat from one body to 
another at a higher temperature or heat cannot by itself pass froma colder to a warmer body. Ostwold 
stated the law thus: it is impossible to have perpetual motion ofthe second kind. 


The great significance of the second law of thermodynamics that it provides us answers to question which 
the first law has left unanswered. The second law tell us the natural direction of heat flow from a hotter to 
a colder body. It also guides about the way heat can be converted into work and the limits of such a 
conversion. It 1s, infact, tells us heat energy is unique in a way because unlike other forms of energy, it can 
be utilized under specific conditions and that too partly. 


The second law of thermodynamics is purely based on observations and facts summarizing our experience 
in the process of converting heat into work. We, however have a very deep rooted facth in the varidity of 
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his law for no machine has been devised which works in violation of this law. Indeed all the deductions and 
predications made on the basis of this law have stood the test of time and experiments. No wonder then 
that the second law of thermodynamics 1s now regarded as universal law of nature. 


Cornot’s Theorem 


The Cornot’s theorem states: 


It is not possible to have any heat engine more efficient than a reversible Source 
Carnot’s engine between two given temperatures. at T,°K 


To prove Carnot’s theorem let us consider two heat engines A and B 
working between temperatures T, and T,. Let Abe the reversible Carnot’s 
engine and B any other engine. If possible let B be more efficient than A. 


L.e. Ng > Na 
W Wa 
But Np =— and Na =- 
B Q A Q 
W, > W, 


Let us now combine engine A and B as shown in figure. We use B as a 
heat engine and A as a referigerator. The engine B working as a heat 
engine extracts heat Q from source at temperature T, does work and 
reject heat Q’ = Q-W, to sin k. From the work W, done on engine A 





and it use as a refrigerator. [Since Ng > 1,4, therefore W, > W,]. Engine A working as refrigerator 


extracts heat Q, from sink at temperature T, K and gives heat Q to source at temperature T, K. The net 


effect of this combined machine 1s to extract heat. 


Q, —Q'= (Q - W, ) — (Q — W, ) = W- W, from the sink. The net work done by the machine is 
W,, -W, from single body sink and converts the whole of it into work without producing any change in the 
source or surroundings. This is against the second law of thermodynamcis. Hence our assumption ng > Na 


must be wrong. In other words no heat Cornot engine can be more efficient than a reversible Carnot’s 
engine. 
PROBLEMS FOR PRACTICES 


1. | Calculate the work done by the gas whose thermodynamical behaviour is represented by right 
angled triangle ABC on P—V diagram. The P—V co-ordinates are A (20, 0), B (10, 12) and 
C (10, 6) when P is in Nm” and V is in m”. 


Ans.: 30 J 
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One mole of an ideal gas undergoes a cyclic change ABCD where the P—V co-ordinates are 
A(5, 1), B (5, 3), C (2, 3) and D (2, 1). P is in atmosphere and V is in litres. Calculate the work done 
along AB, BC, CD and DA and the net work done in the process. Given a atmosphere = 1.01 10° 
Nm’. 

Ans.: 10.0 J, 0, 404 J, 0 and 606 J 


Calculate the change in internal energy of a block of copper of mass 200 g when it is heated from 
25°C to 75°C. Given specific heat of copper = 0.1 Cal g' C+. Change in volume can be concidered 
to be reversible. 


Ans.: 4200 J 


At 0°C and normal atmospheric pressure, the volume of 1g of water increases from 1 cm? to 1.091 
cn? on freezing. What will be change in its internal energy. Given 


Latent heat of melting of ice = 80 Cal g' and normal atmospherric pressures is 1.01310° Nm”. 
Ans.: —80 Cal 


A volume of 10 n” ofa liquid is supplied with 100 K cal of heat and expands at constant pressure of 
10 atmosphere to a final volume of 10.2 m’. Calculate the change in internal energy. 


Ans.: 52 K cal 


An electric heater supplies heat to a system at a rate of 100 W. If system perform work at a rate of 
75 joules per second, at what rate is the internal energy increasings? 


Ans.: 25 W 


A Carnot engine is designed to operate between 600 K and 300 K. The engine is observed to 
produce 1.96 KJ of mechnical energy per killo calorie of absorbed heat. Compare the actual and the 
practical efficiency of the engine. 


Ans.: 50%; 47% 


A reversible engine takes in heat from a reservor of heat at 527° and gives out heat to the sink at 
127°C. How much heat per second must it take from reservor in order to produce useful work at the 
rate of 750 watt. 


Ans.: 1500 J 


A reversible heat engine operates with as efficiency of 50%. If during each cycle it rejects 150 Cal to 
areservor of heat at 30°C then (1) what is the temperature of other reservor and (11) how much work 
does it caring out per cycle. 


Ans.: (i) 333°C (ii) 630 J 
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10. 


In a heat engine the temperature of the source and sink are 500 K and 375 K. Ifthe engine consumes 
25x10° J per cycle find (1) the efficiency of the engine (11) work done per cycle and (iii) heat related 
to the sink per cycle. 


Ans.: 25%, 6.25x10° J, 18.75x10° J 


A Carnot cycle operating between T, = 500 K and T, = 300 K producing | KJ of mechanical work. 
per cycle. Find the heat transferred to the engine by the reservoirs 


Ans.: Q, = 2500, Q, = 1500 J 


A Carnot engine has its source at 100°C and the sink is maintained at a constant temperature by 
means of ice. Ifthe engine is working at the rate of 100 watt, how much ice will melt in one minute? 
Specific latent heat of the 333x 10° J/Kg. 


Ans.: 4.92x107 Kg 


A reversible engine converts one sixth of the heat input into work. When the temperature of the sink 
reduced by 62°C, its efficiency is doubled. Find the temperature of the source and the sink. 


Ans.: 1737°C, 1402°C 


A Carnot cycle is performed by 1 litre of air (y = 1.4) intially at 327°C at a pressure of 12 atmosphere. 
Each state represents a compression or expansion ratio 1.6. Calcualte the lowest temperature and 
efficiency of the cycle. 


Ans.: 20°C, 51.1% 


In a referigerator, the motor is 1 kw power and heat is transferred from —3°C to 27°. Find the heat 
taken out of the refrigerator per second assuming its efficiency is 50% of a perfect engine. 


Ans.: 19 KJ 


A freezer has a coefficient of performance 5. When 3.6x10° J work is done on the freezer, 
what is the mass of water at 0°C converted into ice cubes at 0°C? Latent heat of fusion of 
water = 80 K cal/Kg. 


Ans.: 53.5 Kg 


In a refrigerator heat from inside at 277°K is transferred to a room at 300°K. How many joules of 
heat shall be delivered to the room for each joule of electric energy consumed ideally? 


Ans.: 13.04 J 
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10. 


11. 
12. 


13. 


14. 


Key Learning Points 


Heat and temperature may be considered as related to each other as ‘cause’ and ‘effect’. 


Maxwell has defined temperature as the thermal state of a body with reference to its ability to 
communicate heat to other bodies. 


In thermodynamics we distinguish clearly between a system and its surroundings. 


We generally take the pressure and volume and temperature ofa system as the thermodynamic 
variables. 


The concept of thermal equilibrium is used to define temperature. 


According to the zeroth law of thermodynamics two systems which are individually in thermal 
equilibrium with a third one are also in equilibrium with each other. 


The temperature ofa system is a property which enables us to decide whether this system would or 
would not be in thermal equilibrium with another system. 


In thermodynamics the term work refers only to external work, internal work has no place in 
thermodynamics. 


The work done during an isothermal expansion ofan ideal gas is given by W = 2.303 nRT log, W ) À 
1 


The work done during an adioabtic expansion ofan ideal gas is given by 


k 
W = ro — P; V; ) 


In an isochoric process v is constant so no work is done on it or by the gas. 

In an isobaric process p is constant and the work done by the gas to given by 
W= p(v, —v,) = nR (T, -T,) 

The equation of state for an ideal gas having n mole can be expressed as 
Pv=nRT 

For an adiabatic change 1s given by 
Py’ =constant 


The performance ofan adiabatic work W cause the internal energy of a system to change from u, to 
a value u, such that 


W=u,-uU. 
1 
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The internal energy ofa system is a characteristic function ofthe given state ofthe system. 


According to the first law of thermodynamic the increase (Su) in the internal energy of the system is 


equal to the sum of the work done on the system (= —dw ) and the heat (SQ) added to it 
du = ÒQ + (—dw) 
OQ = du + ÒW 


Thermodynamics processes can take place under isothermal (8T = 0) adiabatic (SQ = 0) , lsochoric 
(Sv =0) and isobaric (SP = 0) conditions. 


A given set of cyclic changes constitutes a revesible process ifit 1s made up a succession of reversible 
changes so that the cycle when traced in the reverse order re-establishes the initial state of working 
substance. Natural processor are generally irreversible. 


The first law does not tell us anything about the direction of heat transfer. To overcome this limitation, 
the second law of the thermodynamics was formulated. 


Heat engines are devices that convert heat into work. They are made up of three essential parts (1) a 
working substance (11) a reservoir of heat and (111) a heat sink. 


The efficiency n ofa heat engine 1s defined as 


where Q and Q’ are the heat taken in from the source and the heat rejected to the sink. W is the 
work done by the engine. 


Sadi Carnot suggested (1824), the essential details of a hypothetical ideal heat engine its efficiency 
was shown to be given by 


where T and T’ are the (constant) temperatures (K) of heat source any heat sink respectively. 


The refrigerator may be regarded as a heat engine in reverse. Its co-efficient of performance is 


Q-Q' 


where Q’ and Q are the heats pumped out from the cold body (sink) and given to the (hotter) 
surrounding (source) respectively. 


defined by = 
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23; 


24. 


' 


For an ideal refrigerator co-efficient ofperformance = T_T 


According to second law of thermodynamics. It is impossible to construct an engine that operating in 
cycle will produce no effect other than extraction of heat from a reservoir and performance of equal 
amount of work. 


OR 


It is impossible for a self acting machine unaided by an external agency to convey heat from one 
body to another at a higher temperature or heat cannot by itseft, pass from a colder to a warmer 
body. 


The two statements can be shown to equivalent to each other. 


According to Carnot theorem: It is impossible to have any heat engine more efficient than a reversible 
Carnot’s engine, working between two given temperatures. 
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Work done by the Gas 


1. One mole of ideal gas in a cylinder is compressed reversibly by increasing the pressure 
from 1 atm to 10 atm at a constant temperature 500 K. The work done on the gas during 


compression is 


(given R = 8.3145 J mol” K”) 


(1) —4160J 
(2) +4160) 
3) —9570J 
(4) +9570) 


Correct answer: (4) 


Solution: 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 


As given the process is an isothermal process, work done by n moles of gas expands or contracts reversiblly 


from v, to v, volume at constant temperature T is given by 


W -nR n{ _ (1) 
MG 
As PV = constant for isothermal process, we have P.v, = P.v, 
aoe 
YP (2) 
From (1) & (2) 


W =nRT fn 2) 


f 


W”, work done on the gas =—W, work done by the gas 





W = -nRT mf P, 


f 


= —] x 8.3145 x 500 én Z) 
10 


=-—1x8.3145x500(—n10) =8.3145x500x2.303log,10 


= 9570 J 
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Work done on the system in positive; as system gains heat energy during compression. 


Hence option (4) is correct. 


Difficult 


Unit-8 : Thermodynamics 


Work done by the Gas 


2. One mole of a monoatomic ideal gas in taken along a cyclic process E — F >G > E. The 
processes involved are purely isochoric, isothermal and isobaric respectively. The amount 


of work done from F -»G is 


(1) 
(2) 
(3) 
(4) 





24 PV, (Incorrect) 
3 1P,Vo (Incorrect) 
36 P Vo (Incorrect) 
160P v, 4n’ (Correct) 


Correct answer: (4) 


Solution: 


o. . l 
As F — G is isothermal process, ‘T’ is constant so, P « — and Pv = constant 


PV, =P V, =32P,v, = P,vo 


J. V, =32V, 


Work done by the gas in isothermal process is W = nRT fn 2) 


32v 
nazr fn | [as Pv=nRT & n= 1] 


y 


V. 


1 








Vo 


= 32 P v, @n25 =32x5P,v, n2 =160 P v, n2 


Hence option (4) is correct. 
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Unit-8 : Thermodynamics 
Difficult Work done by a Gas 


3. An ideal gas expands isothermally from a volume v, to v, and then compressed to original 
volume v, adiabatically. Initial pressure is P, and final pressure is P.. If W is the total work 
done in the process, then we have 


(1) P,>P,,W>0 (Incorrect) 
(2) P,<P,,W<0 (Incorrect) 
(3) P,>P,,W<0 (Correct) 
(4) P,=P,,W=0 (Incorrect) 


Correct answer: (3) 
Solution: 


For isothermal process we have Pov 





y 
or P= =B an l 

~ k P 
For adiabatic process 

P. V’ =P, V} 

Y 
y 

or P ata eee (2) 


as y > | from(1) & (2) 

Hence P, <P, 

As slope ofadiabatic curve is greater than that of isothermal process curve as shown in the P—v diagram. 
— Area under adiabatic curve > Area under isothermal curve. 
— Negative work > Positive work (as seen from P—v diagram). 
— Total work done W> 0. 

Hence P, > P, W <0. 


Hence opton (3) is correct. 
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Unit-8 : Thermodynamics 


Difficult Work done by the Gas 


4. Inaprocess v œ T’, temperature of 2 moles of a gas in increased by 200 K. Work done by 
the gas in this process will be 


(1) 600R (Incorrect) 
(2) 800R (Correct) 
(3) 1000R (Incorrect) 
(4) 1200R (Incorrect) 


Correct answer: (2) 
Solution: 


Given v œ T? 


*. v=aT’ (where a is constant of propationality). 


sdv=a2TdT 2 2 2 (1) 
pep — ng (2) 
V aľ aT 
From (1) & (2), we have 
Pdv = 2nRdT 


D 
w = | Pdv = | 2nRdT = 2nR (T, -T, ) =2x2xRx200 


T 


= 800 R 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Average Work done by a Gas 


5. | V-T graph of an ideal gas is shown in the figure. Work done by the gas in complete cyclic 
process ‘abcda’ is 
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(1) zero 

(2) negtive 
(3) positive 
(4) nRT én = 


Va 


Correct answer: (2) 


Solution: 
W= W,, = 0 as v is constant [isochoric process] 
V, 
Wa =nRt, fn V [isothermal process] 
d 








W., = nRt, én| 2 | =-nRT, | 2 
V Va 


Work done by complete cycle = W, + W,. 





n=R(T, -T,) ol 


d 


As T, >T. Work done is negative. 


Hence option (2) is correct. 
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(Incorrect) 
(Correct) 


(Incorrect) 


(Incorrect) 


Carnot Cycle 


6. During which of the following process does heat rejection takes place in Carnot cycle: 


(1) Isothermal expansion 
(2) Adiabatic expansion 

(3) Isothermal compression 
(4) Adiabatic compression 


Correct answer: (3) 
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Solution: 


A carnot cycle is a combination of isothermal expansion and compression and adiabatic expansion and 


compression. The cycle is carried out in four stages: 
First stage isothermal expansion 

Second stage adiabatic expansion 

Thrid stage isothermal compression 


Fourth stage adiabatic compression 


During third stage, the place the gas in contact with cold reservoir and do an isothermal compression. In 


compression of the gas, work in done on the gas. As temperature is constant, dv =0. Hence dw = d9, 


‘dQ’ amount given out to thecold reservorr. 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 


Average 


Carnot Engine 


7. A carnot engine operating between temperatures T, and T, has efficiency (%) . When T, is 


lowered by 62 K, its efficiency increases to (4) . Then T, and T, are, respectively 


(1) 310K, 248K 
(2) 330K, 268 K 
(3) 372 K,310K 
(4) 372 K, 330K 
Correct answer: (3) 


Solution: 


T 
Efficiency 'n' of carnot engine is given by n =1-— 


T, 
1. T 
oe, pm 
ca (1) 
T, 1 5 
et 2 
ro F a (2) 


When T, is lowered by 62 K then 
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l _ (7, -62) 
3 T 
T,-62_, 1 2 
7 ar (3) 
T,-62 2 
From (2) & (3), we have 6 ~3 
52 
5(T,-62) 2 
6T, 3 


5T, -310 = 4T, > T, =310K 


6x310 -37K 





From equation (2) we have T, = 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 
Average Carnot Engine 


8. Acarnot engine whose sink is at 300 K has an efficiency of 40%. By how much should be 
temperature of source be increased so as to increase its efficiency by 50% of original 


efficiency? 

(1) 380K (Incorrect) 
(2) 275K (Incorrect) 
(3) 325K (Incorrect) 
(4) 250K (Correct) 


Correct answer: (4) 
Solution: 


Efficiency ofa carnot engine is given by 


T 
E 
n T, 
T 4 
e Ba 
T 100 5 


369 


UDOON 


A program to give wings to girl students 


> T =2xT, = Žx300=500K 


Increase in the efficiency = 50% of 40% =20% 
Now new effieiency = 40% + 20% = 60% 


600 _,_ hb 
Hence 100 T 

T _,_ 09 _2 
“ TT 100 5 


> T =2xT, = +300 =750K 


(where T, is new temperature of source) 


Increase in the temperature of source is T, — T, = 750-500 = 250K 


Hence option (4) is correct. 


Unit-8 : Thermodynamics 


Difficult 


Carnot Engine 


9. Acarnot engine used first an ideal monoatomic gas ‘x’ and then another ideal monoatomic 
gas ‘y’. If the source and sink temperatures are 401°C and 64°C respectively and the 
engine extracts 1000 J of heat in each cycle, then area enclosed by P—v diagram is: 


(1) 1005 
(2) 300) 
3) 5005 
(4) 7005 


Correct answer: (3) 


Solution: 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 


Efficiency of carnot engine does not depend upon the nature of the gas; but only on the temperature of 


source and sink. 


Let T be the source temperature and T, the sink temperature 


Then we have n = 1 3 
1 
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Ww _ T, — L, 
Q T 
Given T,= 401°C = 674 K T, = 64°C = 337 K 


Ter 674-337 337 
>W =Q | + | =1000) ———_! =1000x |— = 
J T í 674 l “674 a 


1 





or 


Area enclosed by P—v diagram = Net work done = 500 J 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 


Easy Refrigerator 


1 
10. A refrigertor with coefficient of performance 3 releases 200 J of heat to a hot reservoir, 


then the work done on the working substance is: 


(1) = J (Incorrect) 

(2) 400 J (Incorrect) 
3 

(3) 50J (Incorrect) 

(4) 1505 (Correct) 


Correct answer: (4) 
Solution: 
The coefficient of performance ofa refrigerator is given by: 


Q_ Q 


PW Q,-Q, 


where Q, = amount of heat released to the hot reservoir 
Q, = amount of heat extracted from the cold reservoir 


W = work done on the working substance 
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l 
Given =| Q, = 200 J 
pl Q 
3 200-Q, 
>Q, =50 J 


as W=Q,-Q, =500—-50=150 J 


Hence option (4) is correct. 


Unit-8 : Thermodynamics 


Average Refrigerator 


11. The temperature of inside and outside of a refrigerator are 270 K and 303 K respectively. 
Assuming that the refrigerator cycle is reversible, for every joule of work done the heat 
delivered to the surroundings will be nearly: 


(1) 105 (Correct) 
(2) 205 (Incorrect) 
(3) 30J (Incorrect) 
(4) 505 (Incorrect) 


Correct answer: (1) 





Solution: 
As coefficient of performance B = a 
p-— 
Ta 7 T 


Given i= 270K 
D 373 K 
and W=1J 


Q, 270 270 


1 303-273 30 
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Hence the heat delivered to the surroundings Q,=Q,+W=9+1=10J. 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Easy Thermodynamical Processes 


12. A graph of pressure versus volume (P—v diagram) for an ideal gas for different processes 
in as Shown. In the graph curve OB represents: 


E 
O A 
B 
C 
y 
(1) isochoric process (Incorrect) 
(2) isothermal process (Incorrect) 
(3) isobaric process (Correct) 
(4) adiabatic process (Incorrect) 


Correct answer: (3) 

Solution: 

In the graph: 

Curve OA represents isobaric process as pressure in constant. 


As the slope of adiabatic process is more sleeper than isothermal. Hence curve OB represents isothermal 
process. 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 
Average Adiabatic Process 


C 
13. A motor car tyre has a pressure of 2 atmosphere at 27°C. It suddenly brusts. If Ee =1.4 
for air, then the resulting temperature is: y 
(1) 27K (Incorrect) 
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(2) 27°C 
(3) -27C 
(4) 246°C 


Correct answer: (3) 
Solution: 


As process is adiabatic 


T'y'? = constant 


or rp) = constant 


or Tpi) = TP”) 


(x) 04/ 
P l 
or T,=T|— -300{ 5] = 
2 1 P, 2 


= 246 K = -27°C 


Hence option (3) is correct. 





(Incorrect) 
(Correct) 


(Incorrect) 


Unit-8 : Thermodynamics 


Average 


Adiabatic Process 


14. The relation between U, P and v for an ideal gas in adiabatic process is given by relation 
U =a+bPv, symbols having usual meaning. The value of adiabatic exponent (y ) of this 





gas is 
b+1 
fe 
O 
(2) b+ 
a 
at] 
y ee 
G) > 
4 a 
e a+b 


Correct answer: (1) 


(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 
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Solution: 


As U=a+Pv 
we have dV = b(Pdv + vdP ) 


In adiabatic process dU = -dW =- Pdv 
Substituting in above equation we get 


(b+1) PdV + b(VdP) =0 


(Pat) dP 
—__ |—_+—=90 


b /V P 


b+] 
Intergration we get yi i = constant 


or) 
i 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Average P-y diagram (Indicator Diagram) 


15. For one mole of a monoatomic gas, the slope of P—v diagram in adiabatic process Is: 


RT 
(1) ye (Incorrect) 
P 
(2) -3 (Incorrect) 
V 
5 RT 
3) --— Incorrect 
(3) T ( ) 
5 RT 
(4) 3 y2 (Correct) 
Correct answer: (4) 
Solution: 
| ae yP 5P 
Slope of P—V diagram in adiabatic process. = Vo 3y0 o (1) 
RT 
For one mole of ideal gas, we have P = na 
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RT 
Pa r— 2 
v (2) 
From (1) & (2) 
MOI O 5 RT 
Slope of P—v diagram in adiabatic process = — ae 


Hence option (4) is correct. 


Unit-8 : Thermodynamics 
Average Elasticity 


16. One mole of an ideal gas goes from an initial state A to final state B via two processes. It 
first undergo isothermal expansion from v to 3v and then its volume is reduced from 3v to 
v at constant pressure. The correct P—v diagram representing the two processes is given by 
graphs maked as L,M,N, O respectively . The correct graph is given by 








d) L (Incorrect) 
(2) M (Correct) 
3) N q (Incorrect) 
(4) Q (Incorrect) 
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Correct answer: (2) 


Solution: 


First: As process is isothermal expansion (A — C) T constant 







=> PV = constant 
Isothermal 
expansion 


l 
> Pa T Boyle’s law 


P 
or Pv=P,3V) > P= = 


Second: C — B is isobaric process P is constant 





|. en, © 
Hence graph is a straight line parallel to harizontal axis. 
Hence, graph of option (2) is correct as shown here. 
Unit-8 : Thermodynamics 
Average P-yv Diagram 


17. Figure illustrates a cycle conducted with n moles of an ideal gas. In the states a and b the 
gas temperature are T and T; respetively. Temperature of the gas in the state C is: 


E 
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(1) TT, (Correct) 
(2) T+T, (Incorrect) 
TT, 
(3) 7 LT (Incorrect) 
(T, +T, ) 
(4) Ta (Incorrect) 


Correct answer: (1) 


Solution: 
As PV =nRT, we have T = EY 
nR 
P °P 
T, = FoVo and T, = Tou 

nR n 
T 

> x= |2 
T, 


2 
xP V T 
Now T = 4—2 =| | |T =J/TT 
c nR Eh ai 


a 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Easy First Law of Themodynamics 


18. The internal energy of a gas is given by U = 3PV. It expands from V, to 2V, against a 
constant pressure P, 


The heat absorbed by the gas in the process is 


(1) Pov, (Incorrect) 
(2) 2P.v, (Incorrect) 
(3) 3P.V, (Incorrect) 
(4) 4P.v, (Correct) 


Correct answer: (4) 
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Solution: 
Work done dw = Pdv =P (V, - v) =P2V,-V,)=P)V, wee (1) 
Change in internal energy dU = U,- u, 

GU = SPV )=OPV, = oF Vv, Sais (2) 
According to first law of thermodyanmics 

dQ = dU + dw 
or = dQ = 3P, V, + P.V, 
From (1) & (2), we have dQ = 4 P V, 


Hence option (4) is correct. 


Unit-8 : Thermodynamics 
Easy First Law of Thermodynamics 


19. When a system is taken through initial state i to final state f through ibf, 80 cal of heat in 
absorbed by the system and 60 cal of work in done by it. If the system is taken through iaf, 
30 cal of heat is absorbed, then the work done by the system is 





(1) 10cal (Correct) 
(2) 20cal (Incorrect) 
(3) 30cal (Incorrect) 
(4) 40cal (Incorrect) 


Correct answer: (1) 
Solution: 


According to first law of thermodynamics 


d0 = dU + dW 
For the process ibf, we have 80 = dU + 60 
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or dU=20 Cal. 

Since dU is independent of path taken, the internal energy change is same for both the paths ibf and iaf. 
Hence for iaf 

dW = d0 -dU = 30-20 = 10 cal 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Average First Law of Thermodynamics 


20. An ideal gas with adiabatic exponent y is heated at constant pressure. It absorbed ‘Q’ 
amount of heat. The fractions of heat absorbed in raising the internal energy and performing 


the work is: 
l 

(1) = (Correct) 
l 

(2) y (Incorrect) 
l 

G) —- (Incorrect) 
T 

(4) y (Incorrect) 


Correct answer: (1) 

Solution: 

At constant pressure heat absorbed by the system is: 
dQ = nC,dT 

and internal energy dU = nC dT 


Therefore fraction My = ne, dT — C, — 1 
dQ nC,dT C, y 








From first law of thermodynamics 


dQ = dU+dW 


dw _dQ-dw_, duU_, 1 


dQ dQ dQ r 


Hence option (1) is correct. 


or 
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Unit-8 : Thermodynamics 


Average First Law of Thermodynamics 


21. An ideal gas is taken from state P to state Q and then to state R. If the process P > Q is 
adiabatic and Q — R is ithothermal; then the true statement about the change in temperature 
AT and heat Q transferred during P >Q. 





(1) AT>0 Q>0 (Incorrect) 
(2) AT<0 Q=0 (Correct) 
3) AT=0 Q=0 (Incorrect) 
(4) AT=0 Q<0 (Incorrect) 


Correct answer: (2) 
Solution: 
As the process P — Q is adiabatic expansion Q = 0 
As dQ=dU+dW => dW=dU 
Also in adiabatic process 
Tv’! =constant 
As volume increases, T decreases + AT <0 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Difficult First Law of Thermodynamics 


22. One mole of a monoatomic ideal gas undergoes the process A — B in the given diagram. 
The specific heat for this process is 
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(1) > (Incorrect) 
(2) = (Correct) 
(3) = (Incorrect) 
(4) 2R (Incorrect) 


Correct answer: (2) 

Solution: 

As dQ = dU + dW 

or 1xCdT=dU+dW where C is the specific heat of gas 


> C=- (dU+dW) 
dT 


= Cy 
=C,4 ae [as dU =C, dT] a. (1) 


For the given process 


Work done = dW = area under the P—V diagram 





l 
— w= Area oftrapezium (ABCD) = 7 x 4V, x IP, 


a 2 Ng } }} }qq723>}q see (2) 
Also dT=T,-T, [For ideal gas (n= 1), Py=nRT 
mesial PV=1xRT > T=] 
R R 
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(6P, )(5Vo)—(3P,Vo) _ 27P,V, 
R R 


For ideal gas (monoatomic) C_ = 2 a (4) 
"2 
Substituting (2), (3) and (4) in Eqn. (1), we get 


18 P 
= RE OR -2p ,2R_ BR 
2 21T yo 2 3 6 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Difficult First Law of Thermodynamics 


23. Fora monoatomic gas, the work done at constant pressure is W. The heat supplied at 
constant volume for the same rise in temperature of the gas is: 


(1) = (Incorrect) 
(2) ~ (Correct) 
(3) = (Incorrect) 
(4) W (Incorrect) 


Correct answer: (2) 


Solution: 

As dQ = dU + dW 

For constant pressure dQ = C,dT + W 
dQ -W 

=> dT = (dQ-W) 


P 


For constant volume dQ = C dT as dW = 0 


_C,(dQ-W) 


C, from (1) 
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= P dQ=dQ-W y dQ =dQ-W 


= (y — 1)dQ = —W for monoatomic gas y = À 


> sW edo 
(S iJio=-w 2aqe-w 


or dQ= =e (—ve sign indicates heat supplied to the system) 


2 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Average Internal Energy and Work done by Gas 


24. A sample of ideal gas taken through a closed cycle is presented by P—v diagram. The 
process 1 — 2 is perfectly isothermal. Which of the following is true about the internal 
energy and work done by the gas during the process 3 + 1. 





(1) AU=0O, work done by the gas > 0 (Incorrect) 
(2) AU>0, work done by the gas = 0 (Correct) 
(3) AU<0, work done by the gas < 0 (Incorrect) 
(4) AU=0O, work done by the gas < 0 (Incorrect) 


Correct answer: (2) 
Solution: 
As process 3 —> 1 is isochoric process v constant 


dW = PdV =0 and V by the gas = 0 
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For ideal gas PV = nRT 
As V constant P œ T 
Also AU = nC dT [As P increases, T increases] 
=> AU>0 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Difficult Internal Energy 


25. Internal energy of ‘x’ moles of hydrogen at temperature T is equal to the internal energy of 
‘y’ moles of helium at temperatuer 2T. Then the ratio x/y is 


(1) (34) (Incorrect) 


(2) (2 | (Incorrect) 
(3) (%) (Correct) 
(4) | A (Incorrect) 


Correct answer: (3) 
Solution: 


Internal energy of ‘n’ moles of an ideal gas at temperature T is given by 


f 
U= oo where fis degree of freedom 


as U, =U, given [where U, is internal energy of hydrogen and U, of helium| 


= a _ fx, 


3 2 6 
= — 7 5 (x. £, =3 for helium and f, = 5 for hydrogen) 


= x 


ah Rac 
Ala ow 


x 
y 
Hence option (3) is correct. 
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Unit-8 : Thermodynamics 





Average Work done by the Gas 
26. P-—v diagram of an ideal gas is an shown in figure. Work done by the gas in the process 
ABCD is 
(1) 4P.V, (Incorrect) 
(2) 2P.V, (Incorrect) 
(3) 3 P.V, (Correct) 
(4) PV, (Incorrect) 
Correct answer: (3) 
Solution: 
Wa, = PAV =P(v, —2v, ) =P, V, 
Wa. = PAV =0 as AV =0 
Wop = PAV = 2P, (3V, — V, ) = 4P, Vo 
> W, > B >C > D = Wa + Wa + Wop 
=—P)V,+0+4P,V, mE NV, 
Hence option (3) is correct. 
Unit-8 : Thermodynamics 
Average Work done by the Gas 


27. A fixed mass of gas is taken through a process A — B —> C > A, here A — B is isobaric 


process, B > C is adibatic and C - A is isothermal process, the pressure and volume at 
C well be, (Take y= 1.5) 
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(1) 10° N/m’ and 8 n’ respectively (Incorrect) 
(2) 1.56x10° N/m’ and 16 m’? (Incorrect) 
(3) 1.56x10° N/m? and 64 m’ (Correct) 
(4) 2.50x10* N/m’ and 16 m’? respectively (Incorrect) 


Correct answer: (3) 


Solution: 
For adiabatic process BC, we have P,V; = P Vg 


For isothermal process CA, we have P, V, =P Vo 


From above two equations 


1 


Vv r-l 
Vo = 2 = 64 m? 
V 


A 


PV, 10 


P. — =1.56x10° N/m’ 
Ve 64 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 
Easy Adiabatic Expansion 


28. A monoatomic ideal gas, initially at temprature, is enclosed in a cylinder fitted with a 
frictionless pitson, the gas is allowed to expand adiabatically to a temperative T,, by releasing 
the piston suddenly. If L, and L, are the lengths of gas column before and after expansion 


T 
respectively then e is given by 
2 
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(1) E) (Incorrect) 
L, 

(2) = (Incorrect) 

(3) (Incorrect) 

(4) E) (Correct) 
L, 


Correct answer: (4) 
Solution: 


Tv’! = constant 


y-1 5] 2 
T_(%) (be) F 
T, V, L, L, 
Hence option (4) is correct. 


Unit-8 : Thermodynamics 


Average Adiabatic Expansion 


29. Inan adiabatic change, the pressure P and temperature T of a diatomic gas are related by 
relation P œ T . where a equals 


(1) 1.67 (Incorrect) 
(2) 0.4 (Incorrect) 
(3) 0.6 (Incorrect) 
(4) 3.5 (Correct) 


Correct answer: (4) 
Solution: 


p'’T’ =constant 


P” oT” OF PY! oT 
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Po T% 
7 
As —— = Is = 2 = 3.5 for diatomic gas 
y-1 7 2 
——] 
5 
a=3.5 


Hence option (4) is correct. 


Unit-8 : Thermodynamics 
Difficult Adiabatic Process and First Law of Themodynamics 


30. An ideal gas of adiabatic exponent ‘ y ’ is expanded so that the amount of heat transferred 
to the gas is equal to the decrease its internal energy, then the equation of the process in 
terms of variables T and v is 


qd) TV (1*) = constant (Correct) 
(2) TV (15?) - = constant (Correct) 
(3) Ty(45*)- constant (Incorrect) 
(4) Ty] constant (Incorrect) 


Correct answer: (1) 
Solution: 

AQ = AU + AW = -AQ + AW 
=> AW =2AQ 


AU =nC AT = nRAT = — RAT =-AQ 
r— 


AS eo ie ER 
f f 


AW = | Pdv=2AQ=-—— RAT 
y 
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— 2nRAT nRAT 








]l-¥ l-a 


For polytropic process with PV*= constant. 


1+y 
=> PV* = const = PV 2 = const 


nRT 
V 





PV =nRT >P = 


=> rv —] = const. > TV DE = const. 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Easy Internal Energy 


31. Given figure shows the variatino of the force applied by ideal gas on a piston undergoes a 
process during which piston position changes from 0.1 m to 0.4 m. If the interval energy of 
the system at the end of the process is 2.5 J higher, then the heat absorbed during the 





process is 
Dim 0.2m 0.4m 
x—> 
(1) 15J um) (Incorrect) 
(2) 17.5 J (Incorrect) 
(3) 20J (Correct) 
(4) 22.5] (Incorrect) 
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Correct answer: (3) 


Solution: 
Work done =x 0.1x(100-50)+0.2mx50 =17.5J 
AU =2.5J 


AQ=AU+AW =2.5+17.5=20.0J 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 
Average Equation of State 


32. Inthe following v—T diagram, what is relation between P, and P.. 





(1) P =P, (Incorrect) 
(2) P,>P, (Incorrect) 
(3) P,<P, (Correct) 
(4) None ofthe above (Incorrect) 


Correct answer: (3) 


Solution: 


V l 
. _ n = ft 
Since PV = nRT it gives TRT P 


V l 
=> — = slope = — 
T P 


.. Slope of line P, < slope of line P, 
Hence P >P, 


Hence option(3) is correct. 
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Unit-8 : Thermodynamics 


Average Adiabatic Process 


a2: 


Figure shows a cylinderical tube with adiabatic walls and fitted with an adiabatic separation, 
the separation can be slid into the tube by an external mechanism. Ideal gas is injected 
(y =1.5) in two sides at equal pressure and temperature, the separator remains in equilibrium 
at the middle. It is now slid to a position where it divides the tube in the ratio 1:3, the ratio 
of the tempeartures in the two parts of the tube well be 


(1) 1:1 Middle (Incorrect) 
(2) 1:2 (Incorrect) 
(3) 1:43 (Incorrect) 
(4) 3:1 (Correct) 

Correct answer: (4) 

Solution: 

Given y =1.5 


For adiabatic process Ty’!=constant 


= 1 "Sy. 


, V 3V 
Given V, =—, V, = — 
4 4 
Since all other conditions remain the same, we have 


( 


3V J z J 
oa — T ER 
4 4 
T, E 1 0.5 
T a ae 
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= 204 


2 


Hence option (4) is correct. 


Unit-8 : Thermodynamics 
Average First Law of Thermodynamics 


34. An amount Q of heat is added to a monoatomic ideal gas in a process in which the gas 


performs the work Q/2 on its surroundings. The molar heat capacity for the process will be 


(1) R (Incorrect) 
(2) 2R (Incorrect) 
(3) 3R (Correct) 
(4) 4R (Incorrect) 


Correct answer: (3) 


Solution: 


Amount of heat given =Q and the Work done = 


~ |O 


AQ =AU+AW 


AU=AQ-AW => 
nC,AT =< 
2 


3 
For monoatomic gas AU = m 


Q 3 

—~=—nTR O= 
79 Q=3nRT 
Also Q = nC dT 


=> nC,T=3RnT =C, =3R 


Hence option (3) is correct. 
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Average 


Unit-8 : Thermodynamics 


Cyclic Process 


35. A gasis taken through a cyclic process ABCA as shown in figure. If 2.4 cal of heat is given 
in the process, then the value of joules heat equivalent ‘J’ will be. 


(1) 4.18 J/cal 

(2) 2.18 J/cal 

(3) 10J/cal 

(4) 2.4 J/cal 
Correct answer: (1) 
Solution: 

AQ = 2.4cal 





(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 


Work one during the process AW = area under the curve 


= —x(200-100)x10 x (700 -500)x10° = 10 J 


AU =0 (Being cyclic process) 


AW = AQ+AU 


AQ= AW 
2.4J3=10 


J=4.18 J/cal 


Hence option (1) is correct. 
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Unit-8 : Thermodynamics 


Average Work done in an Adiabatic Process 


36. Figure shows a paddle wheel coupled to a mass of 12 Kg through fixed frictionless pulleys, 
the padle is immersed in a liquid of heat capacity 4200 JK", kept in an adiabatic container. 
Consider a time internal in which the 12 Kg block falls slowly through 70 cm, the amount of 
work done on the liquid and the rise in its temperature in this time will be 





(1) 84Jand 0.02°C (Correct) 
(2) zero and 0.02 K (Incorrect) 
(3) 84Jand 0.0017 K (Incorrect) 
(4) zero and 0.0017°C (Incorrect) 


Correct answer: (1) 

Solution: 

Work done an the liquid = potential energy lost by 12 Kg mass = mgh 
= 12x10x0.70 = 84 J 

Let rise in temperature be AT 

Q=msAT 

84 = 1x4200 AT (form= 1 Kg) 


~ AT=-4 =0.02C 
4200 


Hence option (1) is correct answer. 


Unit-8 : Thermodynamics 
Difficult Internal Energy 


37. Certain amount of an ideal gas is contained in a closed vessel, whici is moving with the 
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velocity v, the rise in temperature of the gas, when the vessel in suddenly stopped is (M is 


c 
molecular mass, y = ) 





Cy 
Mv’ (y-1) 
1) —x— Correct 
(1) a ( ) 
2 

(2) aie) (Incorrect) 

2R 
3) Mv Incorrect 
(3) PR (Incorrect) 

Mv’ 
(Incorrect) 


a 2R(y+1) 


Correct answer: (1) 


Solution: 


ee l 
Kinetic energy of vessel = a My’ 


Due to the stop of vessel, ordered motion of the molecules becomes disordered, increasing thereby internal 
energy. 


AU = nc AT = mV” = =(nM)v" 


2 
AT = Mv 
205 








Hence option (1) 1s correct 


Unit—8 : Thermodynamics 


Average Work done by a Gas 


38. A gas expands with temperature accending to relation V = KT”, where K is any constant. 
The work done when the temperature changes by 60 K. 
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(1) 10OR (Incorrect) 
(2) 30R (Incorrect) 
(3) 40R (Correct) 
(4) 20R (Incorrect) 


Correct answer: (3) 


Solution: 


Given V = KTŽ 


dV | 2 %-1 _ 2 =A 
A =KYT 


dt 3 
dv = 2 KT%at 
3 
2 a, 
av 3X7 dt > ar 
Vv KT” 3 T 


T, T, T 
Now work done W = f Pav = [Zw = DES 
T 7 V T 3 T 


= =R(T,-T,)=Rx60=40R 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 
Average Isother and Adiabatic Compression 


39. Consider the containers A and B containing identical gases at same pressure, volume and 
temperature, the gas in container A is compressed to half of its original volume isothermally, 
while the gas in container B is compressed to half of its original volume adiabatically, the 
ratio of final pressure of gas in B to that of gas in A Is 


(1) 9”! (Correct) 
(2) =) (Incorrect) 
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(3) =] (Incorrect) 
Ly 


l 
(4) =] (Incorrect) 
l-y 
Correct answer: (1) 
Solution: 


When the compression is isothermal for gas in A, we have P,V,=P_V, 


P — P V, 


2 


= 2P, 


2 
For gas in B, compression is adiabatic so we have P,P,’ = P v? 


Y 
P =P ea =P 


2 


=> ey 


Ai 
P, 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Average Heat Engine 


40. The given P.v diagram represents the thermodynamic cycle of an engine, operating with an 
ideal monoatomic gas, the amount of heat, extracted from the source in a single cycle is 





(1) PV, (Incorrect) 
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(2) = P.V, (Correct) 
(3) = P V, (Incorrect) 
(4) 4P.V, (Incorrect) 


Correct answer: (2) 


Solution: 


The amount of heat, extracted from the source is given by H = nC, AT+nC,AT 
3 > 
z o> ROT —T,)+n pn (4T, =i) 


oat -= RoT, 


— D AA 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Average Carnot Engine 


41. A carnot engine absorbs 6x10° cal at 227°C, the work done per cycle by the engine, if its 
sink is maintained at 127°C is 


(1) 15x10°J (Incorrect) 
(2) 15x10*J (Incorrect) 
(3) 5x10J (Correct) 
(4) 2x10*J (Incorrect) 


Correct answer: (3) 
Solution: 
Given Q, =6x10° Cal T, =500K T, =400 K 


ee 


AS 
Qa T 
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a, 

20 T, 
Work done W=Q, —- Q, 


400 
Q Ae oe = 4.8x105 Cal 


=6x10°—4.8x10° = 1.2x10° Cal 
= 1.2x4.2x10° J = 5.04x105 J =5.0x10°J 


Hence option (3) is correct 


Unit-8 : Thermodynamics 
Average Work done in an Adiabatic Process 


42. One gram of air initially at NTP is compressed adiabatically to half its volume, (density of 
air at NTP = 1.29x10° gram/cm’, and y = 1.4) the work done in the process will be 


(1) 62.75 J (Incorrect) 
(2) -62.75 J (Correct) 
(3) 82.75 J (Incorrect) 
(4) -82.75 J (Incorrect) 


Correct answer: (2) 
Solution: 
As given air at NTP, we have T, = 273 K 
P = 1.013x10° dyne/cm’, y= 1.4, P = 1.29x10° 


yaa ts 3 


I density 129x107 


V, = L =387.6 cm’ 





V r 
PV, =P,V, or PeP 2 





1.4 
" 
=1.013x10° | = 2.673x10° dynes/cm? 
2 
Work done during adiabatic change W = aa 
y — 


400 


UDOON 


A program to give wings to girl students 


E 1.013x10° x 775.2—2.673x 10° x387.6 
1.4-1 


= 6.27x10* erg = —62.75 J 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Difficult Work done in an Adiabatic Process 


43. A closed system receives 200 KJ of heat at constant volume. It then rejects 100 KJ of heat, 
while it has 50 KJ of work done on it at constant pressure. If an adiabatic process can be 
found which will restore the system to its initial state, the work done by the system during 
this process is: 


(1) 100KĶKJ (Incorrect) 
(2) 150KŅJ (Incorrect) 
(3) -150 KJ (Correct) 
(4) 200 KJ (Incorrect) 


Correct answer: (3) 


Solution: 


Given AQ,, =200KJ = nC, AT 


AU, =-100KJ Aw, =-50KJ Aw,, =0 


f C B 
= AU, =200KJ AQ., =0 : 
or 200KJ-100KJ+AU,, =0 
AU, =-100KJ i 
AQ ag + AQgc +AQca =0 V —> 


= 200KJ+(-100 KJ-50KJ)+0=50KJ 
=> AW,, + AW, + AW,, =0+200 KJ + AW. 


=AQ a = 50KIJ 
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=> AWe, =-150KJ 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 


Average Thermodynamics 


44. If W cis the work done is process A > B —>C and W pẹ is the work done in process 
D —> E — F as shown in figure, then 


P 4P} © 








Vo 2V, 3V, 4V, 5V, 6V, 7V, 


y— > 
1) [We > W cl (Incorrect) 
(2) [Wer <W cl (Incorrect) 
(3) Wier ~ Wac (Incorrect) 
H Wir Wc (Correct) 


Correct answer: (2) 


Solution: 


Work done for process ABC = Area within the curve = ABx AC 
l 
=56V - V, (4P, -P,) =3 P V, 
l 
Work done for process DEF = 5 ED x DF 


l 
= 5 (4M —6V, )(4P, —P,) =-3 PV, 
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Hence W bec = —W 


ABC 


Hence option (4) is correct. 


Unit-8 : Thermodynamics 
Difficult Cyclic Process 


45. An ideal monoatomic gas in carried around the cycle ABCDA as shown in figure, the 
efficiency per cycle is 





(1) = (Correct) 
2 

(2) on (Incorrect) 
4 

(3) 31 (Incorrect) 
2 

(4) F (Incorrect) 


Correct answer: (1) 


Solution: 


Work done Aw = (3P, —P, )(2V, — V, ) = 2P,V, 


P2 P 
AQ supplied =n oR ( ate Nan Tea D Vo 2P Vo w) 


2 nR nR 2 nR nR 
T E peta -3P V,+} P.V Apy 
2 nR 2 nR 2 2 
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A 2P 4 
Hence efficiency ee ee a 
AQ 2lpy 21 

2 0 °0 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Average Work done by the Gas 
46. One mole of an ideal gas of temperature T, expands slowly according to the law 


P 
7 = constant, its final temperature is T,, the work done by the gas is 


(1) R(T,-T) (Incorrect) 
(2) 2R(T,-T) (Incorrect) 
(3) ~ (T, -T ) (Correct) 
(4) = (T, -T ) (Incorrect) 


Correct answer: (3) 


Solution: 


Work done W = f PdV 


P 
Given 7 = constant (c), so we must have P=cV 


vV 
W -fevav=e $] => VV =- PV 


l R R 
=5nR(T,-T,) =>x1(7,-T,) =>(1.-T) 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 


Difficult Cyclic Process 


47. Two moles of helium gas undergo a cyclic process as shown in figure, assuming the gas to 
be an ideal, the net change in heat energy and total work done will be 
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M 

P 
zaimke j 
| BLOT ba 





300 K 400 K T -> 
(1) 1153J,1153J 

(2) 1153 J, zero 

(3) zero, 1153 J 

(4) 5761 J, 5761 J 


Correct answer: (1) 


Solution: 
Corresponding Pv diagram is shown in the figure 


nRT, — 2Rx300 
P, 2x10° 





Va = 3x] 0> R 


2R x400 

E P 
2x10 

pe 2R x400 
i 10° 

— 2R x 300 
a 10° 


= 4x] 0° R 


=8xl0°R 


=6x10°R 
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(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 





AW =2x10° «(4=3)10°R-+ 2Rx400 n| Š |+ 10" «(6-8)x10°R +2R x300 /a( Ž 


= 200 R + 800 R n2 — 200R -600R n2 =200R n2 
= 200x8.31x0.3010x2.303 = 1153 J 

As AQ = AU + AW 

But AU =0 for cyclic process 

=> AQ = AW 


Hence option (1) is correct. 
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Unit-8 : Thermodynamics 
Average Cyclic Process 


48. In the given figure, 1 K mole of a sample of helium gas is put through the cycle of operations, 
BC is an isothermal process and P, = 1.00 atm, v, = 22.4 m3, P, = 2.00 atm, the value of 
T, T, and v, will be n 
B 


P 
A C 
V-7 
(1) 273 K, 546 K, 44.8 m’ (Correct) 
(2) 546K, 273 K, 22.4 m’? (Incorrect) 
(3) 273 K, 546K, 22.4 m’? (Incorrect) 
(4) 546K, 273 K, 44.8 m’ (Incorrect) 
Correct answer: (1) 
Solution: 
5 
T, = P. Va _ A x22.4 _ 273K 
nR 10° x8.314 
pa aiK 
nR nR 
nRT, nRT, 2nRT, 
Va SEa a a a M 2v = 3 
C P. P, P, A =44.8 m 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Difficult Thermodynamical Process 


49. A monoatomic gas in expanded adiabatically from volume V, to 2V „ then is brought back 
to the initial state through an isothermal and isocheric process, the efficiency of the cycle 
well be: 
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(1) 20.0% (Incorrect) 
(2) 78.67% (Incorrect) 
(3) 21.33% (Correct) 
(4) 100% (Incorrect) 


Correct answer: (3) 


Solution: 


Work done AW,, = ma ita 1 
=y 


3 3 3 T 
= z PaVa -— Pp Vp ) =70R(T, -T,) = $n] 7-1 de 


B 


But Tv’ = constant 





TV = T, V; T ! lA Vo 





SCV eR 





AW, = nRT, ml 3 = —nRT, /n(2), AW,, =0 


0 


Heat supplied AQ... =AU,, = nR (T, -T,)= =n (T, —T, ) 


2 T, 3 y 


B 


, 3 ; 
Hence efficiency n = cae > ORT, (2” -1) - nRT, /n2+0 =70RT, (2% -1) 
AQ. 2 2 


CA 


-1-2 10.7867 =0.213 = 21.33% 


Tc 


Hence option (3) is correct. 
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Unit-8 : Thermodynamics 


Difficult 


Cyclic Process 


50. One mole of an ideal gas in taken through a cyclic process, the minimum temperature 
during the cycle is 300 K, the net exchange of heat for complete cycle is 





(1) 600R /n2 
(2) 300R /n2 
(3) -300R n2 
(4) 900R 4n2 


Correct answer: (2) 


Solution: 


Temperature corresponding to points D =300 K 


3 3 


2U, 


T = 
P 3R 





=> U, =450R 


T, =~" = 600K 
3R 





Aw = AW ‚g + AW, + AWep tAWpa 


=nRT, én aM +nRT, én M 
Vo 2V o 








(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 


AS U REE EDENE T = a 


3R 


=nR (T, - T, )/n (2) =1xR x(600-300)/n2 
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= 300R fn2 


Since AU =0 we have AQ = 300R/n2 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Average Cyclic Process 


51. Two moles of an ideal gas are undergo a cyclic process 1 + 2 > 3 — 1. If net exchange of 
heat in the process is 300 J, the work done by the gas in the process 2 > 3 is 





(1) -—500 J a a (Incorrect) 
(2) —5000 J (Incorrect) 
(3) —5288 J (Correct) 
(4) zeroJ (Incorrect) 

Correct answer: (3) 

Solution: 

Total work done 


AW = AW, _, + AW,_,, + AW 


31 


AW,_,, = PAV = nRAT = 2xR (600-300) = 600 R 
AW, - 0 


Also AQ = AW + AU 
=> AW=AQ (as AU =0) 


-300 J=600 R + AW, „+0 
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= AW,_,, =-300-600R 


= 300—600x8.314 
= —5288 J 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 


Difficult Thermodynamics 


52. 


A gas follows a process TV"" = constant, the bulk modouls of the gas in the process is 
given by 





(1) (m1)P (Incorrect) 
P 

(2) (n — 1) (Incorrect) 

(3) nP (Correct) 

4 — (Incorrect) 


Correct answer: (3) 


Solution: 


Rewriting the condition in terms of P and V, we have PV =nRT 


~ T 


_ Pv 
nR 


Hence PV.V"™ = constant OF PV" = constant 


P.nv™! + v"dP = 0 


dv 


dP 


Pav" = nPv` = = 
v" V 





dP 
By definition V av = K = Bulk modouls = nP 


y 


Hence option (3) is correct. 
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Unit-8 : Thermodynamics 


Average First Law of Thermadynamics 


53. A closed vessel 10 litre in volume contains a diatomic gas under a pressure of 10° N/m’. 
The amount of heat imparted to the gas to increase the pressure in the vessel five times, 


will be: 

(1) 6x10°J (Incorrect) 
(2) 10’J (Incorrect) 
(3) 10°) (Correct) 
(4) 10°J (Incorrect) 


Correct answer: (3) 


Solution: 


Since change in volume AV = 0, we have 
AW =0 
But AQ = AU + AW 


AQ = AU =nC,AT = nx> RAT = >(P;V, -PV,) 


5 5 
=5(P -P )v=3(5P-P)V 


5 
=5x4Pv = 10 Pv = 10x10*x10x10° 
AQ =10*J 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 


Average Thermodynamical Process 


54. Two moles of a certain gas at temperature T, = 300 K were cooled isochorically so that 
pressure of the gas got reduced 2 times. Then as a result of isochoric process the gas is 
allowed to expand till its temperature got back toits initial value. Total amount of heat 
absorbed in this process will be 


(1) 4.98 KJ (Incorrect) 
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(2) 2.49 KJ 
3) 2.49) 
(4) 9.96 KJ 


Correct answer: (2) 


Solution: 


For isochoric AW,, =0 


P l 
AWac =>" Vo ==PV, =5nRT, =300R 


AQ =(AU+AW),, +(AU+ AW)... 
= (AU), +(AU) x + (AW) 

Since T, =T, 

.. No change in the internal energy of the gas 
AU TAU =9 

“, AQ=(AW),,. = 300 R = 300x8.31 J 


= 2493 J =2.49 J 


Hence option (2) is correct. 


(Correct) 
(Incorrect) 
(Incorrect) 


A EE + 
T 
Ẹ 
e > 





Unit-8 : Thermodynamics 


Average 


Internal Energy 


55. When 10 gram of water is heated from 0°C to 100°C and than converted into steam at 
100 Kpa, the increase in internal energy of the water would be (given density of 
steam = 0.6 Kg/m’, specific heat capacity of water = 4200 J/Kg, and latent heat of 


vapourisation of water = 2.5x10° J/Kg) 


(1) 2.92x10*J 
(2) 2.75x104J 
(3) 2.50x104 J 
(4) 42x10*J 


Correct answer: (2) 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 
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Solution: 


5 -3 
Aw = PAv = Pv, = pa = 1666.67 J 


AQ = msAT + mL 

= 10°x4200x100 + 10°x25x10° = 29200 J 
AU = AQ- AW = 29200 — 1666.67 

= 2.75x10* J 


Hence correction option is (2). 


Unit-8 : Thermodynamics 


Average Isobaric Process 


A c 
56. For an isobaric process, the ratio R will be (given — = y) 
c 


(1) uae (Incorrect) 
y—l 
(2) Eg (Incorrect) 
ig 
(3) rel (Correct) 
ig 
(4) 7+1 (Incorrect) 


Correct answer: (3) 
Solution: 
Since an isobaric process P = constant, we have C = Cp 
AQ =nc,AT 
AW = AQ-AU =ne,AT-ne,AT =n(c,—c,)AT 
AQ ____ne,AT 
AW n(c,—c, )AT 
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= Cp — Ve a 


Cs —Cy e 1 y—-1 





Hence option (3) is correct. 


Unit-8 : Thermodynamics 
Average Internal Energy 


57. A wellinsulated box contains a partition dividing the box 
into two equal volumes as shown in figure, initially the 
left hand side contains an ideal monoatomic gas and other 
half is the vaccum, the partition is suddenly removed so Vacuum 
that gas now is contained through out the box, the change 
in temperature of the gas and internal energy of the 
system would be respectively, 





(1) Increase, Increase (Incorrect) 
(2) Increase, decrease (Incorrect) 
(3) Decrease, increase (Incorrect) 
(4) Nochange, no change (Correct) 


Correct answer: (4) 
Solution: 


Since the box in insultated, and gas against vaccum, 1.e. zero pressure, that’s why no work has been done 
and there is no change in internal energy, thus temperature do not change. Hence correct option is no 
change in temperature and no change in internal energy. 


Hence option (4) is correct. 


Unit—8 : Thermodynamics 
Average Co-efficient of Volume Expansion 


58. An ideal gas is expanding such that PT’ = constant, the coefficient of volume expansion is 


(1) = (Incorrect) 
2 

(2) T (Incorrect) 
3 

(3) T (Correct) 
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(4) = (Incorrect) 


Correct answer: (3) 


Solution: 
Pv=nRT => P= a 


nRT 


Since PT? = constant therefore (r 


T? = constant 
v 


3 
or — = constant 
V 


L (apa), Tdv _ H¥)-3 
2> JCT )+ s Prom => vl dT T 


Also coefficient of volume expansion is given by Y = vdT dT 


ay 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 


Difficult 


Relaxtion Time 


59. Consider an ideal gas confined in an isolated closed chamber, as the gas goes an adiabatic 
expansion. The average time of collision between molecules increases as V4 where V is the 


volume of the gas, the value of q is 


(1) 


(2) 


(3) 


(4) 


3y+5 


(Incorrect) 


(Incorrect) 


(Correct) 


(Incorrect) 
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Correct answer: (3) 
Solution: 
ee 
J2nd’nv,.. 


Relaxation time T = 


V « tac 


rms 





gael 
2 


1 
to VNV"! or tœ V 


y+ 
OF tac V? 


ee 
2 


Hence correct answer is option (3). 


Unit-8 : Thermodynamics 


Average Work done in an Adiabatic Process 


60. 5.6 litre of helium gas at STP is adiabatically compressed to 0.7 litre. Taking the initial 
temperature to be T,, the work done in the process is 


9 

(1) g RT, (Correct) 
3 

(2) 5 RT, (Incorrect) 
15 

(3) . RT, (Incorrect) 
9 

(4) a RT, (Incorrect) 


Correct answer: (1) 


416 


UDAAN 
A program to give wings to girl students 
Solution: 
For adiabatic process Tv’! =K 


2 
3 


T, (5.6)” =T, (0.7) 


=> T, (8 =T, 
> T, =4T 
a IR(4T -T,) 9 
Work done W = ——— = >——_.— =z RT 
r-l (3-1) 8 
3 
6h l 
(where n = a = — mole) 


22.4litre/mole 4 


Hence option (1) is correct answer. 


Unit-8 : Thermodynamics 








Average Efficiency of a Cycle Heat Process 
61. An ideal gas going through the cycle as shown in figure, the efficiency of the cyclic process 
will be 
(1) 1- Q; (Correct) 
Q, +Q, 
2) ıı- (Q. +Q, ) (Incorrect) 
Q; 
(3) _ (Incorrect) 
Q, +Q, 
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Q, +Q, 


Q, (Incorrect) 


(4) 


Correct answer: (1) 


Solution: 


Work done 


Efficiency = ———————_ 
Heat supplied 


Work done in this process (Q, + Q,) —Q, 
Heat supplied (Q, + Q,) 


(Q, +Q, )—Q, ~|— Q, 
Q, +Q, Q, +Q, 


Hence n= 
Hence option (1) is the correct answer. 


Unit-8 : Thermodynamics 
Average Thermodynamics 


62. Two identical containers A and B with frictionless pistons contains the same ideal gas at the 
same temperature and the same volume ‘V’. The mass of gas contained in Ais m, and that 
in B is m,, the gas in each cylinder is now allowed to expand isothermally to the same final 
volume 2v, the change in the pressure in A and B are found to be AP and 1.5 AP respectively, 


then 

(1) 4m,=9m, (Incorrect) 
(2) 3m,=2m, (Correct) 
(3) 2m,=3m, (Incorrect) 
(4) 9m,=4m, (Incorrect) 


Correct answer: (2) 
Solution: 

RT A \RT 

For gas in A, P, = (Ha JR and P, = [ae |e 

M J V, M J V, 


AP =P, -P -(@+)er{t- 
m VvV vV 
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Given Vinys 2V 
M /2V 
RT 


Similarly for gas m,, 1.5 AP = ea 


2i 
2V 
> 2m, =3m, 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Difficult Thermodynamics 
63. A gaseous mixture enclosed in a vessel consists of one gram mole of a gas A with y = (%) 
and same amount of gas B with y = (%) at temperature T, the gas Aand B do not react with 


each other and are assumed to be ideal. The number of gram moles of gas B (If y for the 


gaseous mixture is = ) will be: 


(1) 6 gram mole (Incorrect) 
(2) 4gram mole (Incorrect) 
(3) 1 gram mole (Incorrect) 
(4) 2gram mole (Correct) 


Correct answer: (4) 


Solution: 
l = C, : . R 
For an ideal gas C,— C, =R and y = a. which gives C, = ra 
V T= 
R 3 5 13 
Hence (Cv), =3—=5Rs (Cv), 535R and (Cv min = ER 
==] 
3 


From the principle of conservation ofenergy AU = AU, + AU, 


(U, +U, )(C,) , AT=U,(C,), AT+U,(C,), AT 
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(cy). = U, (ey), +U; (ev), 


Lae U, 
i Rau xR 
13 2 “3 
2 ee ee A, 
6 1+U, 


= U, =2 gram mole 


Hence option (4) is correct. 


Average 


Unit-8 : Thermodynamics 


Thermodynamics 


64. Two rigid boxes containing ideal gases are placed on a table. Box a contains one mole of 


nitrogen at temperature 60 K to while box B contains one mole of helium at temperature 


(% T, | , the box are then put into thermal contact with each other and heat flows between 


them untill the gases reach a common final temperature (Ignore the heat capacities of the 
boxes). Then the final temperature T, in terms of T, is 


5 
(1) T; _) To 


= 
I 
= 


(2) 


(3) 


= 
I 
= 


(4) 


F 
lI 

Nlw wln N|w 
a 


Correct answer: (4) 


Solution: 


(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 


Change in internal energy (dU) = C,dT 


3 , 3 
c, for nitrogen = 5 R and for Helium = A R 


5 3 


dU ==> R(T, -T,)+> R(T, -T,) 
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But dU =0 


0-2 R(T, -T,)+ R(T, -T,) 


Te 1, 


Hence option (4) is correct. 


Unit-8 : Thermodynamics 
Difficult Thermodynamics 


65. Consider a spherical shell of radius ‘R’ at temperature T, the black body inside it can be 


considered as an ideal gas of photons with internal energy per unit volume u œ T* (where 


U 
= vy and pressure P = =(%) . If the shell now undergoes an adiabatic expansion, the 


relation between T and R is 


(1) Toe“ (Incorrect) 
(2) Toes (Incorrect) 
l 
(3) Toa = (Correct) 
l 
(4) To ay (Incorrect) 
Correct answer: (3) 
Solution: 
Given P = HZ) 
3\.V 


PV =nRT we have P = L 
y 


Since weave PaT’ 
v 


nRT ‘4 
.. ——c T or VT? = constant 


4 
or $ nR’ l T? = constant 
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— PT’? = constant <. RT = constant 


=> Tæ} 
R 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 
Difficult First Law of Tharmodynamics 


66. When a gas expands along AB it does 500 J of work and absorbs 250 J of heat, when the 
gas expands along AC it does 700 J of work and absorbs 300 J of heat, when the gas makes 
a transition from C to A along CDA, 800 J of work is done on it from C to D. Heat exchanged 





along CDA will be 

(1) 400J (Incorrect) 
(2) —400J (Correct) 
(3) -—800J (Incorrect) 
(4) 800J (Incorrect) 


Correct answer: (2) 


Solution: 
Given AW,, =+500J and AQ,, =+250J 
According to first law of thermodynamics 
AQ g =AU,, + AW,, 
250 = AU, +500 
AU =-250J ; AW, = 700J ; AQ c =3005 
which gives AU, =— 400 J 


AWopa = AW op T Woa 
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But Aw,, =0 (Due to isochoric process) 
“. AWop, =AWep = —800 J 
AWepa + AV cpa = AQepa 


Also AU cpa =AU,. =—-AU,,. = 4005 


=> AQ .p, =-800+400 J =-400 J 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Difficult Thermodynamics 


67. A bullet of mass 10 gram travelling horizontally at 200 m/s, strikes and embedes in a pendulum 
bob of mass 2.0 Kg, assuming that c, for the bob plus bullet is 3R, the increase in temperature 
of the system due to 40 collision will be (Take molecular mass of the system to be 200 


eram/mole) 

(1) 2.5°C (Incorrect) 
(2) 199°C (Incorrect) 
(3) 800°C (Incorrect) 
(4) 0.8°C (Correct) 


Correct answer: (4) 


Solution: 
m 
The change in heat content AQ=nC,AT and n= a 


AQ AQ MAQ mAQ 











AT = = = 
ny Ma mC, mx3R 
M V 
P P one 1 
Heat AQ = AK = = a 
2m, 2m, 2\m, m, 


(10x10° x 200 1 1 


) 
me) a E A 
2 10x10 2.01 


423 


UDOON 


A program to give wings to girl students 


200x199 


= eeeesesesS 0 
2010x3x8.314 ak 


Hence option (4) is correct. 


Unit—8 : Thermodynamics 


Average Isobaric and Isothermal Processes 


68. An ideal gas is carried through a thermodynamic cycle consisting two isobaric and two 
isothermal process, as shown in figure the net work done in the entire cycle is given by 





(Correct) 
(2) P,(V,-V,) fF (Incorrect) 
(3) P(V,-V,) & 6 (Incorrect) 
(4) P,(V,-V,) n 2) ona 


Correct answer: (1) 


Solution: 


Total work done AW = AW,,, + AW,,. +t AWop + AWpa 


= nRT /n 2) +P, (Ve = NVa ) + nRT, Zn 6 +P, (V, =N; ) 


2 1 


P 
=nR (T, -T, )/n 6 +P, Vo — P, V, +P V, -P V, 


1 
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Also for process AB P,V,=P,V,, 
and for process CD P,V.=P,V, 


=> Awa (T, =T) 2 (PN, -R V) 2 


1 1 


Hence option (2) is correct. 


Unit-8 : Thermodynamics 
Difficult Cyclic Process 


69. The density versus pressur graph of one mole of an ideal monoatomic gas undergoing a 
cyclic process in shown in figure, the molecular mass of the gas is M, total work done in the 
process will be 








P M (kpa) 
(1) z (1 7 (n2) (Correct) 
0 
-P M 
(2) oa fn2 (Incorrect) 
0 
P.M 
(3) : (Incorrect) 
Ps 
(4) zero (Incorrect) 


Correct answer: (1) 
Solution: 


Givenn= 1 and m = M 


Process AB: p © P , as it is isothermal process (T = constant) 
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_ PM 


p=— 
RT 


Wap = RT fn =RT, én z) = T in (2) 


B 0 


Process BC is an isobaric process (P = constant) 














M M 2PM PM 
Wac = Ps (ve —V,)= 2P, E = T = = 
C B 0 0 
Process CA 
Wo: AS p =constant .. V= constant 
E Waa ~ 0 
Hence total work done W=W,,+W,.+W., 
P M PM PM 
z= = én2+—— +0 =—— (1-£n2) 
0 0 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 


Average 





Thermodynamics 


70. Two moles of a diatomic ideal gas is taken through a PT = constant curve. Its temperature 


is increased from T, to 2T, the work done by the system will be: 


(1) 16RT, 
2) 2RT, 
(3) 8RT, 
(4) RT, 


Correct answer: (3) 


Solution: 


Work done w = | PdV 


PT =P T,= PT, = constant (c) 
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PV 
P| —|=c 
nR 
ncR 
P*v=nRc hence P= -o 
V 


V2 R V2 l 
- work done W = [Pav =| = dv =<vncR Ja dV 


ance 2( JV. -N ) = 2| /nRP,V,T, — /nRP,T V, | 
=2nR (T,-T,) =8RT, 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 


Average Adiabatic Process 


71. An ideal gas having initial pressure P, volume v and temperature ‘T’ is allowed to expand 
adiabatically untill its volume becomes 5.66 v, while its temperature falls to T/2,work done 
by the gas during expansion will be 


[Given (5.66)°* = 2] 


(1) 1.25 Pv (Incorrect) 
(2) 2Pv (Correct) 
(3) 1.461 Pv (Incorrect) 
(4) 2.461 (Incorrect) 


Correct answer: (1) 
Solution: 


Work done during adiatic process for one mole gas is 


1 
W = = (P,V, —P,V, ) 


P V, E P, V, 
T, T, 
T, BY, PV P 
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«5.66 -PV -— x 


l 
-Hay 


H w= -2 Py =1.25P 
ence pg gY T125 Pv 


Hence correct option is (1) 


Unit-8 : Thermodynamics 
Average Elasticity 


72. The P-T graph, for an ideal gas is shown in figure, corresponding P—V graph for the given 
gas will be 








(1) (2) 


gz 





(3) (4) 
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Correct answer: (1) 
Solution: 


For process AB: It is an isothermal process with T = constant and P> P, 
as Po 2 — PV graph willbe hyperbola with P, >P, 
V 


for Process BC: It is an isobaric process with P = constant 
and T- > T, 


as P constant .. PV graph will be a straight line parallel to v axis with V > V, (because V œ T is an 
isobaric process). 


Hence graph (1) depicts correctly P—V graph for the given gas 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 
Average Thermodynamical Process 


73. P-T graph of an ideal gas in shown in figure corresponding V-T graph for the same gas will 








be D 
t A 
y / C 
B C {4B 
P A 
A D (1) (2) 
B 
f c Ts c 
y y 
A 





(3) (4) 
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Correct answer: (2) 

Solution: 

For process AB: As it 1s isothermal process with constant temperature T, and P, > P, 
<. V-T graph will be a straight line parallel to v—axis with V, < V.. 

For process BC: As it is isobaric process with P= constant and T, > T, 

.. V-T graph is a straight line passing through origin with T,>T, and V, < V, 
Hence graph (2) depicts correct V—T graph for the gas. 


Hence optional (2) 1s correct. 


Unit-8 : Thermodynamics 


Difficult Efficiency in a Cyclic Process 


74. n moles of a monoatomic gas are taken around in a cyclic 1 


process consisting of four processes along ABCDA as shown. 

Po 

All lines on the Pv diagram have slope of magnitude eK ). 

The pressure at a and c is P, and the volumes at A and C are 

Mo and A 
2 

cycle will be 





respectively. The percentage efficiency of the 


(1) 18.18% 


(2) 40% 
(3) 45.45% 
(4) 20% 


Correct answer: (1) 
Solution: 
Total work done during the cycle 


3V, V 1/3V, V 1 
aw=(2e- Y), -r)i ( Se |p, = Vo(Pa — Po) 
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(Correct) 
(Correct) 
(Incorrect) 


(Incorrect) 


But P, e a tee 
ME 2 
P, Vo 0 
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3P. P 
AW = — Vi (2) = =P V See (1) 
3V. V 1 3 
AW ye =p 22-4) iv (2r -r 
1 5 
= PV, + go = ree 
3V9 Vo 
AUsge=nC, (T.-T,) =nx3R| 2 -22 |_3py 
a A 2 nR n | 2° ° 


3 1] 


5 
AQ supplied = AW ape t AU age = ri: a 5 P, Vo = a P, Vo 


% efficiency = ald 


supplied 


Hence option (1) is correct. 


Average 


ol 


l 
9 P Vo 





x100 =1818% 
ao 


Unit-8 : Thermodynamics 


Thermodynamics 


75. A diatomic ideal gas is heated at constant volume untill its pressure becomes three times, 
it is again heated at constant pressure untill its volume is doubled. The molar heat capacity 
for the whole process will be 


(1) 3.1R 
(2) 25R 
G3) 21R 
(4) R 


(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 
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Correct answer: (1) 
Solution: 


Heat obsorbed during heating at constant volume. 
5 
AQ, = AU, =nC, AT = ox R(3T, -T,) =5 nRT, 
Heat absorbed when gas is heated at constant pressure. 
I 21 


AQ, =nC,AT =nx 5R (6T, -3T,) =S-aRT, 


21 


Hence total heat taken AQ = AQ, +AQ, =5nRT, + zi 


<”. Molar heat capacity 
31 
AQ Pie 


=—~ = _+_——__=3.1R 
nAT nx(6T,-T,) 


Hence option (1) is correct. 


Unit-8 : Thermodynamics 


Average 


76. The freezer in a refrigerator is located on the top section so that 


(1) The entire chamber of the refrigerator is cooled quickly due to convection 


(2) The motor is not heated 

(3) The heat gained from the environment is high 

(4) The heat gained from the environments is low 
Correct answer: (1) 


Solution: 


Refrigerator 


(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 


The upper cold denser air goes down while the lower warmer are goes up. The convection current so set 


up quickly cool the chamber or the refrigerator. 
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Unit-8 : Thermodynamics 


Average 


Carnot Engine 


77. A diatomic gas is used in a carnot engine as the working substance. If during the adiabatic 
expansion part of the cycle the volume of the gas has increased from v to 32v, the efficiency 


of the engine is 


(1) 0.25 
(2) 0.5 
(3) 0.75 
(4) 0.99 


Correct answer: (3) 
Solution: 


For adiabatic expansion 


TV a Ly k 


r—l 
D V5 Z| 2 
i | = (32 = % 
T, x r ( ) = (32) 4 


Efficiency ofa carnot engine is given by 


n=[1-2]-(1-$}-025 
T, 4 


Hence option (3) is correct. 


Unit-8 
Easy 


(Incorrect) 
(Incorrect) 
(Correct) 


(Incorrect) 


. ; _ 7 
[ y for a diatomic gas is = ] 


: Thermodynamics 


Internal Energy of the System 


78. A sample of ideal gas has internal enegy ‘U’ and is then compressed to one half of its 
original volume. While the temperature remains the same. The ratio of final internal energy 


U’ to initial internal energy U is: 


(1) 7 
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(2) (Incorrect) 


N| eR 


(3) 1 (Correct) 
4) 2 (Incorrect) 
Correct answer: (3) 
Solution: 
For an ideal gas 
PV =nRT 
where dU =nC, dT 
as temperature remains constant in the process, dT = 0 
Hence there is no change in internal energy dU = U’—U =0 


Hence —=1 
ence U 


Hence option (3) is correct. 


Unit-8 : Thermodynamics 
Easy Work done by the Gas 


79. Volume versus temperature graph of two moles of helium gas is as shown in the figure. The 
ratio of heat absorbed and the work done by the gas in the process A > B is: 





(d) 3 (Incorrect) 

(2) > (Correct) 
5 

(3) A (Incorrect) 


434 


UDOON 


A program to give wings to girl students 


(4) 1 (Incorrect) 
2 
Correct answer: (2) 
Solution: 
As v—T graph is a straight line passing through origin: 
Hence V or P = constant 
dQ =nC,dT and dU =nC, dT 
dW = dQ - dU = n(C,—-C, )dT = nRdT 
Hence = = = = 2 
dw R 2 
Unit-8 : Thermodynamics 

Easy First Law of Thermodyamics 


80. The amount of heat given to a system is 40 J and the amount of work done on the system is 
20 J, then the change in internal energy of the system is: 


(1) -20J (Incorrect) 
(2) +20J (Incorrect) 
(3) -60J (Incorrect) 
(4) +605 (Correct) 


Correct answer: (4) 


Solution: 
According to first law of thermodynamics 
dQ = dU + dW 
Given dQ = 40 J 
dW =-—20 J (As work done on the system is negative by sign convention). 
=> dU = dQ - dW =40-(20) 
=60J 
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UNIT-9 : KINETIC THEORY OF GASES 


Learning Objectives 

After going through unit, you would be able to understand, appreciate and apply the following concepts: 
° Random motion ofatoms / molecules ofa gas at any finite temperature. 

° The gas laws, 1.e. (1) Boyle’s law (2) Charle’s law and (3) Gay Lussac’s law. 

° A perfect gas. 

° Work done by / on a gas. Co-relate work with area under P—V diagram. 

° Basic assumptions (simplifying) of kinetic theory of gases. 


° Co-relation between collisons of atoms / molecules with walls of container and pressure exerted by 
a gas. 


° Derivation ofexpression for pressure exerted by a gas. 


° The r.m.s speed (v__); the average speed (v) and the most protable speed of gas atoms / molecules 
ofa gas. 


° Kinetic interpretation of temperature. Expression for K.E. of one atom / molecule ofa gas. 
° Derivation of gas law from expression for pressure (P) exerted by a gas. 

° Degrees of freedom. 

° Boltzmann’s law of equipartition of energy. 

° Expression for C,, C, and y in terms of degrees of freedom. 


° y for a mixture of gases. 
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Concept Map 


Assumptions of kinetic theory of gases 


Derivation of expression for pressure 
exerted by a gas 



















The average 
speed 


Most probable 
speed 


Kinetic interpretation 
of temperature 





Derivation of gas laws from expression for P 


Boltzmann’s law of 
equipartion of energy 


The degrees 
of freedom 


Expression for Cv, Cp y for a mixture 
and y in terms of degrees of gases 
of freedom 
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Introduction 


The atoms / molecules ofa gas at any finite temperature are in a state ofrandom motion. This is because 
interatomic / molecular forces are weak. The atoms / molecules undergo collisons with one another and the 
walls of the container. Kinetic theory of gases explains the obsreved (experimental) gas laws in terms of the 
random motion of the atoms or molecules of gas. 


Gas Laws 


For a gas; there 1s an appreciable change in volume due to changes of pressure. To describe the state or 
condition ofa gas its (1) volume (2) pressure and (3) temperature must be specified. These are known as 
the state parameters of a gas. A change in any one of them effects the others. The gas laws are the 
relation between any two of these parameters when the third is constant. The three important; experimental, 
gas laws are: 


(1) BOYLE’S LAW 


The law was discovered by Robert Boyle in 1662. According to Boyle’s law for a given mass ofa 
gas; temperature (T) remaining constant; the volume (V) is inversly proportional to the pressure (P). 


Expressed mathematically, 


l 
Va r T = constant 


or PV = constant 


Fig. 1 (a) and (b) show the P vs V and P vs 1/V graph for a given mass of gas at a constant 
temperature. 


j T = const. j T = const. 





(a) (b) 
Fig. 1 
(2) CHARLE’S LAW 


A.C Charles; in 1787; studied the variation in volume of gas with temperature; pressure remaining 
constant. According to Charle’s law. 
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at constant pressure; the change in voulme ( AV) per unit volume at 0°C (V) per degree change in 


temmperature is a constant. Let V, and V denote the volume of gas at 0°C and 0°C at constant 
pressure, then 


V-V, 





= constant = y, 
0 


Y, 1s known as coefficient of volume expansion of gas at constant pressure. Experiments show 


Y, = 1/273.15. Eqn. (1) can be written as 





| P= const. 
V=V YO te (2) 
This law is also referred as law of volume. Eqn (2) is rewritten as 
Sis 0 2731570 _ 7 
Vo 273.15 273.15 To 
0 
V : = 
or L = constant Fig. 2 


T, and T denote absolute temperature of gas at 0°C and 0°C respectively. 
GAY LUSSAC’S LAW 


Gay Lussac studied variation of pressure of a gas with temperature at constant volume. It is also 
known as law of pressures. According to this law: 


at constant volume; the change in pressure ( AP ) per unit pressure at 0°C (P) per degree change in 


temperature is a constant. Let P, and P denote pressure of gas at 0°C and 0°C at constant volume, 
then 


ee A constant = 
PO A 








Yv is known as the coefficient of pressure expansion at constant volume. Experiments show 


Yv =1/273.15. Eqn. (3) is rewritten as 
P=P(l+yy0Q) 0 ee (4) 


Let T, and T be the absolute temperature of gas at 0°C and 0°C respectively. Then T, = 273.15, 
T =272.15+0 


Eqn. (4) can be written as 


439 


IQ% Or 
UDAAN 
P Q@  273.15+0 T 


— =| + = 
P, 273.15 273.15 T, 





P 
or —=constant; =n (5) 
T 
According to Eqn. (5) volume remaining constant the pressure of a given mass of gas is directly 


proportional to its absolute temperature. Fig. 3 (a) and (b) show P vs 9; and P vs T graph of gas at 
constant volume. 


j V= const. | V= const. 





jj 


(a) Fig. 3 (b) 
A Perfect Gas 


A perfect gas 1s one; in which the atoms / molecules donot exert any force of attraction on one another. In 
practice no gas can be a 100% perfect gas. However for gases at high temperature and low pressure the 
above stated condition is nearly satisfied. We can say that any gas at low pressure and high temperature is 
nearly a perfect gas. 


Perfect Gas Equation 


This is an equation relating pressure (P); volume (V) and absolute temperature (T) ofa given state of an 
ideal (or perfect) gas. Commbining Boyle’s and Charle’s law we get 


PV=nRT 2 (6) 


where n is the number of moles contained in the given mass of gas. Let m and M represent the mass of gas 
ms. 
and the molar mass respectively. Then n = Ti R is a the universal molar gas constant. From Eqn. (6); we 


have 
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B Force 


PV x volume = Force x distance = work 





Area 


The universal gas constant equals work done by (or on) the gas per mole per degree Kelvin. 
Experiments show that R = 8.31 J mole” K'. Dimensions of R are 


-l-2 3 
[R] = —— =MLT°K"™ 


Example-1: 


A tube closed at both ends is divided into two equal parts by a mercury column 10 cm long. The 
tube is lying horizontally with the two parts containing air at atmospheric pressure. The tube is 
turned so that it is vertical. Calculate the displacement of mercury column. Atmospheric pressure 
= 76 cm of mercury column. 


Solution: 


=i 10 cm ke 


AIR 
PV, 


AIR 
Poyi 


Nt 


n— 100 cm ————— 


ie 0.45m— >I k- 0.45 m — 





(a) (b) 
Fig. 4 


Fig. 4 (a) shows the tube in horizontal position. The two parts of tube are of equal length of45 cm each. 
P =P „is pressure of air in each part of tube. V, = volume of air in each part = ax0.45 where a= area 
of cross-section of tube. Fig. 4 (b) shows tube in vertical position. Let x cm be the displacement of 


mercury column. Let P’ and P; be pressure of air in the two parts of tube. Clearly 
P}=P'+10cmofHgcolumn ~~... (1) 

Applying Boyle’s law to upper part of air column in Fig. 4 (b) 
0.76 0.45 = P’x(0.45+ x) 


or P= A a CR (2) 
(0.45 + x) 
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Similarly for the gas in lower part of tube 
0.76 x0.45= Pi x(0.45—x) 


p'— 0.76x0.45 ; 
or 2 (0.45—x) bee (3) 


From Eqns (1), (2) and (3) we get 


0.76x0.45 0.76x0.45 
— = —— + 0.1 
(0.45- x) (0.45+ x) 


On solving for x, we get 


x = 0.029 m= 2.9 cm. 


Example—2: 
P 
Show that for a gas obeying Boyle’s law; — = constant; where P is the pressure and n, is the 


1 
number of molecules per unit volume of gas. 


Solution: 


For a given mass m; of gas of molecular mass M at constant temperature T on absolute scale 





PV = z) RT 
M 
: = o = constant 1 
or (™) Mo o (1) 


Let n, be number of atoms / molecules per unit volume. Then 
m=nVxXm, 2 nee (2) 


where m, is mass of one atom/ molecule of gas. From Eqns. (1) and (2) we have 


= constant 





n, xm, 


P. 
Since m, 1s a constant — 1s another constant. 
n 
1 
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Example-3: 


A container contains 10° c.c of air at 2 atmospheric pressure at 127°C. What is the number of 
molecules of air in container? At N.T.P gas has 2.7x10°% molecules per cubic meter. 


Solution: 


Given; for the container; 

V = Volume of air = 10° c.c =0.1 m’ 

P = Pressure of air = 2 atm = 2x1.01x10° Nm? 

T = Temperature on Kelvin scale = 127 + 273 = 400 K 


Let V, be the volume of air in container at N.T.P. From gas-equation 


ev p20 or Vale. b jy 
T T, ” {PJUT 


7 2x1.01x10° x 273x0.1 
: 1.01x10° x 400 





or m? =0.1365m° 


Number of air molecules in container = 0.13652.7x10” = 3.685107 


Example—4: 


Volume of 1g of oxygen at N.T.P conditions is 700 c.c. Molecular mass of oxygen = 32 g. What 
is R? 


Solution: 


Given; V = 700 c.c = 7x10% m°; P = 1 atm = 1.01x10° Pa, m = mass of oxygen = 1g, T = 273 K. 


m 1 
M = Molar mass of oxygen = 32 g, n= number of moles = M 30° From ideal gas equation 


PV 
PV=nRT or R=— 
nT 


Substituting given value of parameters we have 


7 1.01x10°x7x10~ 


a) 273 
32 


R Jmol K! =8.31 Jmol” K” 
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Work done by/on a gas 





Fig. 5 


Consider an ideal gas at a pressure P inside a cylinder—piston arrangment as shown in Fig. 5 (a). Let Abe 
area of cross—section of piston. The gas pushes piston to position CD by an infintesimally small amount dx 
as shown in Fig. 5(b). Let dW be work done by the gas. Obvisouly 


dW = (P.A.).dx = PAV 


where A.dx = dV = infintesimally small amount of change in volume of gas. For any finite change; the total 
work done 1s 


W= f Pav 


W depends on the manner in which change takes place from the initial to the final state. The work done is 
mumerically equal to area under P—V graph showing the change in the gas. The expression for work done 
in a few standard processes are: 


(1) | Lsochoric process, i.e. volume V = constant 
<. dV =0 and | PdV =0. In words; no work is done on or by gas in an isochoric process. 


(i) Lsobaric process, 1.e. pressure = P = constant 
Ve 
W =P | dV=P(V,-V,)=nR[T, -T,] 
Vi 
i) Zsothermal process, 1.e. temperature = T = constant 


Ve 
W =P | PdV =2.303RT log Z) 
V; V; 
(v) Adiabatic process, i.e. heat content = Q = constant 


R 
=7 [T; —T, | 


Ve 1 
W =P | PdV = ——_ |P.V. -P..V, | = 
l 1 | i'i f | (y- ) 


(y-1) 
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Assumptions of Kinetic Theory of Gases 


Claussius and Maxwell developed the kinetic theory of gases to explain the gas laws in terms of motion of 
atoms / molecules of gas. The followings are the simplifying assumptions of the theory. 


(1) All gases are made of atoms / molecules. All atoms / molecules of a gives gas are identical. The 
atoms / molecules of different gases are different from one another. 


(2) The atoms / molecules have a negligible size (diameter of the order of 2 10-'°m) as compared to 
distance between them. The total volume of atoms / molecules is negligible as compared to the 
volume of the container; the gas is confined to. 


(3) The interatomic / molecular force between atoms / molecules of a gas is negligible. The atoms / 
molecules are considered to be in a state of free motion. 


(4) The atoms / molecules ofa gas are regarded as perfectly elastic spheres. 


(5) The atoms / molecules are in a state of continuous, rapid, random motion. They move in all directions 
with different speeds ranging from zerto infinity and obey Newton’s laws of motion. 


(6) Due to their random motion the atoms / molecules colloide with one another and the walls of the 
container. The collisions are perfectly elastic. The time taken in a collision is negligible. 


(7) In between two collisions the atom/ molecules moves in a straight line path. Distance between two 
consecutive collisions is known as free path. Free path is not a constant. The average distance 
between two consecutive collisions is known as the mean free path and is a constant for a given state 
of gas. 


(8) The average time between two collisions is known as the mean relaxation time. 


Pressure Exerted by a Gas 


The atoms / molecules ofa gas at any finite temperature, continously undergo collisions with the walls of the 
container. During each collision the atom / molecule suffer a finite change in linear momentum. The rate of 
change of the linear momentum equals the force the container exerts on atoms / molecules. In accordance 
with Newton’s third law; the atoms / molecules exert an equal and opposite force on the walls of container. 
This force per unit area is the pressure the gas exerts on the walls of the container. 


Expression for Pressure Due to an Ideal Gas 


Consider an ideal gas inside a cube of side (2 ) as shown in Fig. 6(a). Let the cube contain n atoms / 


molecules each of mass m. Let v.; j= 1, 2, 3,...... N be the velocity different atoms / molecules. Resolve 
velocity vector (v) of every particle into its rectangular components v, a and v, as shown in Fig. 6(b). 
Then 


V =v +v +v; meee (1) 
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UDAION 

Consider one atom / molecule 
moving along x-axis with speed v, 
as shown ni Fig. 6(a). The atom / 
molecules undergoes a collision with 
face ABCD of cube and rebound 
backs with speed — v,. The change 
in linear momentum = —mv —mv, 
=—2mv . This atom/ molecules goes 
to the opposite face OEFG; 
undergoes a collision and comes 
back to face ABCD. The time 
between two consicutive collision on 





24 (b) 
ABCD is — The number of Fig. 6 
V 
collision in one second = ov) . Therefore the magnitude ofrate of change of linear momentum is the force 


f this atom/ molecule exerts on face ABCD. Obviously 


2 
f =2my xs Be (2) 
2a oe 


Taking into account collisions due to all atoms / molecules of gas; the total force F, on ABCD is 





N mv. 
n-5t-È | +) D (3) 


The pressure P ; along X-axis, is 


F m > m ; 
le rae > Vix VV Vix sesse (4) 
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The pressure exerted by gas is same in every direction i.e., P _ = P.=P =P (say). Obviously 





mg mN 
Epa JEN n (6) 
where v? A tn tv aes (7) 


N N 


v ~- 1s the root mean square velocity of gas atoms / molecules. Also mN = m, = Total mass of gas in cube 
al 


y P = density of the gas. Eqn (7) can be rewritten as 


and 
1, 
P= 3 PVs o (8) 


THE (1) MEAN (OR AVERAGE) (2) THE ROOT-MEAN SQUARE AND (3) MOST 
PROBABLE; VELOCITY OF GAS ATOMS/MOLECULES 


(1) Mean (average) velocity (v) is the average of the velocities of atoms / molecules of gas. By definition 


_ Sum total of speed of all atoms / molecules 
The total number of atoms / molecules 


Using Maxwell-Boltzmann statistics it can be shown that 


8kT 
vs S (2) 
mm 


k is the Boltzmann’s constant. 


(2) Root-mean—square velocity (v__) is the square root of the mean of the square ofthe velocities of 
atoms / molecules. Obviously 


In terms of the pressure (P) and density of gas 
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_ /3P Fan =n (viji 
v R | Eqn. = n (viii) | 


(3) Most probable velocity (v) 


We know that velocity of an atom / molecule can vary from ) 
zero to infinity. Let dN be the number of atom/ molecules 


dN i 

| a dN . | N | 

having velocity in internal v and v+dv. wy 8 the fraction of 

l 

l 

dN l 

atoms or molecules having speed v. The graph of N |” - 
Yi V —_ 

| —_ , _, {dn}. 
v is shown in Fig. 7 v_ is the speed for which N)’ Fig. 7 


maximum. v_ is the most probable velocity ofthe atoms or molecules of gas. It can be shown that 


[2kT 
Ve =4{/—— 
m 


where k = Boltzmann’s constant; m = mass of each atom / molecule, T = temperature of gas on 
Kelvin scale. 


KINETIC INTERPRETATION OF TEMPERATURE 


The expression for pressure, P; exerted by a gas is 


2 
pA y AMY (1) 
3V 3V 


Let E = 2 M, v... =The total kinetic energy of atoms or molecules ofthe gas. In terms ofenergy, E, Eqn. 
2 
(1) is rewritten as 


PV = E = : PMNVing | (2) 


According to the ideal gas equation 


mN 
PV =nRT = x) RT (3) 
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where M is molar mass of gas. From Eqns. (2) and (3) we have 


Rì. 1, 
(= r= T (4) 


Let N „ be the Avogadro’s number. It is the number of atoms or molecules in one—mole of gas. Obviously 
M = mN œ». Using this we rewrite Eqn (4) as 


R 2141 2 
Ea nE zf mW pR (5) 


R 
N- = k = Boltzmann ’s constant. Therefore 
AV 
2 : e 3 
5 MV ms = Kinetic energy of one atom or molecules of gas = > kT (6) 


From Eqn (6) we conclude that temperature of gas (T) is a measure ofthe translational kinetic energy of 
the atoms / molecules of gas. This is the kinetic interpretation of temperature. From Eqn. (1); 


3PV 
Yim Sal a 
M, 


Also from ideal gas equation 


PV = Ea RT 
M 


y = PRT 7 
“E (7) 


At T=0K; v___=0. In other words absolute zero of temperature is that temperature at which there is no 
motion of atoms / molecules of gas. 


GAS LAWS AND KINETIC THEORY 
The various gas—laws can be easily obtained from the expression for pressure (P) exerted by a gas. 
(1) Boyle’s Law 

We have 


p-M 
3y ™ 
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According to kinetic interpretation of temperature; v? is directly proportional to T. At constant 


temperature v__ is also constant. For a given mass M, of gas 
PV =constant 
This is Boyle’s law. 
(2) Charle’s Law 


We rewrite expression for pressure, P; as 


V= Ae 
3P rms 


At constant pressure, i.e. P = constnat; V is directly proportional to v~,. or T. 
V 
— = constant 
T 


This is Charle’s law. 


(3) Dalton’s Law of Partial Pressure 








Consider a mixture of gases in an enclosure of volume V. Let P, P., P......... be the pressure exerted 
by individual gases. Let N, N,, N,........ be the number of atoms / molecules of each gas. 
a ee eer ee be the root mean square speed of atoms / molecules of each gas. Then 
= AN v ; P= Mai Ufo 
3V 'ms 3V ~em 
ji DA i o E denote the mass ofone atom / molecules ofeach gas. Therefore 
P +P, +P H... [mvi +m, Vi +... l 


All the gases in mixture are at same temperature. In other words kinetic energy ofeach individual 
atom / molecule of different gases is same, 1.e. 
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ms | 


where N = N,+N,+....... : Also {= yv? P = The total pressure of the mixture; 1.e. 


eed EE eres =P 
This is Dalton’s law of partial pressure. 
Example-5: 


v is the rms speed of atoms of gas at a temperature of 27°C. What is change in temperature if the 
rms speed of the atoms increases by 50%? 


Solution: 


T = The initial temperature of gas = 273+27 = 300 K 


1 


m 
Let T, be the temperature of gas, so that the rms speed = v, = a = J We know v, avT; 
therefore 
v__ 273 
(>| T, 
2 


or T,=675 K 
The change in temperature of gas = 675-300 = 375 K = 375°C 
Example—6: 


A nitrogen molecule on surface of earth has a speed equal to rms speed of nitrogen molecule at 
0°C. This molecule rises vertically upwards without any collision. What is the height to which it 
rises. Assume g is constant and equal 9.8 ms”. Given 


Mass of nitrogen molecule = 4.65x10-”° kg 
Boltzmann’s constant = k = 1.38x10- JK" 
Solution: 


Letv=v___=r.m.s speed of nitrogen molecules 
7 [3RT = | 3RT 
M mN ay 
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R 
where m is mass of one atom of nitrogen and N, is the Avogadro’s number. We know N k = The 
AV 


Boltzmann ’s constant. Therefore 


v- 3kT _ /3x1.38x10 "x273 E T E 
“Vm NV 465x10” e 


Let H be the vertical height to which the nitrogen molecules rises above earth’s surface. Then 


V 
0-v? =2(-¢)H or H = — 
(-g) F 
(492.9) 
H = =————— m 7 12.4km 
2x9.8 
Example—7: 


Calculate the number of molecules in 1 c.c of a perfect gas at 27°C at a pressure of 20 mm of 
Hg. Mean K.E of one molecule at 27°C = 4x10% J. Density of Hg = 13.6x10° kgm*; 
k = 1.38x10” JK". 


Solution: 


NI 3 
The mean kinetic energy of one molecule = 5 kT. Given 


3 : 
5 kT=4x10"J (1) 


Let m, and m denote mass of one atom and mass of | c.c of gas respectively. Let N, be number of 
molecules in 1 c.c of gas. Obviously m =m N. Let M be the molar mass of gas. ThenM=mN.,,.. 


where N, =Avogadro’s number. From ideal gas equation 


pv =(™ \rt=n| 2 fr- et 
M N 


AV 


PV 
a Ut ( ttSts~<“CsOSOSC (2) 


Given, 
P = 20 mm of Hg = 20«10°13.6x10°x9.8 Pa 
V = I c.c = 10% m; T = 273+27 = 300 K, and k = 1.3810 JK" 


452 


A program to give wings to girl students 


Substituting given values in Egn. (2) we have 


E 20x13.6x9.8x10° 


_ 17 
138x102x300 ~ 44x10 


DEGREES OF FREEDOM 


The total number of independent co—ordinates required to describe completely the position and configuration 
of the system is known as its degrees of freedom. 


Consider a single point mass having translational motion. Let the particle move along a straight line (say X— 
axis). The position of particle 1s specified by one co—ordinates (say x). The particle has one degree of 
freedom. For the particle moving in a plane (say X-Y plane); two co—ordinates (x and y) are required to 
specify its position. The particle has two degrees of freedom. Ifthe particle moves in space three co— 
ordinates (say x, y and z) are required to specify its position. The particle has three degrees of freedom. 


Consider a system of N—particles having a specific configuration. 3N 1s total number of co—ordinates 
required to specify position of every particle of system. Let R be the number ofrelations amongst position 
of particles. R depends on configuration of the arrangment. The number of degrees of freedom (n) of the 
system is (3N—R); Le. 


n=3N-R 

For monoatomic system; N= 1, R=0;n=3. 

For a diatomic molecule N = 2; R= 1; therefore 
n=3x2-1=5 

For atriatomic molecule, N = 3, R= 2; therefore 
m= 3x3-2=7 


In a similar manner we can find out degrees of freedom due to rotational motion. For a system having both 
translational and rotational motion, the total number of degrees of freedom is the sum of degrees of freedom 
for translational and rotational motion. 


BOLTZMANN’S LAW OF EQUI-PARTITION OF ENERGY 


According to the kinetic interpretation of temperature; we know that the total kinetic energy of one atom or 
3 
molecule of gas is > kT ;k=Boltzmann’s constant; T= Temperature of gas on Kelvin scale of temperature. 


One atom moving in space has three degree of freedom. Therefore 


l 
Energy per degree of freedom = 5 kT 


This is Boltzmann 5 law of equiprtition of energy. 
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SPECIFIC HEAT OF GASES 


We know that the molar specific heat ofa gas at constant volume; C „ is the heat required to raise the 
temperature of one mole of gas by one degree; volume remaining constant. Let dQ be heat given to one 
mole of gas at constant volume so that its temperature rises by dT. By definition of specific heat 


dQ=1.C AT eee (1) 
From first law of thermodynamics 
dQ=dU+dW ae (2) 


For gas at constant volume, dW = 0. Therefore 


dQ = dU = C dT 
dU 
on = 
or oe (3) 


For the same gas; molar specific heat at constant pressure; C,; is amount of heat required to raise temperature 
of one mole of gas by one degree, pressure remaining constant. Let dQ, be heat given to one mole of gas 
to change its temperature by dT at constant pressure. By definition of specific heat 


dQ=1C,db ee (4) 
From first law of thermodynamics 

dQ, =dU+ PAV ee (5) 
where P is constant pressure of gas and dV is change in volume. From ideal gas equation 

PV=RT [< n=l] 
Differentiate 

PdV + VdP =RdT 
At constant pressure, dP = 0, therefore 

PdV=RdT aaa (6) 
From Egns. (4), (5) and (6) we have 

C,dT = C dT + RdT 
or CGF Oa O (7) 
The ratio of C, and C, is a constant for a gas and written as y ; i.e. 
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Since C, > C, [Eqn. (8)]; y 1s more than one 


SPECIFIC HEAT OF GASES AND DEGREES OF FREEDOM 


Consider one mole of an ideal gas at temperature T on Kelvin scale. Let n be the total number of degrees 
of freedom for each atom/ molecule of gas. Using Boltzmann’s law of equipartition of energy; the internal 
energy; U of gas 


u=n{ 5 kT Ny 


dU nRT 





ee a (1) E N,v k=R] 
The specific heat of gas at constant pressure; C,; is 
a (n 
CC RS a RT a (2) 
y for the gas is 
2 
ee ee 
Cy n +] 
2 
as —i—ts—“—C:*‘t (3) 
n 


The following tables gives; n; C,, C, and y for monoatomic; diatomic and triatomic gases. 


Nature of Gas | Degrees of Freedom (n) 


Mono-—atomic 


Dia—atomic 


Trtatomic 
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We can rewrite C, and C, interms of y . From Eqns. (1) and (2) 


y — FOR A MIXTURE OF GASES 


Consider a mixture having n, moles of gas 1, having y = Y ,;n, moles of gas 2 having Y = /.......... and so 


C 
on. Let the mixture by at a temperature T on Kelvin scale. Let y _ be A for the mixture. The total internal 
V 


energy of mixture is sum of internal energy of each constituent. Therefore 











[n,+n,+.....]RT nRT  n,RT 
a nS + m ENES 
(Ya 1) (y.-1) (y2-1) 
n +N, +... n, n, 
— = — + aT aan 
aa (Ya—1) (w-)) (y2!) 


Knowing (n,, Y ,); (1, Y3). y „1s easily calculated. 
Example-8: 


A gas mixture consists of 2 moles of oxygen and 4 moles of argon at temperature T. Neglecting 
all vibrational modes, the total internal energy of the system is 


(a) 4RT (b) 15RT 
© ORT (b) 11 RT 
Solution: 


The internal energy, U, ofn moles of an ideal gas at temperature T is 


U=nC T 


5 
where C, is specific heat of gas at constant volume. Oxygen is a diatomic gas, Cy = mae Ny =2. 
Therefore 


U = Internal energy of oxygen in mixture 


=2x>RT=5RT 
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Argon is amonoatomic gas, C, = i: R and n = 4, therefore 


U, = Internal energy ofargon in mixture 
=4x (= T=6RT 


The total internal energy of mixture = U +U, 
= SRT + 6RT=11RT 

Correct choice is (d) 

Example-9: 


Three closed vassels A, B and C at same temperature T contain gases which obey Maxwellian 
distribution of velocities. Vassel A contains only O,; B only N, and C a mixture of equal quantities 
of O, and N.. If average speed of the O, molecules in vassel A is v,; that of N, molecules in 
vassel B is v, the average speed of molecules in C is 








2 2 
V,tV, 2v; V3 
(a) 3 (b) vty? 
2V.V 
y 1'°`2 
© (vv) O vay, 
Solution: 


The average speed v ofmolecules ofan ideal gas is 


SRT |T 
ya or Va,/— 
mnM M 





For vessel A, B and C 


M ER M EN 
V v 


02 Np 
I 
M œ = 
z 
Obviously 
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— M+ My, 
2 
{v p v? v a v, +v? 


The correct choice is (b) 
Example—10: 


v; V__. and v, respectively denote the mean speed; root mean square speed and the most probable 
speed of the molecules of an ideal gas at absolute temperature T. The mass of the molecules is 
m. Then 


(a) no molecule can have a speed greater than J2Vv 


V 
(b) no molecules can have a speed less than N 


(Cc) Vp<V>V,,. 


3 
(b) the average kinetic energy of a molecule is 4 mv, 


Solution: 


We know; 


[3RT 8RT /2RT 
Ving “a; V= and v, =,/—— 
M nM M 


Obviously v, < V < Vms 


3 
Also Vims = 5 Vp 


The average kinetic energy ofa gas molecule 





l 3 
2 2 
= -mV =—mMmv; 


2 ™ 4 


Therefore (c) and (d) both are correct. 
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Example-11: 


The rms speed of oxygen molecule (O,) at certain temperature is T (degree Kelvin) is v. The 
temperature is doubled and oxygen gas dissciates into atomic oxygen. The rms speed is 


(a) v (b) v/2 
(c) 2v (b) 4v 
Solution: 
We know 


[3 RT | T 
Vins = ———— or v o,a, — 
M M 
Given v=, E =r.m.s speed of oxygen at T 


v'=r.m.s speed of dissociated oxygen 


m 
m' =Atomic mass of dissociated oxygen = 5 Therefore 


vi=2v 
Correct choice is (c) 
Example-12: 


C, and C, denote molar specific heat of a gas at constant volume and constant pressure 
respectively. Then 


(a) (C,—C,) is larger for a diatomic ideal gas than for a monoatomic gas 


(b) (C,+C_) is larger for a diatomic gas than for a monoatomic gas 


C 
(c) Ee is larger for a diatomic gas than for a monoatomic gas 
V 


(d) C C,is larger for a diatomic gas than for an ideal monoatomic gas 
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Solution: 


We know for monoatomic gas 


3 5 
C.=—R and C,=—R 
Y 2 Tp 


5 
C,-C, =R; C +C, =4R: ah =2=1.67 


and c,.c, = R 
4 
For diatomic gas; 
5 7 
C,=—R; C=- R 
aO © 2 
C, 
C,-C, =R; C,+C, =6R; —=—-=1-4 
Cy 
and T 


Obviously (b) and (d) both are correct. 
Example-13: 


One mole of oxygen is heated from 0°C; at constant pressure till its volume increase by 10%. 
What is the quantity of heat required? The specific heat of oxygen at constant pressure is 
0.22 calg” K". Ifthe same quantity of heat was supplied to gas at constant volume, what will be 
the final temperature? 


Solution: 


V 
At constant pressure; from Charle’s law a = constant. Given 


V_=V,T, = 0°C = 273 K; V,=1.1V,T,=? 


V 11y 
m T 


or  T,=300.3K 
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C, = Molar specific heat of oxygen at constant pressure 


= MC, = 32x0.22 = 7.04 Cal mole” K” 
Q, = Heat required = nC, (AT) =nC, (T-T) 


= 1x7.04x(300.3—273) = 7.0427.3 Cal 
~ 192.2 Cal. = 192.2x4.2 J = 807.24 J 

Let C, be molar specific heat of oxygen at constant volume. We have 

C,=C,-R=7.04 —2 = 5.04 Cal. 

[+ R=2 Cal mole'K"] 

Let T, be final temperature when 192.2 cal of heat is given to gas at constant volume. Then 
192.2 = 15.04 [T,-273] 

T= 28 212 2 31K 

Rise in temeprature = 311—273 = 38°C 

Example-14: 


An ideal diatomic gas is heated at constant pressure (= 1 atomosphere). 210 J of heat is given to 
gas. What is 


(1) change in internal energy of gas 
(2) work done by the gas? [R = 8.31 J mole'K"| 
Solution: 


For a diatomic gas 


GA -ÍR and C, -2R 
2 2 


Let T, and T, be initial and final temperature of gas. Then heat supplied, dQ, is 
dQ =nC, (TT) 
The change in internal energy; dU, is 


dU =nC,, (T,-T,) 
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or ise 1501 
1.4 


From first law of thermodynamics 
dQ =dU + dW 

. dW = Work done by the gas = dQ — dU 
= 210-150 = 60 J 
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PROBLEMS FOR PRACTICE 


A 1 m long tube closed at one end placed horizontally traps 15 cm column of air using 76 cm long 
mercury thread. What is column of mercury flowing out of tube 1fkept vertically? 
1 atmospheric pressure = 76 cm of Hg. 


[Ans: 23.8 cmof Hg flows out] 


A given mass of gas at —73°C in a container exerts a pressure of 0.5 m of Hg column. The temperature 
of gas in container is raised to 27°C. What is pressure exerted by the gas? 


[ Ans: 0.75 mof Hg] 


A cylinder of volume 30 litre contains oxygen at 27°C and 15 atmospheric pressure. Some gas is 
taken out of cylinder the pressure of gas drops to 11 atmosphere and final temperature is 17°C. 
What is mass of oxygen taken out? (R = 8.3 J mol'K"'; molecular mass of oxygen = 32) 


[Ans: 0.141 kg] 


What is rms velocity of hydrogen at N.T.P? Also estimate kinetic energy of 1 gram of hydrogen. 
Density ofhydrogen at N.T.P=0.09 kgm”. 


[Ans: ~ 1837 ms"; ~ 3403 J] 
At what temperature rms speed of an atom of argon gas is same as that helium atom at —20°C. 
Atomic mass of argon = 39.9, Atomic mass of helium = 4 
[Ans: ~ 2524 K] 


20 g of nitrogen at room temperature has its temperature raised by 55°C at constant pressure. What 
is heat required? Given R =8.3 J mol'K™. Molecular mass of nitrogen = 28 g. 


(Ans: 1141.25 J] 


Specific heat of argon at constant pressure is 0.125 cal g'K™' and at constant volume is 
0.075 cal g'K'. What is density of argon at NTP. 


[Ans: 1.77 kg m>] 


Calculate the total number of degrees of freedom of 15 c.c of nitrogen at 1 atmospheric pressure; at 
0°C. 


[Ans: 2.015x102] 


Half mole ofa monoatomic gas, one mole ofa diatomic gas and two moles ofa triatomic gas are 
present in a mixture. What is y of mixture? 


[Ans: 1.334] 
What is the ratio of internal energy of helium and hydrogen at a temperature of 327°C? 
[ Ans: 3/7] 
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11. 


A vassel of volume 2 10* c.c contains a mixture of hydrogen and helium at 20°C. The total mass of 
mixture = 5g. What is ratio of mass of hydrogen and mass of helium in mixture? 


[ Ans: 0.5] 


A cylinder of volume 5000 c.c contains gaseous hydrogen at NTP. The temperature of gas is decreased 
by 55°C. 


(a) What is change in internal energy of hydrogen? 
(b) What is amount of heat lost? 
[ Ans: (a) —0.249 kJ, (b) + 0.249 kJ] 


At what temperature the rms speed of gas atoms equals escape velocity from the gravitational 
field of earth? Given g = 9.8 ms”, R = radius of earth = 6400 Km. Escape velocity from 
earth = 11.2 kms". 


[Ans: 100 K] 
The surface temperature of Sun is about 6x 10° K. What is 
(a) r.m.s speed and 
(b) average kinetic energy of hydrogen molecule on Sun? 
[Ans: (a) 8.65 kms", (b) 1.25x107 J] 


Calculated the internal energy at 127°C ofa mixture of 1 mole of a monoatomic; 1.5 mole ofa 
diatomic and 0.5 mole ofa triatomic gas. R= 8.31 J mol” K“. 


[Ans: ~ 23.27 KJ] 
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Key Learning Points 
According to kinetic theory of gases, the atoms or molecules of gases are in a state of random 
motion at any finite temperature. 
Experimental studies give us the gas laws. These are: 


(a) Boyle’s law: For a given mass ofa gas at constant temperature PV = constant; P= pressure of 
gas, V = volume of gas. 


(b) Charle’s law: For a gas at constant pressure, V/T = constant; T is temperature of gas on 
Kelvin scale. 


(c) Gay Lussac’s law: For a gas at constant volume; P/T = constant. 


A perfect gas obey’s gas law under all conditions of pressure and temperature. No gas can be 
hundred percent perfect. However a gas at low pressure and high temperature behaves nearly like a 
perfect gas. 


The perfect gas equation is 


PV =nRT (= rr 
M 


m 
n = M Number of moles of gas, m= mass of gas, M = Molar mass of gas. 


A gas at pressure P, volume V undergoes an infintesimal change dV in volume. The work done on or 
by the gas = dW = PdV. For a finite change; 


W = Total work done = f Pav = Area under P vs V graph. 


To simplify calculations in kinetic theory we assume 

(a) Atoms or molecules are all identical, having negligible size 1.e. are ponit masses. 

(b) There isno interatomic or intermolecular force between gase atoms or molecules. 
(c) The atomor molecules undergo perfectly elastic collision with the walls of container. 


(d) The average distance between two consecutive collisions is known as mean free path and the 
average time between collisions is known as mean relaxation time. 


The pressure exerted by gas is due to the change in the linear momentum of an atom or molecule due 
to acollision. The expression for pressure, P, exerted by gas is 


l 
P=-pv? 
3P rms 


where p is density of gas and v, is the root-mean square velocity of atoms or molecules of gas. Let 
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Mas eens v,, be the velocity of N-atoms or molecules of gas under consideration. Then 
VHV tiv | 
Naat — 
N 


The mean velocity (v); rms velocity (v _„) and most probable velocity v, are: 


8 kT 3P 2kT 
VSE ea Ve 
nm p m 


k = Boltzmann ’s constant; m = mass of one atom or molecules of gas. 


The temperature (T) ofa gas is a measure ofaverage kinetic energy ofeach atom or molecule of gas. 
The kinetic energy of one atom or molecules of gas is 


l 
—mv 
2 


s kT 


2 
rms 
2 


In terms of temperature (T) and molar mass (M); 


[3RT 
Yms =a a 
M 


The degrees of freedom are the number of independent co—ordinates required to completely describe 
position and configuration ofa system. For one atom, having translational motion the degree of 
freedom are 1, 2 and 3; if the atom has one dimensional, two dimensional or three dimensional 
motion. 


For a system of N—atoms, the degrees of freedom, n, 1s 
n=3N-R 
where R is number of relations amongst position of atoms or molecules. 


For monoatomic; diatomic and triatomic gas degrees of freedom of translational motion is 3, 5 and 
7 respectively. 


According to Boltzmann’s law of equipartition of energy; energy per degree of freedom = =k T. 


For a gas we define: 


C, = Molar specific heat at constant volume = Heat required to raise temperature of one mole of gas 
by one degree at constant volume. 


C, = Molar specific heat at constant pressure = Heat required to raise temperature of one mole of 
gas by one degree at constant pressure. 
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It can be show that 
C=C. = 


C , 
15. y= a = The ratio of the two specific heats of gas y 1s always more than one. 
V 


16. In terms ofdegrees of freedom, n; 


6, = BR, o2; y= &12 
2 2 Ca n 


17. For monoatomic gas; 


For diatomic gas; 
7 
C,=— R; C,=—R; ar a 4 
For triatomic gas; 


7 9 9 
C.=—R; C,=—R; y=—=1.28 
Ag a S 7 


C 
18. For a mixture ofn,,n,,......... moles of gases having A aS) os) ates etc. Yn i ofthe mixture 
V 
is given by 
n,+n,+..... n, n, 
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Ideal Gas 


1. Anair bubble starts rising from the bottom of lake. Its diameter is 3.6 mm at the bottom 
and 4 mm at the surface. The depth of the lake is 250 cm and temperature at the surface is 
40°C. The temperature at the bottom of the lake is (Given atmosperic pressure= 76 cm of 


Hg and g = 9.80 ms”, specific gravity of Hg = 13.6) 
(1) = 10.27°C 


(2) 9.4°C 
(3) 11.37°C 
(4) 12.4°C 


Correct answer: (2) 
Solution: 


At the bottom of lake 


V, = volume of bubble = Sar =$ a (0.18) so m 


P = The total pressure at the bottom of lake 

= atmospheric pressure + pressure due to a column 250 cm of water 
= 0.7613.6x10°x9.8 + 2.50x10°x9.8 
= 1257928 Pa = 1.285x10° Pa 

T, = Temperature at the bottom of lake = ? 

At the surface of lake 


P, = The total pressure = The atmospheric pressure = 1.013<10° Pa 
Volume of bubble at surface of lake= V, = = (0.2) x10° m’ 


T, = 273+40°C = 313 K 


PY, PV), 
Applying gas equation T = T 
1 


2 





we have 


P VT, 
P, V, 


T o= 


1 


469 


(Incorrect) 
(Correct) 
(Incorrect) 


(Incorrect) 


UDOON 


A program to give wings to girl students 


— 1.26x10° x(0.18) x313 
1.013x10° x(0.2) 


2.300 


= —— = 282.56K 
0.00814 


T, = 282.56 — 273.16 = 9.4 °C 


Unit-9 : Kinetic Theory of Gases 


Easy Kinetic Energy of Translation 


2. The average kinetic energy of translational motion of the molecule of an ideal gas at 0°C 
and 100°C respectively is 


(Given Avogadro’s number N = 6.02x10” and Boltzmann’s constant k = 1.38x10” J/K). 


(1) 5.65x107! J/molecule, and 7.72x107! J/molecule (Correct) 
(2) 5.65x107! J/molecule, and 5.65x10-’ J/molecule (Incorrect) 
(3) 5.65x107! J/molecule, and 5.67x10-° J/molecule (Incorrect) 
(4) 7.72x107! J/molecule, and 7.72x10- J/molecule (Incorrect) 


Correct answer: (1) 


Solution: 


Kinetic energy of translation at 0°C = K = 2 kT 
2 


= x138x10 x273 
= 5.65x10°*! J/molecule 
KE at 100°C = 5x1,3810 x 373 


= 7.72107! J/molecule 


The correct choice is (1) 
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Unit-9 : Kinetic Theory of Gases 
Easy Root Mean Square Speed 


3. The root mean square speed of hydrogen molecules at a temperature of 27°C is 


(1) 1.93x10° ms" (Correct) 
(2) 5.79x10? ms" (Incorrect) 
(3) 2.37x10* ms" (Incorrect) 
(4) 2.37x10° ms" (Incorrect) 


Correct answer: (1) 


Solution: 


3RT 
Root mean square speed = Ving = va 


M = The molar mass of hydrogen gas = 2 g=2x10° kg , T= 273+27 =300K 


\ = Bx83b30 n 
i 2x10” oo = 


Unit-9 : Kinetic Theory of Gases 
Easy Root Mean Square Speed 


4. The temperature at which the oxygen molecules would have the same rms speed as of 
hydrogen molecule at 300 K is 


(1) 2400K (Incorrect) 
(2) 1200K (Incorrect) 
(3) 4800K (Correct) 
(4) 300K (Incorrect) 


Correct answer: (3) 
Solution: 


Let T, and M, be the absolute temperature and molecular mass of oxygen. T,, and M, denote the absolute 


temperature and molecular mass of hydrogen. Given (V,ms)o = (Vms iH, 
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_ BRT, — (RT, 
E M, g My 
3RT, [3x Rx300 
M, g My 








To M, 
or = ——= l6 A = 
300 M, [e M, = 16 M,] 
T, = 4800 K 
Unit-9 : Kinetic Theory of Gases 
Average Average Translational Kinetic Energy and rms Speed 


5. The average translatinoal energy and the root mean square speed of molecule in a sample 
of oxygen at 300 K, are 6.21x10-' J and 484 ms", respectively. The corresponding values 


at 600 K would be 

(1) 1.242x10 J and 968 ms" (Incorrect) 
(2) 3.06x10' J and 484 ms" (Incorrect) 
(3) 3.06x10' J and 584 ms" (Incorrect) 
(4) 1.242x10~*° J and 684 ms"! (Correct) 


Correct answer: (4) 
Solution: 
We know 


Se 3 | a 
The kinetic energy = K = > kT = 7 Vms, therefore 


= 


allie 
9 


— 


K, 
K, = 2 K = 1.242x10 J 
[3RT 
We know Vins = EVE , therefore 
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= /2x484 = 684 ms!/ 


Unit-9 : Kinetic Theory of Gases 


Average Internal Energy 


6. One mole of an ideal monoatomic gas is at temperature of 300 K,. Its volume is doubled 
keeping its pressure constant. The change in internal energy is 


(1) 3.735x10° J (Correct) 
(2) 6.225x10° J (Correct) 
(3) 8.715x10° J (Incorrect) 
(4) 6.225x10’ J (Incorrect) 


Correct answer: (1) 
Solution: 


At constant pressure, volume is directly proportional to temperature. Therefore 


ie 
V, L 
T 2 
or T, =+ =" 600 K 
1 


AU = The change in internal energy = nC, (AT) 


f 
= 3 nR (T, = ) , where f= number of degrees of freedom and equals 3 for a monoatomic gas. 


“ AU = =x1x8.3 (600-300) = 450x8.3 J 


= 3.735x10° J 


473 


UDOION 
Unit-9 : Kinetic Theory of Gases 
Easy Root Mean Square Speed 


7. The root mean square speed of molecules of gas whose density is 1.4 kg/m? at a pressure 
76 cm of Hg (specific gravity of mercury 13.6 and g = 9.81 ms”) will be 


(1) 4.6610? ms" (Correct) 
(2) 4.66x10* cms" (Correct) 
(3) 2.33x10? ms" (Incorrect) 
(4) 2.33x10? cms" (Incorrect) 


Correct answer: (1) 
Solution: 


Pressure, P, exerted by an ideal gas on the walls of the container 1s 


l 
P=-pv- 
3P rms 


| 2 
» Vig =] 
P 


Given P = 0.76 x 13.6 x 10° x 9.81 Pa, and p= 1.4 kgm”. Substituting values we have 


pe [30.76 13.6x1000x9.81 ee a 
i 1.4 


Unit-9 : Kinetic Theory of Gases 
Average Root Mean Square Velocity 


8. The temperature at which the root mean square speed of molecules of a gas is double of its 
value at 0°C, is 


(1) 819°C (Correct) 
(2) 1092°C (Incorrect) 
(3) 273°C (Incorrect) 
(4) 386°C (Incorrect) 


Correct answer: (1) 
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Solution: 


We know, the r.m.s speed of molecules ofa gas is 


[3RT 
V ms = 
M 





or — > 2 
V 273 





T,= 4x273 = 1092 K = 1092-273 = 819°C 
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Ideal gas Equation 


9. Acertain mass of hydrogen has a volume of 100 cm’ at a pressure at 10° N/m? at 27°C. The 


mass of hydrogen is 


(Given molecular weight of hydrogen is 2 g and R= 8.31 J mole” K") 


(1) 2x10“ kg 
(2) 1.6x10° kg 
(3) 4x10° kg 
(4) 8x10° kg 
Correct answer: (4) 
Solution: 
Let the number of moles of hydrogen be ‘n’. From ideal gas equation 
PV =nRT 


A ae 10° x100x10° o l 
RT 8.31x300 83x3 





Since mass ofone mole of hydrogen is 2 g ; the mass, m, of hydrogen is 


m = x 2g = 0.008 g =8x10°kg 





83x3 
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Unit-9 : Kinetic Theory of Gases 


Average Ideal Gas Equation 


10. A vessel of volume 8.0x10° m° contains an ideal gas at 300 K at 200 kPa. The gas is 
allowed to leak till pressure falls to 125 kPa. The amount of gas (in moles) leaked will be 
(Assume temperature remains constant) 


(1) 0.60 mole (Incorrect) 
(2) 0.12 mole (Incorrect) 
(3) 0.24 mole (Correct) 
(4) 0.48 mole (Incorrect) 


Correct answer: (3) 


Solution: 


The number of moles of the gas in the vessel is given by n = RT: 
Let the number of moles before and after leakage be n, and n,. 
PV P,V 
n, = 5 n, = 
RT RT 








(P -P,)V 


The amount of gas leaked in moles=n—n, = RT 


— (200-125)x10° x8x10™ 
g 8.31x300 


= (0.24 mole 


Unit-9 : Kinetic Theory of Gases 
Average Pressure 


11. A mixture of hydrogen and oxygen has volume 2000 cm’, temperature 300 K, pressure 100 
kPa and mass 0.76 gram, the mass of hydrogen and oxygen in the mixture are: 


(1) 0.12 g and 0.64 g respectively (Correct) 
(2) 0.06 g and 0.70 g respectively (Incorrect) 
(3) 0.64 g and 0.12 g respectively (Incorrect) 
(4) 0.24 g and 0.52 g respectively (Incorrect) 
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Correct answer: (1) 


Solution: 


Let the number of moles of hydrogen and oxygen in the mixture be n, and n,. The pressure of the mixture 


nRT n,RT RT 
= + 


P + =(n, +n) 





Substituting given values we have 


831x300 
2000x10~° 


100x10° =(n, +n, ) 
orn+n,=0.08mole 00 ee (1) 
The mass of the mixture = 0.76 g. Obviously 
n, x2 +n, x 32 =0.76 
n, + 16n, 50.38 aa (2) 
Solving Eqns (1) and (2) we have 
n, = 0.06, n, = 0.02 
Hence mass of hydrogen = n x2 =0.12g, mass of the oxygen = 0.02x32 = 0.64g 


Unit-9 : Kinetic Theory of Gases 
Average Mixture of Ideal Gases 


12. Two closed vassels of equal volume contain air at 105 kPa, 300 K and are connected through 
a narrow tube. One of the vessel is maintained at 300 K and other at 400 K, then the 
equilibrium pressure in the vessels is 


(1) 72.5 kPa (Incorrect) 
(2) 120 kPa (Correct) 
(3) 250 kPa (Incorrect) 
(4) 500 kPa (Incorrect) 


Correct answer: (2) 
Solution: 


Let the initial pressure, volume, and temperature in each vessel be P, (=105 kPa), V, and T, (=300 K), the 
number of moles in each vessel be n. When the first vessel be maintained at 300 K and second at 400 K, 
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Let number of moles of air be n, and n, in each vessel and equilibrium pressure be comes P”. 


Pvp MRT ga (1) 
PVo=n RTI, 2 2 2 2 ee (2) 
PVo=0,RT 2 2 2 ee (3) 
and ntn S520 00 ee (4) 


From Egns (1), (2), (3) and (4) we get 


PVG PV) wp PVo 
RT, RT RT 


0 


or p | th ]_ 2 
Ear) T 


0 








, 2P,T’ — 2x105x10° x 400 
T+T 400 +300 





= 120 kPa 


Unit-9 : Kinetic Theory of Gases 
Difficult Pressure Exerted by Gas 
13. A vessel of volume V, contains an ideal gas at pressure P, and temperature T. Gas is 
d 
continuously pumped out of the vessel at a constant volume rate — =r, keeping the 


temperature constant. The pressure of the gas taken out equals the pressure inside the 
vessel, the time taken before half the original gas is pumped out will be 


t= 2.303 V ,log2 


(1) F (Correct) 
(2) t= Vo (Incorrect) 
r 
2.303 rlog2 
3) t=— (Incorrect) 
Vo 
_ rlog2 
(4) t=—— (Incorrect) 
Vo 


478 


A program to give wings to girl students 


Correct answer: (1) 


Solution: 
Given ~ =r or, dV =rdt 


Let volume of the container be V. Let dP and dV denote the change in pressure and volume due to gas 
taken out in time interval t and t + dt. At constant temperature PV = constant; therefore 


PdV =—V_ dP, or Prdt =—V dP 
_ P(r 
= P V, 
Integrate and rearranging we have 


P= pew ome (1) 


Let P= = at t=t,, From Eqn. (1) we have 


, _ Noln2 _ 2.303 V, log 2 
r r 


Unit-9 : Kinetic Theory of Gases 
Easy Average Translational Kinetic Energy 


14. The average translational kinetic energy of air molecules is 0.040 eV. The temperature of 
the air is (Given Boltzmann’s constant k = 1.38x10” J/K, 1 eV = 1.6x10- J) 


(1) 310°C (Incorrect) 
(2) 37°C (Correct) 
(3) 37K (Incorrect) 


479 


A program to give wings to girl students 


(4) 930K (Incorrect) 
Correct answer: (2) 


Solution: 


3 . 
Average translational kinetic energy of one air molecule = 3 kT . Given 


ŠKT =0.04%1.6%10-" J 


or $x1.38%10" xT =0.04x1.6x10°” 


- T=310 K =(310-273)°C = 37°C 


Unit-9 : Kinetic Theory of Gases 


Easy Kinetic Theory of Gases 
15. The temperatuer at which the rms speed of hydrogen molecules becomes double the rms 
speed at 300 K, is 
(qd) 300K (Incorrect) 
(2) 900K (Incorrect) 
(3) 1200K (Incorrect) 
(4) 600K (Correct) 


Correct answer: (2) 


Solution: 
[3RT 
We know Vms =4/—— , therefore 
M 
(Yms) [T 
(V ms ), I, 


Given (v___),=2(v__.), and T =300 K. Substituting values we get 


V_) _ 300 
2V T, 
T, = 1200 K 
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Unit-9 : Kinetic Theory of Gases 
Average Average Speed 


16. The average time taken by the oxygen molecule to travel a distance equal to the diameter 
of the earth with a constant speed equal to the average speed of oxygen molecule at 300 K 
will be (Radius of Earth = 6400 km) 


(1) 4hour (Incorrect) 
(2) 8hour (Correct) 
(3) 7.39 hour (Incorrect) 
(4) Nearly 15 hour (Incorrect) 


Correct answer: (2) 
Solution: 


We know the average speed v,_,1s given by 


SRT 
V = 
av rM 
_ [8x 8.31300 44595 ms”! 
3.14x.032 





l distance travelled 

The time taken t = ————____ 
speed 
3 
= SX OMDOKIO = 28.747%10°s = Shr 
445.25 
Unit-9 : Kinetic Theory of Gases 

Average Average Speed 


17. Average magnitude of linear momentum of a helium molecule in a sample of helium gas 
at 0°C, will be (Mass of helium molecule = 6.6410’ kg, Boltzmann’s constant 
=k = 1.38x10 Jkg") 


(1) 8x10% kg ms" (Correct) 
(2) 8.0x10°7’ kg ms" (Incorrect) 
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(3) 8.66x10-%* kg ms" (Incorrect) 
(4) 8.66x10°’ kg ms" (Incorrect) 
Correct answer: (2) 


Solution: 


The average speed ofa molecule is 


8RT 
Nag aoe 
nM 
Bp ia A = 1,20x10? ms” 
3.14x 4x10 


Linear momentum of helium molecule = Mass x velocity 
= 6.64«10°’«1.20x10° kg ms"! 
~ 8.0x10 kg ms” 


Unit-9 : Kinetic Theory of Gases 
Average Mean / Average Speed 


18. The mean speed of the molecules of hydrogen equals the mean speed of molecules of the 
helium. The ratio of temperature of hydrogen and helium will be 


d) 1:4 (Incorrect) 
(2) 2:1 (Incorrect) 
(3) 1:2 (Correct) 
(4) 4:1 (Incorrect) 


Correct answer: (3) 


Solution: 
We know the average speed of an atom or molecule is 


SRT 
N ay = 
nM 


For hydrogen M = 2g and M,, =4g. Given (V) = (V „)y therefore 


e ee, e L 
nM, \aM, T M, 2 
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Unit-9 : Kinetic Theory of Gases 


Average Mean Speed 


19. 


The temperature at which the mean speed of the molecules of hydrogen gas equals the 
escape speed from the earth is 


Given escape speed from the earth = 11.2 kms” = 11.2x10° ms". 


(1) 11849K (Correct) 
(2) 1180K (Incorrect) 
(3) 1145K (Incorrect) 
(4) 849°C (Incorrect) 


Correct answer: (1) 


Solution: 


The average speed, v, of hydrogen molecule is 





SRT 
Veg — 
nM 


Givenv =v_ ;therefore 
av esp 


p- 112x11.2x10°x3.14x2x10" 


112x10? = 8x8.31xT 
V3.14x2x10° 


= 11849K 
8x 8.31 


Unit-9 : Kinetic Theory of Gases 


Average Internal Energy 


20. 


One kilogram of a diatomic gas is at a pressure of 8x10* Nm”. The density of the gas is 
4 kg m”. The energy of the gas due to its thermal motion is 


(1) 3x10°J (Incorrect) 
(2) 5x10°J (Correct) 
(3) 6x10* J (Incorrect) 
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(4) 7x10° J (Incorrect) 
Correct answer: (2) 
Solution: 


For a diatomic gas having n moles, the internal energy is 
U=2nRT ci Cv=ŽR 
2 2 
Using gas equation PV = nRT, we rewrite v as 
U = 2 PV 
2 


mass lkg 


7 density p 4kg m” 





The volume of gas = V 
5 l 
 U==x8x10*x— = 3 
5 rl 5x10* J 
Unit-9 : Kinetic Theory of Gases 


Average Pressure Exerted on the Walls by Gas Molecules 


21. One mole of an ideal gas is contained in a cubical vessel ABCDEFGH at 300 K, one face 
EFGH of the vessel is made up of material which totally absorbs any gas molecules incident 


a, 
jm 
7” 


Fig. 1 


C 





(1) The pressure on EFGH would be zero (Incorrect) 
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(2) The pressure on all the faces will be equal (Incorrect) 
(3) The pressure on EFGH would be double the pressure on ABCD (Incorrect) 
(4) The pressure on EFGH would be half that on ABCD (Incorrect) 


Correct answer: (4) 

Solution: 

Momentum transferred to the face ABCD due to collision of one atom = 2mv 

[The momentum ofthe gas molecule striking the face ABCD changes from mv to —mv. | 


As the face EFGH absorbs the gas molecule and it does not rebound therefore momentum transferred to 
this wall is mv only. 


Since pressure is due to the total momentum of the gas molecules transferred to a face per second. Hence 
option (4) is correct answer. 


Unit-9 : Kinetic Theory of Gases 
Easy Gas Laws 


22. A cylinder containing an ideal gas is in vertical position, and has a piston of mass M, that is 
able to move up or down without friction as shown in Fig. 2. If the temperature of gas inside 
cylinder is increased, then 





Fig. 2 
(1) Both P and V of the gas will change (Incorrect) 
(2) Only P will increase according to Charle’s law (Incorrect) 
(3) V will change but not P. (Correct) 
(4) Pwillchange but not V (Incorrect) 


Correct answer: (3) 
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Solution: 


P = The total pressure on gas in cylinder 


= Atmospheric pressure + pressure due to mass of piston 


M 
=P, + 2È — constant 
A 


where A= area of cross-section of piston. 


As the temperature is increased, only the volume increases in accordance with Charle’s law as the piston 
moves up without friction. 


Unit-9 : Kinetic Theory of Gases 
Easy Ideal Gas Equation 


23. Volume versus temperature graphs for a given mass of an ideal gas are shown in Fig. 3, at 
two different values of constant pressure. The correct relation between P, and P, is 


| p 





V 
(litre) 
P, 
(K) 

(1) P >P, Fig. 3 (Correct) 

(2) P =P, (Incorrect) 

(3) P <P, (Incorrect) 

(4) No conclusion can be drawn as we have insufficient information (Incorrect) 
Correct answer: (1) 
Solution: 
From the gas equation 

PV=RT or v-(2)r ae: (1) 
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For P = constant, equation (1) is equation ofa straight line. The slope of straight line is inversely proportion 
to pressure P. Therefore 


P >P, 


Average 


Unit-9 : Kinetic Theory of Gases 
Root Mean Square Speed 


24. The molecules of a given mass of a gas have root mean square speed of 100 ms” at 27°C 
and 1.00 atmospheric pressure. The root mean square speed of the molecules of the gas at 


127°C and 2.0 atmospheric pressure will be 


200, 
(1) B ms 


(2) 100/2 ms" 


141.4 ms” 
(3) 2 

200 —S i, 
(4) g e 


Correct answer: (1) 

Solution: 

Given T, = 300 K, T, = 400 K, P, = 1 atm, P, = 2 atm 
From the ideal gas equation 


PV, _ PV, 
T T 


1 2 


V, _ PT, _ 2x300_ 3 


V, PT, 1x400 2 








M M 
We know P, ay and P, =——v- 


rms ? rms 
3V, 
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Substituting given values we get 


1,3 (10). y V3__100 
2 2 





; or 
; 2 (Vos); 


o ), Re mg 


V 


rms 


Unit-9 : Kinetic Theory of Gases 
Average Gaseous Laws 


25. Which of the following graph depicts behaviour of an ideal gas? 


P 
y T=constant 
(1) P=constant (2) 
i? vV— 
P PV 
(3) V=constant (4) 
T— T —> 


Correct answer: (1) 
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Solution: 


Graph (1) is correct as it represents V a T (at constant P) which is Charle’s law. 


Graph (2) is wrong as P and V graph at constant temperature will be rectangular hyperbola not a straight 
line. 


Graph (3) is wrong as P is not inversely proportional to temperature at constant V. From Charle’s law at 
constant volume P is diretly proportional to T, 1.e. P vs T graph is a straight line. 


Graph (4) is wrong as for a given mass of gas PV should increase on increasing temperature T. 


Unit-9 : Kinetic Theory of Gases 
Easy Mean Free Path 


26. Two gases are under identical conditions of temperature, pressure and volume. The ratio 
of mean free paths of two molecules of gas having molecular diameter 1A and 2A is 


(qd) 2:1 (Incorrect) 
(2) 4:1 (Correct) 
(3) 8:1 (Incorrect) 
(4) 1:4 (Incorrect) 

Correct answer: (2) 

Solution: 

We know the mean free path 

7- l 


V2 nd’n, 


where d = diameter of gaseous molecules, n, = number of molecules per unit volume. For a given gas y 1s 
inversly proportional to d“. Therefore 


= 3 2 
hb @ U 


Unit-9 : Kinetic Theory of Gases 
Difficult Mean Free Path 


27. Nitrogen gas is contained in a container at a pressure 2.0 atm and temperature 17°C, the 
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radius of nitrogen molecules is roughly 1.0 A. The ratio of collision time and the time for 
which molecules moves freely between two successive collision will be (Take molecular 
mass of nitrogen = 28.04) 


(1) 1:550 (Correct) 
(2) 550:1 (Incorrect) 
(3) 1:1 (Incorrect) 
(4) 1:2 (Incorrect) 


Correct answer: (1) 
Solution: 

l = kT 
J2nd’n, 2nd?P 
Given T = 273+ 17=290K [asP=n kT] 

P =2 atm=2x1.013x10° N/m’? 
k, = 1.38x10 J/K, d = 2A°= 2x10 m 


Mean free path ¢ = (1) 





Substituting values in Eqn(1) we have 


1.38x10 7” x290 
J2 x3.14x4x10 ° x2x1.013x10" 


v 3k T  /3x1.38x10” x290 a ~ 1.661027 kg) 
ms mY 28x1.66x 102" _ 7 


l= ~ 1.1x107 m 











~ 5.1x10? ms! 
y 5.1x10? 
Collision fr f= —™ = —"_=46x10’s' 
ollision frequency 7 ERE 
. , _ d 2x10 
Time between two consecutive collisions t = — = a >= 4x10" s 
v 5.1x10 
Time between two successive collision =T = e — —-22x10°'%s 
t 4.6x10 


t 4x0 1 
T 22x10 550 
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Unit-9 : Kinetic Theory of Gases 
Easy Kinetic Theory of Gases 


28. A gaseous mixture consists of molecules of types A, B and C with masses m, > m, > mo 
The correct relation between their average kinetic energy is 


(1) K,>K,>K, (Incorrect) 
(2) K,<K,<K, (Incorrect) 
(3) K,=K,=K, (Correct) 
(4) K,=K,<K, (Incorrect) 


Correct answer: (3) 
Solution: 


Average kinetic energy of translation per molecule 


K=- k, T 


B 


where k, = Boltzmann ’s constant, T = The absolute temperature of gas. 
Obviously K is independent of mass of the molecule, 1.e. 


K,=K,=K, 


Unit-9 : Kinetic Theory of Gases 
Average Boyle's Law 
29. Airis pumped into a cycle tyre. Which of the following statements is correct? 
(1) Volume increases, pressure decreases and Boyle’s law is obeyed (Incorrect) 
(2) Volume decreases and pressure increases and Boyle’s law is obeyed (Incorrect) 
(3) Volume increases and pressure also increases, Boyle’s law not obyed (Correct) 
(4) Volume increases, pressure increases but Boyle’s law is not obeyed (Incorrect) 
Correct answer: (3) 
Solution: 


Volume and pressure both increases, and Boyle’s law is not followed, because Boyle’s law 1s applicable 


491 


A program to give wings to girl students 


only for the fixed mass ofa gas, but in this case air molecules are pumped into the tyre, hence mass of air 
in the tyre increases. 


Unit-9 : Kinetic Theory of Gases 
Average Internal Energy 


30. A baloon has 5.0 gram mole of helium at 7°C. The total internal energy of the system is 


(1) 1.74x10* J (Correct) 
(2) 3.84x10° J (Incorrect) 
(3) 4.35x10° J (Incorrect) 
(4) 5.80x10° J (Incorrect) 


Correct answer: (1) 
Solution: 
N = Number of the atoms in 5.0 gram mole = number of molesx Avogadro’s number = 5x6.023 10” 


= 30x10” atoms 


3 
The total internal energy = N x > k,T 


= 30x10" x5%1.38%10 x280 = 1.74x104 J 


Unit-9 : Kinetic Theory of Gases 
Difficult Internal Energy 


31. An insulated container containing monoatomic gas of molar mass M is moving with velocity 
V The container is suddenly stopped, the change in its temperature is 








Mv, 
(1) (Incorrect) 
R 
» Mi I t 
(2) sR (Incorrect) 
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y Mv Incorrect 

(3) TR (Incorrect) 
M 2 

(4) aR (Correct) 


Correct answer: (4) 

Solution: 

Let ‘n’ be the number of moles of the monoatomic gas in the container. Since molar mass of the gas is M 
the total mass of the gas = Mn 


Change in kinetic energy ofthe gas, when container suddenly stops 
l 2 l r 
AK = zMn)v —Q= z (Mn) vo 
Due to change AK in internal energy of the gas let AT be the change in temperature. Then 
AU =nx (Sr) AT (CIf AU = nC,AT, C, = oR for monoatomic gas) 


Given AU = AK , hence 


nx RAT - 1 Minv? 
2 2 


Unit-9 : Kinetic Theory of Gases 
Average Gases 


32. An ideal gas contains 10% of molecules with speed 200 m/s, 20% molecules with speed 
400 m/s, 40% molecules have speed of 600 m/s, 20% of molecules have speed 800 m/s and 
remaining 10% moves with 1000 m/s speed; the mass of the gas in 3x107 kg. The 
temperature of gas is 


(1) 296K (Correct) 
(2) 888K (Incorrect) 
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(3) 177K (Incorrect) 
(4) 127K (Incorrect) 
Correct answer: (1) 
Solution: 


The r.m.s speed, v__, of the gas molecules is 


2 


10(200) +20(400) +40(600) +20(800) +10(1000) 
V = MMMM 
rms 10 
= 6.39x10? ms” 


From Boltzmann’s law of equipartition of energy 


L inv, = Ti 

2 2 

mv. 3x10% x(6.39x10? i 
3ks — 3x1.38x10” 


T= 
= 29.6x10 =296 K 


Unit-9 : Kinetic Theory of Gases 
Average Mixture of Ideal Gases 


33. One mole of an ideal gas (monoatomic) is mixed with one mole of diatomic gas, the ratio of 
specific heats at constant pressure and at constant volume, for the mixture is 


3 

(1) > (Correct) 
4 

(2) 3 (Incorrect) 
35 

(3) 35 (Incorrect) 
23 

(4) = (Incorrect) 
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Correct answer: (1) 


Solution: 


y for mixture is given by 


ntn, | n ra n, 
yl yk pl 


7 
Givenn, =1,n,=1, y ,=5/3 (for monoatomic gas), and Y, = 5 (for monoatomic gas) 








I+] l l 
=m + 
E 
3 5 
or Yr > 
Unit-9 : Kinetic Theory of Gases 
Easy Kinetic Theory of Gases 
34. The ratio of vapour densities of two gases at a given pressure in 9:8. The ratio of their rms 
speed is 
(1) 3:23 (Incorrect) 
(2) 2/2 :3 (Correct) 
(3) 9:8 (Incorrect) 
(4) 8:9 (Incorrect) 


Correct answer: (2) 


Solution: 


We know v, = aa 


P 


where P is pressure and p density of gas. For same P; 
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(Vins Je 


Ga" I 


-fÈ -243:3 





Po 
P 


Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


35. A thermally insulated vessel contains an ideal gas of molecular mass M and ratio of specific 
heats y . Itis moving with speed v and is suddenly brought to rest. Assuming no heat is lost 
to the surroundings, its temperature, on kelvin scale, increases by 











(1) i | Mv" (Correct) 
yi Myv? 
(2) | 2(y+1) z (Incorrect) 
y-1 2 
(3) WR | Mv (Incorrect) 
y Mv’ 
(4) (Incorrect) 


Correct answer: (1) 


Solution: 
As vassels comes to rest their is an increase in kinetic energy of atoms or molecules in it. Due to this the 
internal energy of gas changes. From law of conservation of energy 


2 mv =nC,dT 
2 
where m is mass of gas and n is number of moles of gas. We have 
m R 


s- Cn a= 
M . vy—1 
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where dT is increase in temperature on Kelvin scale. Obviously 


dT = E Mv 


2R 


Unit-9 : Kinetic Theory of Gases 
Average Law of Mixture/Partial Pressure 


36. Two non reactive monoatomic ideal gases have their atomic masses in the ratio 2:3. The 
ratio of their partiat pressures, when enclosed in a vessel kept at constant temperature, is 
4:3. The ratio of their densities is 


(d) 1:4 (Incorrect) 
(2) 1:2 (Incorrect) 
(3) 6:9 (Incorrect) 
(4) 8:9 (Correct) 


Correct answer: (4) 
Solution: 


The pressure P exerted by a gas of molar mass M having mass m is 


p_(m)RT_pRT 
M}; V M 


At constant temperature, T, obviously 


P We PM, 


P, Be PM, 

Pi P, M, 3 =) 

— =| — — |=| — —/=8:9 
= p> & fa É 3 


Unit-9 : Kinetic Theory of Gases 
Difficult Kinetic Theory of Gases 


37. The average translational energy and rms speed of molecules in a sample of oxygen gas at 
300 K are 6.21<107*' J and 484 ms" respectively. The corresponding values at 600 K will 
be 
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(1) 12.42x10 J, 968 ms" (Incorrect) 
(2) 8.78x10 J, 984 ms" (Correct) 
(3) 6.21x10 J, 968 ms" (Incorrect) 
(4) 12.42x10 J, 684 ms" (Incorrect) 


Correct answer: (4) 
Solution: 
We know the average translational energy is directly proportional to the temperature therefore 


Energy at 600 K = 2xEnergy at 300 K = 12.42x107' J 


The r.m.s speed v, is directly to proportional to VT ; therefore 


manson G 


(Ving )> =V2 x 484 = 684 ms" 





Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


38. An open glass tube is immersed in mercury in such a way that a length of 8 cm extends 
above the Hg level as shown in Fig. 4. The open end of the tube is then closed and sealed 
and the tube is raised vertically by an additional 46 cm. The length of the air column above 
mercury in the tube now will be 


(1) 38cm (Incorrect) 
(2) 6cm (Incorrect) 
(3) 16cm (Correct) 
(4) 22cm (Incorrect) 


Correct answer: (3) 
Solution: 


Let Abe the area of cross-section of the tube. P, V, denote pressure and volume of air in tube intially. P., 
V, are corresponding quantities when one end of tube has been scaled. Under isothermal conditions 


PY, ~ rs 
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or P.8xA=P,x(54—-x)A 

where x is length of mercury inside tube as shown in Fig. 4 

` 8P =P, (54x) (1) 
But P =P, + pgx 

or P, =P,- pgx (11) 


From Eqns (1) and (11) we have 


8P, = (P, — pgx)(54 — x) 
Taking P, =76 cm of Hg column we get 
8(76) = (76—x) (54—x) 

. x=38cm 


The length of air column in closed tube = 54-38 = 16 cm 
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Unit-9 : Kinetic Theory of Gases 


Average 


Kinetic Theory of Gases 


39. Three perfect monoatomic gases at absolute temperatures T,, T, and T, are mixed. The 
masses of the molecules are m,, m, and m, and the number of moles are n,, n, and n, 
respectively. Assuming no loss of energy the final temperature of the mixture is 


2m2 2m2 2m2 
n i +n, L, +n; L, 


a) T + 
n, I +n, T, +n, T, 
(2) LFLL 


3 


nf, +n, L +n, I, 
n, +n, +n, 


(3) 


2 2 2 
nf + n,I, + n, T, 


n, +n, +n, 


(4) 


Correct answer: (3) 
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Solution: 


The total internal energy of mixture = U = U + U, + U, 


=n,CyT, +n,C,T, +n,C,T, ...-(1) 


Let T be temperature of mixture, then 


U=(n,tn,tn,) C,T ... (1) 


From Eqns (1) and (11) we have 


(n, +n, +n, )C,T =(n,T, +n,T, +n,T,) Cy 


_ nd +n, i +n, l, 


n, +n, +n, 
Unit-9 : Kinetic Theory of Gases 
Average Speed of Procedures in an Ideal Gas 
40. Mo and Vapi denote the mean speed, rms speed and most probable speed of molecules 


in an ideal monoatomic gas at asbolute temperature T, the mass of the molecules is m, then 


(1) No molecule can have speed greater than ,/2 V ns (Incorrect) 

(2) No molecule can have speed less than Vans V2 (Incorrect) 

CO) Vas < Vave < Vms (Incorrect) 
PPop 3 2 

(4) The average kinetic energy of a molecules is qn (Correct) 


Correct answer: (4) 


Solution: 


We know the relation between V onc and V nps 1S 


mps 


Thus average kinetic energy for molecule 
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l 2 
= 3 Vms = T WV his 
Unit-9 : Kinetic Theory of Gases 
Average Ideal Gas Equation 


41. Pressure versus temperature graph of an ideal gas at constant volume is a straight line ‘A’ 
as Shown in Fig. 5. The mass of the gas is doubled and volume is halved. The corresponding 
pressure vs temperature graph is given by 


t B 


p A 
C 
(1) A (Incorrect) 
(2) B (Correct) 
(3) C T7 (Incorrect) 
Fig. 

one of the above i8. > (Incorrect) 

(4) N f the ab 


Correct answer: (2) 
Solution: 
For an ideal gas 


PV =nRT 


m 
where n = number of moles. For mass m of gas having molar mass M; 1 = M Therefore 





p- nRT 7 mRT 
V MV 
or P= |r 
MV 


R 
Obviously at constant volume P—T graph is a straight line having a slope = _ . When m is doubled and 


volume is halved the slope of P vs T becomes 4 times its earlier value 1.e. increases. 


Hence graph B is correct. 
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Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


42. Two gases occupy two containers A and B. The gas in A of volume 0.11 m’ exerts a pressure 
of 1.38 MPa. The gas in B of volume 0.16 m’ exerts a pressure of 0.69 MPa. Two containers 
are connected to one another by a tube of negligible volume and the gases are allowed to 
intermix. The equilibrium pressure in the container if the temperature remains constant 


will be 

(1) 2.81 MPa (Incorrect) 
(2) 0.485 MPa (Incorrect) 
(3) 1.84 MPa (Incorrect) 
(4) 0.97 MPa (Correct) 


Correct answer: (4) 

Solution: 

Let n, and n, be number of moles of gas in A and B. For mixture the number of moles, n, is 
n=n+tn, 


PV 
From ideal gas equation n = RT . At constant temperature 


P(V i+ V,) = PV, + P-V, 


where P is equilibrium pressure in both contamers. 


p P V, +P,V,; 
V +V. 
_1.38x0.11+0.69x0.16 MPa 
0.11+0.16 
= 0.97 MPa 
Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


43. A partially inflated baloon contains 500 m° of helium at 27°C and 1 atm pressure. What is 
the volume of the helium at an attitude of 18000 ft, where the pressure is 0.5 atm and 
temperature is —3°C? 
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(1) 300m (Incorrect) 
(2) 900m (Correct) 
(3) 1800 m° (Incorrect) 
(4) 600m (Incorrect) 


Correct answer: (2) 
Solution: 
From the ideal gas equation PV = nRT; for same mass of gas (1.e. n = constant) 


PY, _ BY, or Ae PY; L 
I L P, JT 


(ae) 


Substituting given values we have 


Unit-9 : Kinetic Theory of Gases 


Average Kinetic Theory of Gases 


44. An ideal gas exerts a pressure of 1.52 MPa. When its temperature is 298.15 K and its 
volume is 10’m*. If the gas is (i) molecular hydrogen and (ii) oxygen the ratio of mass 


density is 

(1) 1:16 (Correct) 
(2) 1:8 (Incorrect) 
(3) 1:32 (Incorrect) 
(4) 16:1 (Incorrect) 


Correct answer: (1) 
Solution: 


Number of moles of the gas; using ideal gas equation 1s 


PV 1.52x10° x10” 


= = = 6.13 
RT 8.314x298.15 
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-2M  theref 
volume V ` aan 


mass 





The density of gas = P = 








Unit-9 : Kinetic Theory of Gases 


nM, nM, 
Pa = y’ and Pp = y 
Obviously 
Pa My t 
P M, 16 
Difficult 


Kinetic Theory of Gases 


45. One gram mole of oxygen at 27°C and one atmospheric pressure is enclosed in a vessel. 
Assuming the molecules are moving with rms speed, the number of collisions per second 
which the molecules make with one square meter area of the vessel is 


(1) 1.965x10?’ 
(2) 3.93x107 
(3) 0.9825x107 
(4) 5.895x10?’ 
Correct answer: (1) 


Solution: 


M 32 
Mass of one oxygen molecule m= A 
A 


V 


The r.m.s speed ofoxygen 


—23 
_ [3x 1.3810 == ~ 483.35 ms” 
5.316x10 


~ 6.02 x102 


(Correct) 
(Correct) 
(Incorrect) 


(Incorrect) 


= 5.316x103 g 


Change in linear momentum in one collision of molecule with the wall 
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AP =2mv,,,, = 2*5.316x10°°x483.35 kg ms" 
= 5.14x10~ kg ms"! 


Let ‘n’ be the number of collisions of the molecules with the wall per second. The force, F, exerted by the 
molecules on the wall is 


F=nAP=nx5.14x10°°N 


Force 


Since pressure = ——— 
P Area 


, for unit area of the wall, the pressure equals force. Therefore 


nx5.14x10-*? = 1 atmospheric pressure = 1.01<10° 


or n= 1.965107’ 


Unit-9 : Kinetic Theory of Gases 
Difficult Kinetic Theory of Gases 


46. An ideal diatomic gas with C, = 2 R occupies a volume V at constant pressure P.. The gas 
2 


undergoes a process in which pressure is directly proportional to volume. At the end of the 
process, the rms speed of the gas molecules has doubled from its initial value, the amount 
of the energy transferred to the gas in the form of heat is 


dO 9PV, (Correct) 
(2) OPV. (Incorrect) 
(3) 15PV, (Incorrect) 
(4) 21PV. (Incorrect) 


Correct answer: (1) 
Solution: 


As per the questions P is directly proportional to V or PV = constant. Molar heat capacity in the process 
PV* = constant; x =—l;1s 


Le a 
y-l Ix l-x 
R 5 R 

C=C, +— =—R+—=3R 
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At the end of the process the rms speed of gas molecules gets doubled. Therefore the temperature becomes 
fourfold. The heat AQ ; recieved by the gas is 


AQ =nCAT =nC(T, -T,) 
=nC(4T, -T,)=nx3Rx3T, 


= 9(nRT, ) =9P,V, 


Unit-9 : Kinetic Theory of Gases 
Difficult Kinetic Theory of Gases 


47. A cubical box of side 1m contains helium gas (M = 4) at a pressure of 100 Nm”. A molecule 
hits the wall of the container 500 times in one second without hitting other molecules and 
travells parallel to one edge with rms speed. The total mass of the helium gas in the box is 
(R = 8.314 Jmole'K") 


(1) 6.0x10~7 kg (Incorrect) 
(2) 0.75x10~ kg (Incorrect) 
(3) 3.0x10~ kg (Correct) 
(4) 12x10“ kg (Incorrect) 


Correct answer: (3) 


Solution: 


l 
Time period of collision of molecule with the wall = 500 = 


Let x be the side of the cube. The molecule travels a distance 2x between two consecutive collisions with 
the same wall with a constant speed equal to v__. Obviously 


or v_ = 1000 ms’! 


The temperature, T, of gas, using kinetic interpretation of temperature and Boltzmann’s law of equipartion 
of energy is 
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+ Mv’ = $40 JN y=3RT 


2 ee ND 
or T= MYms 
3R 


(1000) x4x10" 
=\—_+______ = 160K 
3x8.314 


Also, PV =nRT, V = (= RT 


where m is mass of gas. Obviously 


MPV 4x10°x100x1 
m = ——— = = 3x1 0-4 kg 
RT 8.31x160 


Unit-9 : Kinetic Theory of Gases 


Difficult Kinetic Theory of Gases 


48. A cubical box of side 1m contains helium gas (atomic weight 4g) at a pressure of 100 Nm”. 
During an observation time of 1 second an atom travelling with the root mean square speed 
parallel to one of the edges of the cube, was found to make 500 collision with the particular 
wall without any collision with other atoms. The temperature of the gas is 


(R = 8.314 J/mol K, k = Boltzmann’s constant = 1.3810? JK") 


(d) 80K (Incorrect) 
(2) 640K (Incorrect) 
(3) 160K (Correct) 
(4) 40K (Incorrect) 


Correct answer: (3) 


Solution: 


l 
Time between two consecutive collisions with one wall = 500 À Let '¢' be the length ofthe cube. Time 


, _ ~ 2 
between two consecutive collisions on same walls is ——. 
y 


rms 
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l 22 
500 -= a or v ~ = 1000 ms’! 


rms 


3RT 
We know, Vins = var therefore 


r MVins _ 4x10" x (1000) 
3R 3x8.314 


= ]60 K 


Unit-9 : Kinetic Theory of Gases 
Difficult Kinetic Theory of Gases 


49. Fora diatomic gas molecules which rotate but does not vibrate, the heat capacity at constant 
pressure is greater than that at constant volume by 29.1 JK", the values of heat capacities 
at constant volume and at constant pressure are 


(1) 101.85 JK" and 72.75 JK" (Incorrect) 
(2) 72.75 JK” and 101.85 JK" (Correct) 
(3) 43.65 JK” and 72.75 JK" (Incorrect) 
(4) 72.75 JK" and 43.65 JK" (Incorrect) 


Correct answer: (2) 
Solution: 


Let C, and C, be the molar specific heat of gas at constant pressure and constant volume respectively. Let 
n be number of moles. Given 


(C-C) = nR = 29.1 JK" 


n= a aie = 3.5 mole 


8.314 


Let C\, be the specific heat ofn moles of gas at constant volume. Obviously 


Cnc. =3.5x2R =3.5x2x8314 = 72.75 JK" 


Also, C, — C% =nR ; therefore 
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C,=nR+C, R See 
2 2 


= 101.85 JK" 


Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


50. At 0°C and 1 atm pressure, the densities of air, oxygen and nitrogen are 1.284 kg m”, 
1.429 kg m” and 1.251 kg m” respectively. The percentage in terms of mass of Nitrogen in 
air, from given data assuming only given gases are present in air is 


(1) 76.4 (Correct) 
(2) 23.6 (Incorrect) 
(3) 13.7 (Incorrect) 
(4) 86.3 (Incorrect) 


Correct answer: (1) 
Solution: 


Let n, and n, be the fraction of oxygen and nitrogen in air. p ,, p, and p denote density of oxygen, 
nitrogen and air respectively. Then 


np +n,p 
eee dae oy But n +n, = 1; orn, = 1-n,. Therefore 
n, +n, 


l-n,)p,+n,p 
p= Com) TOPs 8 n, (P-A) 


P-A _ 1.293-1.429 


n el ce alo 
P-A  1.251-1.429 


2 


S 50 = 76.4% 
178 


Unit-9 : Kinetic Theory of Gases 


Average Kinetic Theory of Gases 


51. An ideal diatomic gas at 300 K has molecules of moment of intertia 8.28x10-* g cm’. The 
root mean square angular velocity of the molecules in radian per second is 
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(D) 1x10" (Correct) 
(2) Iy 10” (Incorrect) 
V2 
3) J3x10” (Incorrect) 
3 12 
(4) E x10 (Incorrect) 
Correct answer: (1) 
Solution: 
Rotational kinetic energy = > Wore (1) 


where œ is root mean square angular speed. There are two degrees of freedom ofrotational motion 1.e. 
clockwise or anticlockwise. Using Boltzmann’s law of equipartition of energy 


l 
Rotational K.E = 2 É MT — (2) 


From Eqns. (1) and (2) we have 


[2kT [2x1.38x10 x 300 
@® = = = a 
I 8.28x10 8 x107 
zjo Ox1.38 — 10! 
\ 828 


Unit-9 : Kinetic Theory of Gases 
Difficult Kinetic Theory of Gases 


52. The mass of hydrogen molecules is 3.32x10~’ kg. If 10” hydrogen molecules strikes per 
second at 2 cm’ area of a rigid wall at an angle @ = 45° with the normal as shown in Fig.6 
and rebound back with a speed of 1000 ms". Then the pressure exerted on the wall is 
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u 

Rigid 0 N 

wall 0 

u 
(D) 2.34x10° Pa (Correct) 
Fig. 6 

(2) 0.23x10° Pa (Incorrect) 
(3) 0.23x10° Pa (Incorrect) 
(4) 23.4x10° Pa (Incorrect) 


Correct answer: (1) 
Solution: 


Change in linear momentum of the hydrogen molecule due to one collision with the wall 

|AP| = 2 mu cos 0 = 2x3.32x107x1000xcos 45° 
= 3.32V2 x10” kgm s” 

F = Force exerted on the wall by the molecules = Total change in linear momentum of molecules in 1 s. 
=10° x|AP| =3.32V2 x10 x10” N 

The pressure P exerted on the wall 


F  3.32V2 x10"! 
Bee Chi = 2.34x10° Pa 
A 2x10 


Unit-9 : Kinetic Theory of Gases 


Easy Gaseous Laws 


53. The pressure (P) and density (p) of a given mass of a gas expressed by Boyle’s law 


P=Cp where Cis a constant. The statement is true 
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(1) 
(2) 
(3) 
(4) 


for any gas under all conditions (Incorrect) 
for some gases under some conditions (Incorrect) 
only if the temperature in kept constant (Correct) 
for monoatomic gases only (Incorrect) 


Correct answer: (3) 


Solution: 


gt l . 
Boyle’s law states that P is directly proportional to ` at constant temperature. Hence option (3) is correct. 


Easy 


Unit-9 : Kinetic Theory of Gases 
Average Speed 


54. Three closed vessels A, B and C are at same temperature T and contain gases which obey 


Maxwell distribution law of velocity. Vessel A contains O,, with molecules having an average 


speed of V . Vessel B contains only N, with molecules having an average speed V.. Vessel 
p 1 y 2 S S 2 


‘C’ contains mixture of equal quantities of O, and N.. The average speed of the O, molecules 
in the mixture is 


2 


(1) Cag (Incorrect) 


2 2 
(2) AERA (Incorrect) 
2 


(3) 


VV- (Incorrect) 


(4) V, (Correct) 


Correct answer: (4) 


Solution: 


As the temperature of mixture is same as that of the vessele A and B hence average speed of O, molecules 
in mixture will be same as in vasselA Le. V. 
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Average Kinetic 
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Theory of Gases 


55. 28 gram of N, gas is contained in a flask at pressure of 10 atm and a temperature of 57°C. 


Due to leakage in the flask, the pressure is reduced to half and temperat 
quantity of N, gas that leaked out is 


pi 
(1) 7) £ 
20 
(2) n £ 
5 
(3) 63 E 
63 
(4) z8 


Correct answer: (4) 


Solution: 


ure to 27°C. The 


(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 


Let n, and n, be the number of moles of N, present in flask initially and finally. Then from ideal gas equation 


P,V 
n =—— andn, RT . Therefore 
2 


n, BT, 10x300 600 20 


n, PT 5x330 330 11 


or 1, 5770; 
20 


Let M be the molar mass of N,. Obvisouly the mass Am of N, that has leaked out 1s 


9 
Am =(n, —n, )M = — 
(=i) 7 
E ee 
20 5 
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Unit-9 : Kinetic Theory of Gases 
Easy Gas Laws 


56. In a given process the pressure of gas remains constant. The temperature of the gas is 
doubled. The change in volume is 


(1) 100% (Correct) 
(2) 200% (Incorrect) 
(3) 50% (Incorrect) 
(4) 25% (Incorrect) 


Correct answer: (1) 
Solution: 


We know according to Charles law, at constant pressure V 1s directly proportional to T. Therefore 


Mis i l 


jl 
V L 2 2 
V,=2V, 


The percentage change in volume of gas 1s 


AV 00 =o 100 =100% 
V 1 
Unit-9 : Kinetic Theory of Gases 
Difficult Ideal Gas Equation 


57. Fig. 7 shows the PV diagram of an ideal gas. For the process ab the correct statement is 


Fig. 7 
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(1) Density of the gas has doubled. (Incorrect) 
(2) Temperature of the gas has doubled. (Incorrect) 
(3) Internal energy of gas becomes four times. (Correct) 
(4) T-V graph is a hyperbola. (Incorrect) 


Correct answer: (3) 
Solution: 

P vs V graphis a straight line therefore its slope is constant. Considering points a and b we have 
P P, r P 1 


a 


= r 
V, 2V, P 2 








Let T, and T, be temperature of the gas at point a and b. From ideal gas equation. 


qT, PLV,  2P, x2V, af 
T, PV, PV 


or T, =4T, 
As internal energy U 1s directly proportional to temperature, the internal energy increases to four times. 
Given P a V „using ideal gas equation 


Mg or TaV’ 


Hence T vs V graph will be parabola. 


Unit-9 : Kinetic Theory of Gases 
Average Ideal Gas Equation 


58. During an experiment, an ideal gas is found to obey the condition VP? = constant. The gas 
is initially at teperature T, pressure P and volume V. The gas expands to volume 4V. Which 
of the following statement is correct ? 


(1) The pressure of the gas changes to P/2 (Correct) 
(2) The temperature of the gas changes to 4T (Incorrect) 
(3) The graph of P vs Tis a parabola (Incorrect) 
(4) The graph of T vs V isa straight line (Incorrect) 


Correct answer: (1) 
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Solution: 
For the given process 
P?V=constant 2 (1) 


From ideal gas equation we have 





nRT 
V= Doo (2) 
Using Eqn (2) we rewrite Eqn (1) as 
PT = constant = 0 (3) 
Eqn (1) can also be rewritten as TV = constant __..... (4) 


Let P,, V,, T, be initial parameters of gas. The final value of the parameters is P,, V, and T,. From Eqn (1) 


BP oM |v 1 
P AV, V4v 2 
P 


1 
P 


P = 
ne a: 
This is option (1). 
Using Eqn (3); 

% 

T, P, 

a A 


From Eqn. (3); P vs T graph will be a hyperbola. From Eqn (4) T? vs V graph is a straight line. 


Obviously option (1) is the only correct statement. 


Unit-9 : Kinetic Theory of Gases 
Difficult Kinetic Theor of Gases 
2 


59. During an experiment, an ideal gas in found to obey a condition a constant (where 
p 


P = density of the gas). The gas is initially at temperature T, pressure P and has density p. 


The gas expands such that the density changes to : . Which of the following statements is 
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correct? 


(1) The pressure of the gas changes to J2P. 
(2) The temperature of the gas changes to /2 T. 


(3) The P vs T graph is parabola. 
(4) The PvsT graph is straight line. 


Correct answer: (2) 


Solution: 
p? 
Given = constant = C (say) ae (1) 
P? = constant 2 (2) 


From the gas equation V = — . We can rewrite Eqn. (1) as 
RT 
p? (=e =C, 
P 
Da a l (3) 


where C, = = is another constant. P vs T graph is a hyperbola. 
n 


From Eqn (1) 

2- fe- [e -y 
P, Vp, (25) 

l P P 


h= N 


From Eqn (3) we have 


P T 
PT, =P,T, or += 
P, T, 


The only correct statement is option (2). 
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(Incorrect) 
(Correct) 


(Incorrect) 


(Incorrect) 


UDOION 
Unit-9 : Kinetic Theory of Gases 
Difficult Root Mean Square Speed 


60. A nitrogen gas molecule moves vertically upwards with its root mean square speed at 0°C 
from the surface of earth. There are no collision of the molecule with other molecules. 
Then it will rise to an approximate height of (g = 10 ms”) 


(1) 8km (Incorrect) 
(2) 12m (Incorrect) 
(3) 12 km (Correct) 
(4 8m (Incorrect) 


Correct answer: (3) 
Solution: 


Since there are no collisions the initial K.E of molecule is converted into gravitational P.E. Assuming that 
height h to which molecule rises is small as compared to radius of earth, g remain same. From law of 
conservation of energy. 


l 
5 Vine =mgh or v „ =2gh 


[3RT 
The r.m.s speed, v__, at temperature T on Kelvin scale is va Therefore 


2 
Er) i 
M 


3 RT 
a 
2 Mg 
Substituting given values; we have 


3x8.31x273 
= —— Mm 
2x10x28x107 


6805.89 


=" _ =1]2km 
560x10” 
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Unit-9 : Kinetic Theory of Gases 
Difficult Ideal Gas 


61. In Fig. 8 the expansion of an ideal gas of mass (m) at a constant pressure (P) is given by the 
straight line B. Then the expansion of the same ideal gas of mass 2m at pressure 2P is 





given 
) A 
Volume 
V 
(V) 7 
O 
Temperature ——> 
(T) 
Fig. 8 
d) C (Incorrect) 
(2) A (Incorrect) 
(3) B (Correct) 
(4) Given information is insufficient. (Incorrect) 
Correct answer: (3) 
Solution: 
For the given straight line B; we have 
V=V, +(tan0)T aves (1) 
From the ideal gas equation 
m 
PV =nRT =| — | RT 
er a 


From Eqns. (1) and (2) we have 


P[V, +(tan0)xT]= (=) RT 
(PT) tan 6 = (=) RT-PV, 
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momar 
(B)() 5 


For P'=2P; m'=2mthere is no change in tan 0. 


Hence graph B represents the given expansion. 


Unit-9 : Kinetic Theory of Gases 
Difficult Internal Energy 


62. The variation of internal energy V of an ideal gas with increase 
in pressure P is shown in Fig. 9. Which of the following pressure | 
vs volume graph is equivalent to graph shown in Fig. 9? p 





— 
(1) (2) 
V ——> V ——> 
f _ 
F p 
(3) (4) 
V ——> V ——> 


Correct answer: (2) 
Solution: 


From the given graph pressure is directly proportional to internal energy (U). We know internal energy is 
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directly proportional temperature (1.e. U a T). Therefore 
PaT 
From Charle’s law P & T if volume remains constant. The given graph is equivalent to V = constant. 


This is shown in (2) 


Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


63. The temperature at the which the root mean square speed of hydrogen molecules equals to 
the escape speed from the surface of the moon, is 


(Given radius of moon = 1750 km, g = 1.6 m/s’) 


(1) 176°C (Correct) 
(2) 449°C (Incorrect) 
(3) 224.5°C (Incorrect) 
(4) -48.5°C (Incorrect) 


Correct answer: (1) 
Solution: 


The root mean square speed of the molecules of hydrogen gas is 


3RT 
Ving) =. ,[—— 
( ms) My, 


where M4, is molar mass of hydrogen. The escape speed from moon 


Ves =/2g R. 


Given V osp = V „» therefore 
Da R =l 
My, 


2¢,,R,,.My 
o eee -T 
3R 


Substituting given values, we have 
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T- 2x1.6x1750x10 x2x10™ 


= 449 K 
3x8.314 
The surface temperature ofmoon on Celcius scale 


= (449-273) = 176°C 


Unit-9 : Kinetic Theory of Gases 
Difficult Gas Law (Ideal Gas Equation) 


64. Fig. 10 shows the variation of temperature T as a function of 
volume V for one mole of an ideal gas. Which of the following | 
curves best represents the variation of pressure asa function + 





of volume? 
I f 
P P 
(1) (2) 
V —> V —>> 
I f 
P P 


(3) (4) 





V —>> 
Correct answer: (1) 
Solution: 
The equation of given straight line is 
T=T)+(tan45°\V=T,+V ae (1) 
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From the ideal gas equation 
PV =nRT=nR(T,+ V) 
=nRT, + nRV 

nRT, 


or P = nR +—— 
y 


b 
or PaA eves (2) 


where a=nR and b= nRT; both are constant. P vs V graph is a rectangular hyperbola. The correct choice 
is (1). 


Unit-9 : Kinetic Theory of Gases 
Difficult Degree of Freedom 


65. The number of degrees of freedom of molecules in a gas whose molar heat capacity in 
29 J/mole K in the process PT = constant will be 


(d) 3 (Correct) 
(2) 5 (Incorrect) 
(3) 7 (Incorrect) 
(4) 6 (Incorrect) 


Correct answer: (1) 
Solution: 


Molar heat capacity C for a process PV? = const is given by 

C=C, -— and C, -ÍR 
l-a 2 

where fis the number of degres of freedom of molecules. 


For the process PT = constant using the gas equation we have 


PV=nRT or Tal 


nR 


Substituting this value of T in the given process (1.e. PT =constant); we have 
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PV 
Px o constant ; or P*V = constant 


PV” = constant 


l 
Since PV? = constant. For the given process a = F Substituting values ofa in Eqn. (1) we have 





f R fR f 
CapRe ap teR=(5+2)R ee (2) 


Substituting given value of C in Eqn (2) we have 
29= E + 2) R 
2 


fa) 2 
or 7 $314 > 3.488 
f 
"a A -2 976 ~3 


Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


C 
66. An ideal gas e = | is taken through a process in which pressure and volume vary as 
Vv 


P =aV?. What is value of b for which the specific heat capacity in the process is zero? 


(d) y (Incorrect) 
(2) -7 (Correct) 
1 
(3) y (Incorrect) 
1 
(4) - A (Incorrect) 


Correct answer: (2) 
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Solution: 


P=aV° or PV®= constant = saan. (1) 


Specific heat capacity C = AQ will be zero when AQ = 0 and AT #0. The process is adiabatic. We 
nAT 





know for adiabatic process 
PV’ =constant oa, (2) 
From Eqns. (1) and (2) we have 


Y= = 


Unit-9 : Kinetic Theory of Gases 
Easy Kinetic Theory of Gases 


67. Ina certain gas (2/ 5) of the total energy of molecules is associate with rotation of molecules 


and rest of it is associated with the motion of centre of mass. The energy supplied to one 
mole of the gas at constant volume to raise the temperature by 1° is 


(1) 29.09J (Incorrect) 
(2) 12.47J (Incorrect) 
(3) 20.8J (Correct) 
(4) 10.4J (Incorrect) 


Correct answer: (3) 
Solution: 


For amolecule having simultaneous translational and rotational motion, we are given 
SOD 3 | , — 
The kinetic energy ofc.m = 5 of the total energy of translation, and the rotational kinetic energy = 5 of 
the total energy. Therefore the gas is diatomic 1.e. C, = SR 
AQ = The energy required to change temperature by AT 


-nC,AT =1x5x8.314x1 = 20.8) 
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Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


68. The temperature at which the rm.s speed of gaseous hydrogen molecules (molecular weight 
2) equals the r.m.s speed of oxygen molecules (molecular weight 32) at 47°C is 


(1) -270°C (Incorrect) 
(2) 294°C (Incorrect) 
(3) 253°C (Correct) 
(4) 20°C (Incorrect) 


Correct answer: (3) 
Solution: 


The r.m.s speed of the molecules in a gas is given by 


[3RT 
Vis = 
M 


Given v _„„ of hydrogen at temperature T, is same as of oxygen at T,. Therefore 


BRT, BRI Ty Ñ 
ETE or EF 
My M, H 0 








< 


T 2734+47 
Tr =—~+xM, _ (273447), 640 _ noe 
M, 32 32 


Temperature on celcius scale = 20—273 =—253°C 


Unit-9 : Kinetic Theory of Gases 
Average Gas Equation 


69. Airis pumped into an automobile tube upto a pressure of 200 kPa in the morning when the 
air temperature is 22°C. During the day time, temperature rises to 42°C and the tube 
expands by 2% the pressure of the air in the tube now is 


(1) 212 kPa (Incorrect) 
(2) 209 kPa (Correct) 
(3) 206kPa (Incorrect) 
(4) 200 kPa (Incorrect) 
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Correct answer: (2) 
Solution: 
According to ideal gas equation PV = nRT 

PV, BV. 

T = i (1) 
Given 
P = 200 kPa, V, = V, T, = 273422 = 295 K 
P=), V,—V 7002 V= (1.02) V,.1,>273742 = 315. Kk 
Substituting given values in Eqn (1) we have 


200xV P, x1.02V 
295 315 





-. P, =209 kPa 


Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


70. Two different masses m and 3m of an ideal gas are heated seperately in a vessel of constant 
volume. The graph of pressure P versus the absolute temperature T for two gases are 
shown in Fig. 11 as A and B. The ratio of slopes of curve B to curve A is: 





(qd) 3:1 (Correct) 
(2) 1:3 (Incorrect) 
(3) 9:1 (Incorrect) 
(4) 1:9 (Incorrect) 


Correct answer: (1) 
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Solution: 


For an ideal gas of molecular mass M having mass m, we have 


fy 
PV =nRT = M RT 


mR 
P =| ——|T 
= Ea 


At constant volume P vs T graph is a straight line. The slope of graph is directly proportional to m. 
Therefore 


(Slope), 3 
(Slope), 1 E 
Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


71. Fora gas, if the ratio of molar specific heats at constant pressure and volume is y, the 
value of degree of freedom is 





(1) - 1 (Correct) 
5 

D 5 (y-1) (Incorrect) 
3y -1 

(3) 2y-1 (Incorrect) 
9 

(4) A -1) (Incorrect) 


Correct answer: (1) 
Solution: 


For the molar specific heat at constant pressure C, and at constant volume C,; 


TTO k 
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where fis number of degrees of freedom. Obviously 


C,=R+C, 
R 2 
Eoo [clt Eqn (1)] 
V 
po 
(y-1) 
Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


72. Airis filled at 60°C in a vessel of open mouth the vessel is heated to a temperature T so 


th 
that a part of air escapes. Assuming the volume of the vessel remaining constant, the 


value of ‘T’ is 


(1) 333°C (Incorrect) 
(2) 171°C (Correct) 
(3) 444°C (Incorrect) 
(4) 80°C (Incorrect) 


Correct answer: (2) 
Solution: 


For open mouth vessel, pressure is constant volume is also given constant. Hence from gas equation 


m 
PV =nRT 7 RT we have 


Ta | 
m 
T _ m 
Tomo (1) 


th 
Given ri part of air escapes, so remaining mass in the vessel m, = ris 
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From Eqns. (1) we have 





3 
273+60 4™ 
I, m; 
T, = T ase = 444K =171°C 
Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


73. A gas is filled in a cylinder and its temperature is increased by 20% on Kelvin scale and 
volume is reduced by 10% Keeping pressure constant. The percentage of the gas that will 


leak out is 

(1) 15% (Incorrect) 
(2) 25% (Correct) 
(3) 40% (Incorrect) 
(4) 30% (Incorrect) 


Correct answer: (2) 
Solution: 
Let V and T denote initial volume and temperature of gas. The corresponding quantities finally are V, T.. 


From Charle’s law V & T (P remaining constant) therefore. 





Se 
T T, 

or Lam Mi or V'=1.2V 
T 1.2T 


V, would have been the volume of gas if there was leakage in cylinder. However the final volume 
V'=V-0.1V=0.9V. 


(1.2-0.9)V 


.. Percentage of volume leaked out = x 100 =25% 


530 


UDGION 
Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


74. What is the mean free path and collision frequency of a nitrogen molecule in a 
cylinder containing nitrogen at 2 atm pressure and temperature 17°C? Take the radius 
of nitrogen molecule 1A, molecular mass = 28, k, = 1.38x10 J mol! K™ and 
1 atm = 1.013x10° Nm” 


(1) 2.2x10-’m, 2.58x10? (Incorrect) 
(2) 1.1x10-’m, 4.58x10° (Incorrect) 
(3) 1.1x10-’m, 4.5810? (Correct) 
(4) 2.2x10-’m, 3.58x10? (Incorrect) 


Correct answer: (3) 
Solution: 


Mean free path of a molecule of diameter d 


k,T (1.38x10 }(290) 


j=—KeT___(1 8810" )(290) 
J2npd? 2 x3.14x2.026x10° x (2.0x107°) 


= ].11x10” m 


mope 3RT 3x8.314x290 =~ 508 94 me"! 
ms \ M 28x10° 2° ms 


The collision frequency equals the number of collisions per second. 


V ems 508.24 rer 
— = = —— > x 
f 1.11«107' l 





Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


75. A partition divides a container, having insulated walls, into two compartments I and II as 
shown in Fig. 12. The same gas is filled the compartments, the ratio of the number of 
molecules in compartments I and II is 
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qd) 6:1 Fig. 12 (Incorrect) 
(2) 1:6 (Incorrect) 
(3) 4:1 (Incorrect) 
(4) 1:4 (Correct) 


Correct answer: (4) 
Solution: 


From ideal gas equation; for a gas of mass m having molecular mass M 
PV =— RT 
M 
Let m, be mass of one molecule of gas and N number of molecules having mass m. Then 


N 
MN RT =——RT [i m,Nay =M] 


PY = 
M Nay 





=Nk,T 


R 
where kẹ =—— = Boltzmann’s constant. Let N, and N, be number of molecules in compartment I and 
AV 


Ii respectively. Obviously 
Ni _f{ Py My to -(=)-(2\(=}-3 
N, (RIV AT 2P 2V/\T) 4 


Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


76. For an ideal gas VP? = constant. Initial temperature and volume of the gas are T and V 
respectively. The gas expands to a volume 27V. The temperature of gas is 
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da) 9T (Correct) 
(2) 27T (Incorrect) 
(3) ; (Incorrect) 
(4) T (Incorrect) 


Correct answer: (1) 
Solution: 


Given VP? = constant = K Obviously 


= Va 
where K’ is another constant. From ideal gas equation we get PV =n RT 
K’ 
5) V =nRT 
V4 
K'V4%=nRT 2 (2) 


Let V, T, be the initial volume and temperature of gas. V, and T, are corresponding final values. 


From Eqn. (2) we have 
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Unit-9 : Kinetic Theory of Gases 
Average Kinetic Theory of Gases 


77. The molar specific heat at constant pressure of an ideal gas is - R. The ratio of specific 


heat at constant pressure to that at constant volume is 


(1) (Incorrect) 
8 
(2) — (Incorrect) 
7 
7 
(3) 5 (Correct) 
9 
(4) = (Incorrect) 
Correct answer: (3) 
Solution: 
Given molar specific heat at constant pressure C, = - R. 
Since C,-C,=R 
C, =C, -R=—R-R=—R 
7 
C 2° _7 
2 
Unit-9 : Kinetic Theory of Gases 
Average Molar Heat Capacity 


78. Ina certain gas, the ratio of the speed of sound and root mean square speed is fe . The 
9 


gas undergoes a process given by PT = constant. The molar specific heat for the process 
is: 
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R 

(1) 5 (Incorrect) 
3R 

(2) > (Incorrect) 
5R 

(3) EJ (Incorrect) 
7R 

(4) 5 (Correct) 


Correct answer: (4) 
Solution: 


Given 


speed of sound in gas _ J5 


root mean square speed of gas N9 


oe - 2 
A RT 9 





The given gas is monoatomic. For the process gas undergoes PT = constant. Using ideal gas equation we 


rewrite the given relation as PV” =constant . 


Comparing with PV* = constant we have x = > 


Molar specific heat for the relation PV* = constant 1s 
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Unit-9 : Kinetic Theory of Gases 
Average Specific Heat of a Gas 


7 
79. Ifone mole of a monoatomic gas E = 5) is mixed with one mole of a diatomic gas E = 7) j 


the value of y for the mixture is 


(d) 1.40 (Incorrect) 
(2) 1.50 (Correct) 
(3) 1.53 (Incorrect) 
(4) 3.07 (Incorrect) 


Correct answer: (2) 


Solution: 


We know for monoatomic gas C., = EEN and for diaatomic gas C., = ?R . Therefore 
g w3 g v3 


n,C,, + n,C,, 
(oa ee ~ 


n +n, 


OGRO) a 


E 1+1 


(C,) . =C, +R =3R. Therefore 





C 
y = Cha R35 
mix (C) 2 2 
Unit-9 : Kinetic Theory of Gases 
Average Specific Heat of Gases 


80. For hydrogen c,—c, =n, and for nitrogen c,— c, =n, where c, and c, represents specific heat 
per unit mass respectively at constant pressure and constant volume respectively. The 
relation between n, and n, is: 


(Molecular weight of hydrogen = 2, and molecular weight of nitrogen = 14) 
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Gd) n,=14n, 
(2) n,=7n, 
(3) n,=7n, 
(4) n,=14n, 


Correct answer: (3) 


Solution: 


DO, OY 
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(Incorrect) 
(Incorrect) 


(Correct) 


(Incorrect) 


Let C, and Cbe the molar specific heat of gas. Then C, and c are ae and p respectively where 


M is molar mass of gas. Obviously 





C-C R 
Cp-Cy= ev Y= u 
(Cr- Cy), on My 
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UNIT-10 : OSCILLATIONS AND WAVES 


Learning Objectives 


After going through unit, you would be able to understand, appreciate and apply the following concepts: 


The meaning of “periodic motion’ and’periodic functions’. 

The meaning of the ‘period’ and ‘frequency’ ofa periodic motion. 
The nature of variation of the ‘displacement’, as a function of ‘time’, for a periodic motion. 
The concept of “restoring force’. 

The meaning of ‘simple harmonic motion’ (S.H.M). 

The concept of ‘phase’ in S.H.M. 

The ‘kinetic’, ‘potential’ and total energy ofa particle in S.H.M. 
The meaning of the “force constant’ ofa spring. 

The ‘nature of’, and the ‘details’ about, the oscillations ofa spring. 
Simple pendulum; derivation of the expression for its time period. 
Free, forced and dampled oscillations. 

Resonance, examples and uses of resonance. 

Wave motion. 

Longitudinal and transverse waves. 

Speed ofa wave. 

Displacement relation for a progressive wave. 

Principle of superposition of waves. 

Reflection of waves. 

Standing waves in strings and organ pipes. 

Fundamental mode and harmonics. 

Beats. 


Doppler effect. 
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CONCEPT MAP 


OSCILLATIONS 


Described by Periodic functions 
Oscillatory Motion Vibratory Motion f(t+ T)=f(t) 


fe form - Projection of uniform 
Simple Harmonic Motion circular motion on a 
diameter of the circle 

Need a 


Restoring Force 
Restoring force is 
proportional to displacement 








Described by Sinusoidal 
functions like 
x=a sin wt ; y = a cos (ott) 


Lead to the 
differential equation 


d’x 


de +o’ x=0 





Displacement : x = a sin ot 


dx 
Velocity = — = ao cos wt = wVa*-x’ 
at g Free damped and 
Acceleration = = =-am sin wt =-w x Forced vibrations 


1 ; l 
Potential Energy = 5m oa’ sin’ ot = 5m «x? 


Resonance 


i l 1 
Kinetic Energy = 5m wa’ cos’ot = 5m œ (a’-x’) 


Phase = wt or ot + 0 (0 = Epoch) 


Exhibited by, among others, 


(1) mass attached to a light spring 


(11) simple pendulum 
(111) block floating in a liquid 
(iv) liquid in a u-tube 
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CONCEPT MAP 
WAVES 


Amplitude 






frequency 
wavelength 


Sound Longitudinal Transverse Light waves | 
waves waves waves (Electromagnetic 
waves) 
Transfer energy 
ie ag eA Simplest type: 
ita V ES Simple harmonic waves 
; particles of medium 
Described by 


the equation: 










l x 
y= a Sir @ c -*) Differential equation 


= = 
PE 1de¢ 
= —_ > 


dx? ov? dt? 


Phase of wave 


(a) 


Speed of wave = vA 


or 


(es 0 
v 


Superposition of 
waves 
STANDING BEATS 
WAVES Doppler effect 
Beat frequency 
NODES ANTINODES = Difference between 


the two frequencies 





Speed of sound Speed of waves Speed of 
waves 1n a gas in a string e.m. wave 





The Doppler change in 
frequency’ depends on the 
direction and magnitude 
of relative velocity between 
the source and observer 





Can be produced in (among others) 
strings and air-columns; in 


open and closed pipes General formula 


(with sign convention) 


, VTV 5 
n =| — |n 
v-v, 
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Introduction 


We are all familiar with the meaning of the term ‘periodic motion’. The motion, ofa particle, or an object, 
is said to be ‘periodic’ ifthe particle / object has the same ‘state of motion’ (same position co—ordinates, 
same velocity and same acceleration) after the same (regular) interval of time. This (regular) interval of 
time, after which the ‘motion’ gets repeated (again and again) is called the ‘time period’, or just the ‘period’ 
of the given ‘periodic motion’. 


Asimple, and familiar, example of “periodic motion’ 1s the motion ofa “simple pendulum’. 
The ‘simple pendulum’, shown here, (when set in oscillations, by giving a push, say), 
starts from its mean position ‘O’, goes up to some point A, comes back to O, goes to 
a (almost) symmetrically located point B, on the other side; comes back to A; and 
then repeats this cycle again and again. Here it is important to note that the ‘time 
period’ of the pendulum is the time taken by it to complete the four substeps cycle: (O 
to A), Ato O); (O to B) and (B to O). It is only when the pendulum comes back to O, 
after going to point B (on the other side), that it is in the same ‘state of motion’ (same 
position, same velocity and same acceleration). Note that when it comes back to O 
after just going up to point A, it is not in the same state of motion as at ‘start’; its 
velocity, at this stage is directed opposite to its velocity at the ‘start’. 





Periodic motions can be of different kinds. The motion ofa particle / object, repeatedly moving along a 
circular / elliptical path (with a constant speed), the motion of a simple pendulum (described above) and 
the ‘to—and—fro’ motion, of the free end of a rod (whose other end has been clamped to a table, say) are 
all examples of “periodic motions’. However, for the second and the third example, given above, we 
usually use the terms ‘oscillatory motion’ and ‘vibration motion’, respectively. We may say that: 


“All oscillatory and all vibratory motions are necessarily “periodic motions’; however, all ‘periodic motions’ 
would not necessarily be referred to as oscillatory / vibratory motion”. 


Oscillatory and Vibrating Motions 


A periodic motion is referred to as an ‘oscillatory motion’ ifit is a periodic ‘to and fro’ motion, about some 
central or mean position. The path followed by an oscillating particle is not a “closed path’ unlike the path 
followed by a particle, executing a ‘periodic motion’, along a circular or elliptical path. 


The term ‘oscillatoy motion, or ‘oscillations’, has now been given a general meaning; it is used for situations 
where no mechanical / physical particle or object, is ‘executing oscillations’. We now speak of oscillating 
electric / magnetic fields (electromagnetic waves) even though there is no mechanical / physical particle 
executing these ‘oscillations’. 


The term ‘vibratory motion’ is generally restricted to “mechanical oscillations’. We generally speak of 
‘vibrations’ only when a mechanical / physical particle (object) is oscillating. We can have vibrating rods, 
vibrating atoms / molecules, or vibrations in a metal plate, or vibrations in the earth’s crust. 
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Periodic Functions 


We know that if a quantity ‘y’ depends on another quantity, x, it 1s said that ‘y’ is a function of ‘x’. This is 
expressed through the expression: 


y = tx) 


This mathematical concept of ‘functions’, can be used for description of ‘motion’. A particle 1s said to be 
in motion 1fits position co—ordinates (in terms of an appropriate frame ofreference) keep on changing with 
time. In terms of the concept of functions, we would say that the position co—ordinates, of a moving 
particle, are (varying) functions of time. 


What kind ofa function would be needed for describing a periodic / 
oscillatory motion? It is clear that we would now need a “function (of 
time)’ that acquires the same value (again and again) when time changes 
by an amount that is equal to, or is an integral multiple of, the “time 
period’ of the periodic / oscillatory motion under consideration. All such 
functions, that repeat their values after regular intervals of time, are 
known as “periodic functions’ (of time). We thus need “periodic functions’ 
to have a mathematical description of periodic / oscillatory motions. 





All trigonometric functions, and, in particular, the ‘SINE’ and the 
‘COSINE’ functions, are periodic functions of time. The graphs of sin O 


and cos0, against 0, shown here, illustrate their periodic nature. It is 
clear, therefore, that the ‘sine’ and ‘cosine’ functions play a vital role in 
describing ‘periodic / oscillatory’ motions. 





Period and Frequency of a Periodic Motion 


The (constant) time, taken by a particle to complete a cycle of its motion (1.e., to comeback to the same 
‘state of motion’), is known as the ‘time period’ (or just the “period’) of that periodic motion. It is usually 
denoted by the symbol T. 


The number of complete cycles of its motion, completed by a particle executing a periodic motion, in a unit 
time, is known as the frequency ofits periodic motion. It is usually denoted by the symbol n,or by the greek 
alphabet, v. 


The unit of frequency would clearly by s'. This unit has been given a name: hertz (Hz); in honour of 
Henrich Hertz. 


It is easy to surmise that the frequency (n) and the time period (T), of a given periodic motion, are related 
to each other as 
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Another useful term, often used for periodic / oscillatory motions, is the ‘angular frequency’. It is denoted 
by the greek alphabet, œ , and is related to the frequency (v), through the relation: 


© = 2rv or = 2) 
2T 


In terms of œ , we would then have 


T= (=) 
0) 
We use the unit (s') for angular frequency. The use of its equivalent unit [hertz (Hz)] is usually restricted 
only to ‘frequency’. For angular frequency, the unit used is s`’, or its extended form, (rad/s). 


‘Displacement—Time’ Relation for a ‘Periodic Motion’ 


As per its definition, the displacement, ofa particle, executive a periodic motion, must repeat its value, 
again and again, after the same regular interval of time. This may be expressed mathematically as: 


y(t+T)=y(t) 


It implies that the value of the displacement, say y, at time instants ‘t’ and (t + T), is the same. The 
displacement thus repeats its value after a regular time interval, T, the ‘time period’ of that ‘periodic 
motion’. 


The above mathematical relation can correspond to very many forms of the ‘displacement—time’ graph for 
a periodic motion. The graphs, shown below, are some of the possible forms of the ‘displacement—time’ 
graphs for a periodic motion. 
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For all these graphs, we have 
y(t')=y(t+T)=y(t) 


An Interesting Result 


A close look, at the “displacement—time’ graphs, shown above, reveals that while the first two of them 
correspond to the ‘sine’ and ‘cosine’ functions, respectively, the other two do not correspond to any 
simple trigonometric function. All these graphs, however, correspond to “periodic motions’, because, for 
all of them, 


y(t+T)=y(t) 


A mathematician, by the name Fourier, gave us a very useful and interesting result, known as the ‘Fourier 
Theorem’. In simple terms, this theorem tells us that any periodic variation (irrespective of the shape of its 
graph) can be ‘equated’ to the superposition ofa sufficient number of ‘sinusoidal (sine or cosine) variations’. 
Thus all periodic functions can be ‘regarded’ as the ‘sum’ ofa ‘sufficient, and suitable, number’ of ‘appropriate 
sinusoidal functions’. 


It follows then that, in principle, we can understand the ‘details’ of any “periodic motion’ simply through our 
understanding of the details of the sinusoidal ‘periodic motions’. We can, therefore, think of “sinusoidal 
periodic motions’ as the ‘basis’ ofall ‘periodic motions’. A clear understanding and analysis, of the ‘details 
and features’, of smusoidal periodic motions, may be ‘viewed’ as (quite) sufficient for ‘understanding’ any 
general periodic motion. 


Restoring Force 


Suppose a particle, initially present at its mean, or central position (say O), 1s to execute oscillatory motion. 
It may be displaced to the right, say, by giving it a ‘push’. It would, in terms of the ‘law of intertia’ 
(Newton’s first law of motion) then go on moving to the right, unless compelled, by some external force, to 
change its “state of motion’. It follows that if it has to execute ‘oscillatory motion’, it needs to be ‘brought 
back’ towards O. For this an external force, directed to the left (1.e., opposite to the direction along which 
it was displaced), must act on it. This ‘external force’ is known as a ‘restoring force’ as it is ‘trying’ to 
‘restore’ the particle back to its initial equilibrium position. 


Ba >y E A 
— 0 +— 
We must also note that after the particle starts moving left (under the action ofthe restoring force), it would 
not, straightaway, stop at O, because of inertia. It would ‘overshoot’ point O and move farther to the left. 
The ‘restoring force’, must now change its direction and start acting to the ‘right. This implies that the 
particle can execute oscillations only if the external (restoring) force, acting on it, at any instant, is directed 
opposite to its “instantaneous displacement’. 
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We can note another feature of the external (restoring) force. The magnitude of this external (restoring) 
force, acting on an oscillating particle, has to be a function of the instantaneous displacement (from the 
equilibrium position, (O) ofthe oscillating particle. Thus, at any instant, 


F =— f(x) 


Hence F is the (restoring) force, acting on the oscillating particle, when its displacement is x. The term 
f(x) represents a (general) function of. The negative sign is there because the directions, ofthe instantaneous 
(restoring) force, and displacement, are opposite to each other. 


The simplest form, ofthe function f(x), 1s that of ‘direct proportionality’. Thus, in its simplest form, 
f(x) = kx 

The (restoring) force, corresponding to this form of the function f (x), 1s 
F = -kx 


It follows that we can think ofa particle as executing the ‘simplest form of oscillatory motion’ if the 
(restoring) force, acting on it, at any instant is directly proportional to its instantaneous displacement (from 
its mean, or equilibrium, position). This simplest form, of oscillatory motion, has been given the name 
‘simple harmonic motion’ (SHM). 


Simple Harmonic Motion 


Simple harmonic motion (SHM) is the simplest form of oscillatory motion. A particle is said to execute a 
SHM when it oscillates under the action of a (restoring) force that is always directed opposite to its 
instantaneous displacement (from its mean position) and whose instantaneous magnitude varies in direct 
proportion to the magnitude of its instantaneous displacement. 


In mathematical terms, it implies that 
F = -kx 


Now, F = Ma., where M is the mass of the oscillating particle and a 1s the magnitude ofits instantaneous 
acceleration when its displacement is x. 


.. For a particle executing SHM, we have 


Ma, =-kx 


2 
or ad. = 7 TX = WX o -*) 


We may, therefore, also say; 


“An oscillating particle is said to execute a S.H.M ifits acceleration is always directed towards its mean (or 
central) position and the instantaneous magnitude, ofthis acceleration, varies in direct proportion to the 
magnitude of the instantaneous displacement of the particle (from its mean (or central) position). 
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We know that 


_ dv, d°x 


a — — 
~“ dt dt? 


"For a particle in SHM, we have 


d’x 3 
dt? 7 
dx, 

or — +0x=0 
dt? 


We speak ofthis equation as the ‘differential equation’ for a simple harmonic motion. 


Example-1: 


. . , . T l T 
Two simple harmonic motions are represented by x = a sın c t+ z) and x = bsin o t+ 4 , respectively. 


Their corresponding differential equations will be 


2 2 2 2 
(1) Esot] x=0 and o] x=0 
3 2 2 2 
(2) ECH x=0 and Store| x=0 


2 2 2 2 
(3) dx, a x=0 and ax "ER x=0 
2 
4 dt 3 


dt? 
2 2 
(4) +089 —( and tox =0 
Solution: 


For the first equation, we have 


aTeo ot) 
— = acos | @t+— 
dt 4 


d d'x aw’ sin ‘ott z) wx 
an — = — |=- 
dt? 4 
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2 
am E, 
dt 


For the second equation, we have 


dx , í 4 
—=-—bosin| ot+— 
dt 3 


d°x T 
—— = -bo cos| ot+— |= @x 
and Je í z) 
2 
~ wx — () 


Thus the differential equation, for both the SHM’s, is the same, namely 


2 
LESSEN, 
dt 


Solution of the (Differential) Equation for a SHM 


We may solve the above differential equation for the SHM ofa particle. Let us assume that the particle, 
executing SHM is oscillating, (about its mean position, O) between the points A and B; then |OA = |OB| 
=a, is known as the ‘amplitude’ of the SHM. 





The differential equation, for a SHM, can be written as B O A 
d°x r 
TIn —0 X 
dt 


S) ty 
or == 
dt 


dx . . , : 
where v = ~ is the instantaneous velocity ofthe particle. 
t 


dv _ dv dx _ dv 
dt dx dt dx 
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or | vdv =| o’xdx 


2 
V 


2 x 
or — =—-( — + constant 
2 2 


The value of the constant can be found by remembering that the instantaneous velocity, of the particle, 
becomes zero when it is at either ofits extreme positions (A or B). Thus 


v=Owhenx=+a 
We, therefore, get 


oa? 
0=— J + constant 








wa’ 
constant = — 
We this have 
2 2 
V WM (2 2 
> (a X ) 
dx 
=| — |=@va*—x° 
dt 
dx 
~ -ofa 
Na -x 
X 
or sin’ —=at+o 
a 


where is aconstant of intergration. 
= asin (@t+ p) 


The instantaneous displacement, ofa particle, executing a SHM, 1s thus a sinusoidal function of time. 


The form of this sinusoidal function depends on the choice of the ‘zero’ oftime. If, at t= 0 (.e., at the start), 
the particle is at its mean position, we have x =0 at t =0. 


"In this case, 


0=asin(0+ọ)=asin p 
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This implies that @ = 0 . Thus ifthe ‘zero’ of time is chosen to be the (time) instant at which the particle is 
in its mean position, the instantaneous displacement, x, of the particle, is a SINE function of time: 


x=asinot 


If, however, the ‘zero’ of the time is taken to be the instant at which the particle is at its extreme position 
(1.e.x = + aatt=0), we have 


+a=asingo 
sngdg=+l or o=+ 


Thus, in this case, 


T 
x=asın| ott— 
2 


=+acosoat 


Thus, ifthe ‘zero’ of time is taken to be instant at which the particle is at either of the extreme positions, its 
instantaneous displacement 1s a COSINE function of time. 


When the ‘zero’ of time is taken as the instant at which the particle is somewhere in between its mean and 
(either) extreme position, the instantaneous displacement will be described by the sinusoidal function. 


x =asin(ot+¢) 


The value of ọ will be determined by the value of x (0 < |x| <a) att=0. 


Relation between Circular Motion and ‘Simple Harmonic Motion’ 


Consider a particle moving along a circular path with a uniform angular c! 
speed œ. Let the particle be at the position, say P, at t= 0. Let < POP', P l 
(where P,OP, is a horizontal diameter of the circle) be ọ . Ifthe particle i 
moves to a position P', atatimet, < P'OP=0=0t. 

Drop a perpendicular from P', on to the vertical diameter, CD, of the 
circle. The foot ofthis perpendicular, is at a (vertical) distance OQ from the 





centre ofthe circle. We then have, (from the right angled triangle OP 'Q ). 


OQ | TO D 
OP = cos 3 (0-8) 
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= sin (0 + p) = sin (ot + p) 
OQ = OP'sin (ot + p) = asin (ot + b) 


where a = OP' = radius ofthe circle. 


The distance OQ is thus seen to be a sinusoidal function of time. This, as we have seen above, is also the 
nature of variation (with time) ofa particle executing a simple harmonic motion. It follows that we can thnk 
of the point Q (the foot of the perpendicular, on to the (vertical) diameter DC of the circle) as executing a 
SHM about the centre, O, of the circle. 


We can, therefore, say that: 


“A simple harmonic motion can be regarded as the ‘projection’ of a uniform circular motion on to a 
diameter of the circle”. 


It is seen, from above, that 


(i)  Ifte particle P were at the position P, att =0, we would have @=0 and 


OQ =asin ot 


TU 


Gi) Ifthe particle were at the position C(/D) at t=0, we would have = x[i S z) 


and OQ = asin (ot + z) 


=+acos ot 


These results are in agreement with the (similar) results obtained above through the solution of the diffrential 
equation for a simple harmonic motion. We thus have the very useful result: 


“A simple harmonic motion (oscillation), can be regarded as the’projection’, ofa uniform circular motion 
on to a diameter ofthe circle”. 


This ‘equivalence’, between a SHM and a circular motion, helps us to ‘arrive at’ and ‘understand’, many 
results for SHM through our understanding, ofthe corresponding results, for a uniform circular motion. 
The circular path, associated with a given SHM, is known as its ‘circle of reference’. We can say that 


(1) The centre, O, ofthe circle, corresponds to the mean (or central) position of the particle executing 
SHM. 


(i) The radius, a, of the circle, equals the ‘amplitude’ of the particle executing SHM. 
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(m) Fora given SHM, the circle (associated with it) is known as its ‘reference circle’. 
(v) The particle (P), moving along the circle, is often referred to as the ‘generating point’. 


The (above mentioned) equivalence, between aSHM and a circular motion, is valid irrespective of the 
diameter chosen for ‘receiving’ the ‘projected’ point. 


“A SHM is thus nothing but the projection ofa uniform circular motion on to a diameter of the circle”. 


‘Phase’ of a Particle Executing a SHM 


The displacement (from the mean / central position) ofa particle, executing a SHM, is expressed as: 
x= asin (ot +) 


The instantaneous displacement, of the particle, also helps us to find its instantaneous velocity and its 
instantaneous acceleration. It is worth noting here that it is the instantaneous value of the quantity (ot + p) i 
(the arguement ofthe sine function in the expression for displacement), that enables us to find all these 
quantities, related to the instantaneous ‘state of motion’ ofthe particle. We call the term (ot + p) as the 


(instantaneous) phase ofthe particle executing SHM. 


Thus the ‘phase’, ofthe oscillating particle, at any instant (any position), is a ‘term’ / ‘quantity’ that determines 
the parameters (displacement, velocity, acceleration) that define / determine the instantaneous ‘state of 
motion’ of the particle. 


Thus, for a particle, executing a SHM, 


Phase, at an instant, t,= 6 = (ot + p) 
It follows that the ‘phase difference’, for two time instants, t, and (t + At) „ÍS 
Ad = | (t+ At) +o |—[ot+ 6] 

= At 


= 27 (At) 


where T is the ‘time period’ of the oscillating particle. It follows that if At = nT , we would have 
Ad =n.27 


The value of sin (2n T+ 0) (as well as other trigonometric functions) being the same as that of sin 0, it 


follows that the particle would be back in the same ‘state of motion’, after time intervals that are an integral 
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multiple ofits ‘time period’. In terms of ‘phase’, we express this by saying that at time intervals, that are nT 
apart, the partile is in the “same phase’. Thus a phase difference 


AÒ = 27n (n St) L 2 eese ) 
implies the same, or identical, ‘phase states’ ofthe particles. 
Again, since 

| sin(2n+1)x+6 | =—sin® (n=0, 1, ae ) 


The particle would be having ‘equal in magnitude but opposite in direction’ displacement at time intervals 
that are half integral multiples ofits time period. We express this by saying that at time intervals, that are 


2n+1)T eee ase . 
(2n+))T apart, the particle is in ‘opposite in phase’ states of its motion. 


Thus a phase difference 
AS =(2n+1)x (n =0, l DS yetsiavioks ) 
implies the ‘opposite in phase’ states of motion of the particle. 


‘Epoch’ 


Another simple point, about the “phase term’ is worth noting. The phase term 
5=(ot+¢) 


has the value 6, =, att=0. The term, ọ , thus represents the value of the phase at the start of the motion 


of the oscillating particle. We call this initial value of the phase (i.e. phase at t = 0) as the ‘epoch’ ofthe 
oscillating particle. 


It is conventional, and convenient, to (usually) take @ = 0 for an oscillating particle. However, when the 


oscillations of two, or more, oscillating particles are to be described by taking a common instant as t= 0, 
(for all of them), the value of the epoch may be ‘zero’ for one of them but may, or may not, be zero for the 
others. 


Example—2: 


A simple harmonic motion is described by the equation 


TT 
x=asin| ot+— 
A 
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The phase difference, between two positions of the particle, at x = ei and x = > IS 


12 3 
To ad 
3 —+sin — 
O [Zes 
ST gl 
4 — +sSin 
D [tsin] 
Solution: 


The phase equals o + z) 


a 
For x= = we have 


a l ji 

—=asin| ot, +— 

ea eae 
T . af l 
ot +—|=ọġ¢ -sn | — 
4 ý B 


a 
For x= mt we have 


a T 
—=asin| ot, +— 
2 A 


TiL a n 
in| ot, +z) =—=sin— 


menor 


553 


UDOON 


A program to give wings to girl students 


UDOON 


A program to give wings to girl students 


"Phase difference = 9, —©, 


Example-3: 


A particle is executing a SHM described by 


Tl 
v-asin( oth 


7 , T T , , 
The phase difference, between two positions ofthe particle, at t = 7 and t = a (T = time period of the 


SHM), is 
D = 
(2) 
(3) PA 
a) > 
Solution: 


The phase of the particle equals o + z) 


T T g 
At t=—, phase = 6, =@—+— 


[ant m)\_5n 
T 3 6 6 


T T x 
TA = þ, =| o—+— 
At t e phase = 9; 7 4 
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7 5 2 
"Phase difference = 0, — 9, = z = =| Le 


‘Velocity’ and ‘Acceleration’ for a Particle Executing SHM 


We have already learnt that the instantaneous displacement, x, ofa particle, executing a SHM, 1s given by 
x= asin(@t+ b) 


The displacement is thus described by sinusoidal function whose maximum value (1.e., displacement 


amplitude) equals a and whose phase term, ò, , has a value (w t+ p) : 


. . dx 
The instantaneous velocity, v, equals i 


Hence, v = £ [a sin (œt + b) 
= awcos (at +>) 


= awsin (o3) E sin{ © +0 = COS J 


We notice that the velocity has a maximum value (which may be referred to as “velocity amplitude”) equal 


to am. Also the argument ofthe sine term, which may be callled the phase term, 6, , for velocity, has a 


value (o +)+ z| . Thus 


5, = (o4) 


The ‘phase differrence’, between the phase terms for velocity and displacement, 1.e. 
6, =5,-8, -[orrg+4]-(orr4)=% 
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T 
The velocity is thus seen to ‘lead’ the displacement in phase value, by =| I 


l . . dv 
Again the instantaneous acceleration, say, f, equals T Hence 


dv dx d 
f = p aq (a @cos(@tt >) 


= aw(—osin (@t+ )) 
=—aw sin(@t+ p) 


= aœ" sin | (@ t+)+ r | 
The instantaneous acceleration, for the particle, leads its instantaneous displacement, in phase value, by 7. 


These ‘relations’ lead us to result the particle has its maximum velocity (= ac) at the instant when its 


displacement is zero, 1.e., at the “mean position’. Also the velocity has its minimum magnitude (= zero) 
when its displacement has its maximum magnitude (= a = displacement amplitude), 1.e., at the two extreme 
positions. 


The acceleration, however, (being directly proportional to displacement magnitude) has its maximum and 
minimum magnitudes at the same instant at which the displacement has such magnitudes; its direction, 
however, 1s always opposite to that of the displacement. 


These features of the instantaneous displacement, velocity and acceleration, for a particle, executing a 
SHM, are shown through the graphs (1), (11) and (111) showing the dependence of these quantities on time. It 
is important to note here that these graphs have been drawn for a particle for which the ‘epoch’ (1.e., the 
phase value, at the start, 1.e., at t = 0) equals ‘zero’. 










uA PY 31/4 
ee ae ee ae 


-a0 F = — l — > 





Gi) 
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(iii) 


Velocity and Acceleration, as a Function of Displacement (for a particle, Executing a SHM): 


The instantaneous displacement, for a particle, executing a SHM, is given by 
x= asin (ot +) 
Its instantaneous velocity, v, given by 
dx 
— amcos (att o) 


can also be rewritten as 


27% 
v=ao[1-sin? (ot +4) |’ -a0) 1-2 | a ee 


We thus get an expression showing, explicity, the dependence of ‘velocity’ on ‘displacement’ (for a particle 
executing a SHM). This expression again shows that the velocity of the particle has its maximum value 


(= a) at x = 0 (e., at the mean position) and its minimum value (=0) atx = + a (1.e., at either of the two 
extreme positions). 


Again, the acceleration 
dv d°x 
f| =— =—— |=—aw’ sin (ot + 
dt dt? | (R 


x 
=aw’.— = -0X 
a 


The acceleration is thus seen to be a ‘direct proportionality’ function of displacement. The negative sign, in 
the above expression, is as per the basic ‘definition’ of SHM; (the instantaneous direction ofthe ‘acceleration’ 
is opposite to that of the instantaneous “displacement’). 
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The Kinetic, Potential and ‘Total’, Energy of a Particle, in SHM 


We have seen above that, for a particle, in SHM, its instantaneous velocity, is given by 


v =aocos(@t+ >) or v=0ya -x 


The instantaneous kinetic energy (= K), of the particle, is, therefore, given by 


l 
K=—mv = zoro cos’ (@t+ọ) 


or K =—mv =>mo*(a’—x") 


To find the expression for the instantaneous potential energy (= U), we notice that the instantaneous 
restoring force, F , has a magnitude, given by 


F = m/f, | =m x 
The infinitesimal work done, in changing the displacement from x to (x + dx), is given by 
dW =(F, )dx=mo@xdx 
The total work done, in displacing the particle, from x =0 to x =x, 1s 
f l 2.2 
W= faw =—mox 
A 2 
It is this work that equals the instantaneous potential energy ofthe particle. Thus 


U=—moa’x’ 
2 
l , 2 
= zmo (a sin (œt + »)) 


= mao sin” (@t +) 


The total energy, E, of the particle, at any mstant, 1s 
E=K+U 


We thus see that 
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l l . 
E = 5m œ a" cos” (wt +>)+ 5m œa" sin’ (@t+ o) 


l 
=—m@a 
2 
Alternatively; 
Pane (a? -~)+imo'x’ 
2 2 


DESA 
2 


AG l . . 
The total energy, ofthe particle, 1s thus seen to have a constant value = a moa’ , at all mstants. It 1s 


proportional to the 
(1) square of the displacement amplitude (= a), ofthe oscillating particle. 


(1) sqaure ofthe constant, œ , for the oscillating particle. 


Since œ= = = 2nv we can also say that the total energy, of a particle, executing a SHM, is directly 


proportional to the square of its frequency, or inversaly proportional to the square of the time period ofits 
oscillations. 


The graphs, showing the dependence of K, U and E, on time, t, (when = epoch= zero) have the forms 
shown below. 





Another simple fact (about the energy of the particle executing a SHM) is worth noting. The average 


kinetic energy (K) and the average potential energy (u) , ofthe particle, (over one complete oscillation) 


1/1 l 
are each equal to —| —ma*w |=—ma‘a’. 
Oe: 4 
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(This is because the average values, of both sin” (ot + b) , as well as cos“ (ot + p) , over one complete 
l 
cycle, are equal to 7 each). 


The total energy, ofthe particle, executing a SHM, is thus, on the average, half kinetic and halfpotential, in 
form. 


Example—4: 


A particle, of mass m, is executing a SHM of amplitude A and angular frequency, œ. The ratio of the 
S , A : A 
kinetic energy values and the potential energy values, ofthe particle, at (1) x = K and (11) x = ag equal, 


respectively, 

(1) G@) (1:1); (a) (2:1) 
(2) 4) (2:1); (a) (1:1) 
(3) (i) (2:1); (a) (3:1) 
(4) OED; (i) 2:1 
Solution: 


The K.E and P.E values are given by 


K.E =< mo" (A? —x") 


PE=—mo’ x’ 
2 


A 
(1) Henceat x= Ta , we have 
2 


— —mo | AX —-— |=—moa’.—A 
SE 2 2 | 2 2 


Ratio of == =1:1 
atio of py = I: 
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(i) Atx= vs , we have 


K.E 
-Ratio of —— =2:1 
P.E 


Example-5: 


An object, of mass 200 g, executes simple harmonic oscillations, along the x—axis, with a frequency of 


25 
(=) Hz. At the position x = 4 cm, the object has kinetic energy of 0.5 J and potential energy of 0.4 J. 


The amplitude of oscillations, and the velocity, of the object, at the mean position, are, respectively 
(1) 6cmand 30 ms” 

(2) 4cmand 20 ms" 

(3) 6cmand 20 ms" 

(4) 4cmand 30 ms” 

Solution: 

The total energy of the particle, at x = 4 cm, is 


(0.5+0.4)J=0.9J 


`. , l l 
This remains constant at all positions. The value ofthis total energy equals 5 ma’o wherea= amplitude 
of oscillations. 


We are given that m= 200g = 0.2 kg. Also w= 2rv 


O=2n 2) rads” 
T 


= §0 rad s~! 
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l 2 2 
0.9 = i 0.2xa* x (50) 


or a’ x 250 =0.9 


09)? 3 
a =| — | =—m = 6cm 
250 50 


Velocity at the mean position = Maximum value of velocity 


= aœ = 0.6x 50ms™ =30ms” 


‘Force Constant’ of a Spring 
Let there be a uniform spring made from a given material and having a given (normal) length and diameter. 
It turns out that one needs a definite force, say AF , to change (extend / compress) the length, of such a 


given spring, by an amount, say A/. The force needed (AF ) is found to be directly proportional to the 


change in length (Al ) , associated with it. The ratio 


AF 
— = k, Say, 
A 


is, therefore, a ‘constant’ for a spring, made from a given material and having a given length and diameter. 
We call ‘k’ as the ‘force constant’ or the ‘spring factor’, for the given spring. It may be thought of as the 
‘force needed to change (extend / compress) the length ofthe given spring bya ‘unit amount’. ‘k’, thus, has 


units of x) , in SI units. 
m 


The “force constant’ of a spring, depends on the 


(1) nature of the material of the spring. 
(1) original (or, unstretched), length (2 ) ofthe spring. 


For springs, made of the same material and having the same area of cross-section, the more the 
length of the spring, the less 1s the ‘force constant’ and vice—versa. 


(m) (original) diameter (d), or the area of “cross section’, of the spring. 


For springs made of the same material, and having the same length, the “force—constant’ increases with an 
increase in the area of the cross-section and “vice—versa’. 


These results, in a way, are similar to the corresponding results for the longitudinal extension ofa wire. We 
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know that, for a wire undergoing a longitudinal extension; 
vA 
MA 
Here Y 1s the Young’s modulus for the material of the wire. We can rewrite this result as 


r=v[“).a 


The applied force, F, can be ‘thought of’ as the ‘force constant’ for the wire if AZ = 1 unit. Thus, fora wire, 


A 
Force constant = k = x2) 


It follows that the force constant 

(1) depends on the material ofthe wire 

(i) decreases with an increase in the length of the wire 

(i) increases with an increase in the area of cross section (or diameter), of the wire. 


These conclusions, for a wire, are similar to the ‘results’, for a spring, quoted above. 


Oscillations of a Spring 


We first consider a system, in which a light spring, having a mass M attached 
at its one end, is kept horizontally on a smooth table. The other end, ofthe 


M 
spring, 1s fixed to a rigid support. 
Let the mass M be stretched by a small amount, say x, towards the right. The 
spring then develops a restoring force (= kx); this ‘restoring force’ then tries Pang 


to bring the spring, and, therefore, the mass M, back to its original (unstretched) 
position. For the mass M, we may then write 


2 
ET 
dt 
EE re ok 
or qe a v 


This being the equation of a simple harmonic motion, we may say that the mass, as well as the spring 
attached to it, will, therefore, start executing simple harmonic oscillations. The time period ofthese oscillations, 
IS 
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T= a = 2m a 
A) k 
Example—6: 


A mass M, attached to a spring, oscillates with a period of 2s. On increasing the mass by 2kg, the period 
increases by 1s. The value ofM is 


(1) 1.6kg 
(2) 2.0kg 
(3) 2.4kg 
(4) 2.8kg 
Solution: 


Let k be the spring constant. We then have, as per the given data, 


2an na! 
k 


and 2+1=2n aes 











3 |M+2 
2 M 
M+2 9 
or a 
M 4 
ne ed 
M 4 4 


M= kg =1.6kg 


We next consider the case of a mass M, suspended from the ‘free end’ of a vertically hanging light 
spring of normal length L. The other end, of the spring, is held in its position, by a rigid support. The 
equilibrium length of the spring is now the length (say, L + ¢ ) which it has under the action of the force 
exerted on it by the weight (= Mg), of the mass M. For equilibrium, we now have 


k? = Mg 
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where k 1s the ‘force constant’ of the spring. Hence 


bee 
i 


Let the mass M, be now pulled down vertically, by a (small) amount, say, y, and then 
‘let-go’. As soon as the mass is ‘let—go’, the total restoring force (= k (2 + y)) , now 


comes into play. The net downward force, on the mass M, now is 


F=Mg-k(¢+y)=Me-[™8(¢+y)] 


Mg 
=. —_—. = =| 
7 y y 
The equation ofmotion, ofthe mass M, is 
d? 
2 a 
dt 
d'y k 2 
or —— = -| — |y=-o 
dt? =) : 


This equation has the form of the equation of a SHM. The ‘pulled—down’ (and then ‘let—go’) mass, 
therefore, starts oscillating harmonically, about the ‘central position’, corresponding to the equilibrium 


length (L 4 L) , of the spring. The ‘time-period’, ofthe oscillations, 1s 


Pon pe 
k 


‘Combinations’ of Two Springs 

We may have a mass attached to a combination of two (light) springs. This may be done in two ways: 
(1) | The ‘series’ combination and 

(1) The parallel combination 


These two ways of ‘combination’ are shown in the figure below. It can be shown (as explained in the 
examples given) that the “equivalent spring constants’, of these two ‘combinations’ are given by 
kk, 
series combination) = 
( )= (k, +k,) 


equivalent 


and è k (parallel combination) = (k, + k,) 


equivalent 
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nw 


g 





M 


(a) Series Combination (b) Parallel Combination 
Two ways of attaching a mass to a combination of two springs. 
Example—7: 


A system of two springs, of spring constants k, and k,, arranged as shown, has a mass M attached at its 
free end. When the mass in pulled down a little, and ‘let—go’, it would execute oscillations that are 





. 3 | , M(k, +k,) 
(1) Simple harmonic and have atime period T = 2r ,/—~————— Spring 
i constant 
=k, 
(2) Simple harmonic and have atime period T = 27 a 
+ 
( a Spring 
constant 
M =i 
(3) Periodic, but not simple harmonic; and have a time period T = 27 (k, +k,) 7 
1 + 2 
M 
ad l M (k; +k, ) 
(4) Periodic, but not simple harmonic; and have a time period T = 27 E 
Lee 


Solution: 


When the mass is pulled down a little (say AL ), the (restoring) force, set up in the spring, 1s proportional 
to AL and tends to bring the mass back to its original position. Hence the oscillations, of the mass M, are 
simple harmonic. 


The same force Mg acts on both the springs. Hence their extensions, say /, and £, , are given by 
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Total extension of both the spring is (2 iE ) (= l, say) l 


‘. If‘k’ 1s the equivalent spring constant ofthe combination, we have ¢ = — 
Mg Mg Mg 
Using (=, + £,, we get k Ok, Ok 
k,k 
This gives k =——+—+— 
(k, +k, ) 


Hence the time period of oscillations 


T -m M =i Ma 
k y kk, 


Example-8: 


Two springs, of spring constants k, and k,, having equal lengths, are arranged ina ‘parallel combination’, 
as shown. A mass M, attached to their common free end, is pulled down a little and “let—go’. The resulting 
oscillations, of the mass M, would be simple harnomic oscillations, having a time period T, where T equals: 


(1) 


(2) 





27 
27 
oO 
27 





M(k, +k, ) 
k, k, 
M(k,/k,) 
(k, +k, ) 
M(k,/k,) 
(k, +k, ) 
M 
a k, +k, 
Solution: 
E 


F 
Here both the springs get extended by equal amounts, say ¢ . We, therefore have 7 =k, and F =k,, 


where F, + F, = Mg 
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Also if k is the equivalent spring constant, we have 
Lae, (or Mg =k?) 

k 
But Mg =F +F, =(k,tk,) ¢ 


k¢ =(k,+k,)é 


or k=k +k, 


The equivalent spring constant, in the parallel combination is, therefore, just the sum of the individual spring 
constants. The time period of oscillations, of the mass M, 1s 


T=2r fee 
k 





Example-9: 
A spring, of spring constant k, is cut into n equal parts. When a block of mass M is attached to a 
(i) series combination of these n parts, its time period equals T.. 


(il) parallel combination of these n parts, its time period equals T.. 


SEE 
The ratio T equals 


2 


1 
D = 

t 
Qs 
(3) n 
(4) n° 
Solution: 


The spring constant, of each part, becomes n times the value of the spring constant ofthe original whole 
spring. 
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(i) | For the series combination, the equivalent spring constant (K,) ofn springs, each of spring constant 


nk, is given by 


T = m M 
k 


(1) For the parallel combination, the equivalent spring constant (k), ofn springs, each of spring constant 


nk, is given by 


k =nk+nk+nk + 


| M l 
T, =27 £ -H2x 
nk n 


Example-10: 


The free mass m, on the left, moving with a velocity v, hits the mass m, attached to the spring (spring 
constant = k), and gets stuck to it. The amplitude of the resulting SHM oscillations, ofthe combined mass, 
(assuming the horizontal surface to be smooth), equals 


2 














o ya 
3) n y? 
(4) ny 
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Solution: 


The mass (2m), ‘formed’ after the inelastic collision, will move with a velocity 


conservation of momentum. 





See l v` mv. 
Hence its kinetic energy= 5 (2m) A — j 





mv 
The total energy, of the resulting SHM, is therefore, A 


l 
This must equal > k A* where A is the amplitude ofthis SHM. Hence 


Ika? nee 
2 4 
or AS 
2k 


Example-11: 


, as per the law of 


A system of three identical light springs, each of force constant, k, is arranged as shown. A particle of mass 
m, kept at the joint point, O, ofthe three springs, is pushed slightly downwards vertically along the direction 


OQ. When released, the time period, of its oscillations will be 


Ys 
m 
qd) T aE) 





(2) T=2n 


| 
(3) r=2[ = j 
| 








(4) T=2n 
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Solution: 


When the mass, M, is pushed vertically downwards, along OQ, through distance r_ the springs PO and 
RO will get extended by amounts r, cos 45° each. 


The restoring force, on mass m, due to the spring OQ, is k r, (directed along QO). The springs PO and 
OR, develop restoring forces ofk (r, cos 45°) each, directed along OP and OR, respectively. Their 
resultant (2 k r, cos 45°) cos 45°, is directed along QO. Hence the total restoring force, on mass m, is 
[k r+ (2k r cos 45°) cos 45°], directed along QO. 


This equals (2k r ). Hence the effective spring constant, of the combination is 2k. 


“. Time period of oscillations of mass m 


STe |= 
2k 


Example-12: 


A mass mis attached to a combination of three identical springs, each of spring constant k, in the manner 
shown. The mass m is pulled down a little and ‘let—go’. The time period, ofits oscillations, would be 


= 
k+2kcos’ 0 


m(k +2cos° 0) j ~ 
| 2kcos?0 on 

| (1 +2cos* 0) 

2k cos’ 0 

(2k cos’ 8) 

( 6) 


(1) T=2n 


(2) 





m 
m(2k cos’ 
1+2cos’ 


Let the mass m extend the spring OB by an amount y. This extends, in turn, each of the springs OA and OC 


L225 
3) T= 27 
(4) T=2n 


Solution: 


by an amount ycos@. 


The restoring forces (k y COs 0) each, developed in the springs OA and OC, give a resultant restoring 


force of 2 (k y COS 0) (cos 0) along BC. Coupled with the restoring force (ky), developed in the spring 
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OB, the total restoring force is that due to the restoring forces (ky) and 2 (k cos” 0) y , developed in the 


springs OB, and the equivalent of springs OA and OC, connected in series. 
The equivalent spring constant, of the series combination of a spring of spring constant k, with another of 


spring constant (2k Cos” 0) , is 


a k2kcos*@ | { 2kcos*® 
“1 Lk +2k cos’ 0 1+2cos* 0 


The time period 1s 


m(1+2cos* 0 
T=2n [—=2n oe 2) 
ko 2k cos“ 0 


Example-13: 


Two masses m, and m, are joined to each other through a light spring of spring constant k. The sytsem is 
kept on a smooth horizontal surface and the two masses are pulled slightly in opposite directions, and 
‘let—go’. The time period, oftheir resulting oscillations, would be 


a) 2r [Oe 
2(m, +m, ) 
| mtm, f, Y 
m, m, 


Q) 2m [omtm) 
k 

B) 2x (m, ~ m,) 
k 

4) ad 

k 
Let mass m, be displaced through a distance x, to left and let mass m, be displaced through a distance x, 
to the right. The total stretching of the spring, say x, then given by 


Solution: 


AH, Xs 
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dx dx, dx, 
= + 
d? d? dt? 


The restoring force, on either mass, is kx. However, for masses m, and m,, their force equations would be 


d? d°x 
m a -ka and m: ae kx] 


dx, k dx, k 


dt? 7 dom, 
m, t m, 


d*x k k r 
= -| — + — |x = -0x 
dt? m m 


1 2 


m +m 
where œ =k|— 2 
mm, 

















The time period of oscillations, of the system, is, therefore, 


PE Caen 
© k(m, +m, ) 


[Note: This result implies that such a system behaves like an equivalent mass m - (za) attached 
m, +m, 


to a spring. We refer to m as the reduced mass of the given combination of masses m, and m,]. 


Example-14: 


A system, made up ofa mass m, a smooth pulley, a light string and a light spring (of spring 
constant k) is set up as shown. On displacing the mass m slightly, from its equilibrium 
position, and ‘letting it go’, its period of oscillation would be 


1 _ = 
(1) T on 7 
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Am 
4 T=2m 1 
oe k 


Solution: 


Let the mass m be displaced through a distance x. The spring would then stretch by a distance 5 only. 


Hence the restoring force, set up init, equals Kx 
2 


If T is the tension in the string, we would then have 


a ee 
2 


or Loc 
4 


The tension, in the string, is in the direction ofthe restoring force set up in the spring. If, therefore, tends to 
restore the mass m back to its equilibrium position. We, therefore, have 


„dx _ ke 
dt? 4 
7 k 
or ——=0'x where o =— 
dt 4m 


The mass, therefore, executes SHM of time period 


Ta aan n 
O k 


Example-15: 


A long uniform rod, of length L and mass M, is free to rotate in a vertical plane about a horizontal axis 
through one end. The rod’s other end is joined to a vertical spring (spring constant = k) whose other end 
is joined to the ground. The rod is horizontal in its equilibrium position. 


The time period of (small) oscillations, ofthe rod, when it is tilted slightly and ‘let—go’, 1s 


M 
1 = — 
(1) T 2m AT 
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M 
2 T=2m  /|— 
(2) Fk 

M 
3 T=27 (= 
©) 3k 

M 
4) T=2n |— 
4) 4k 
Solution: 


The (small) stretching, of the spring, due to the tilting of the rod through an angle 0, is (nearly) LO. 


The restoring force (= k (L6)) , produces a restoring torque ofmagnitude (k LO)x L =k L70 


l 
The moment of inertia, of the rod, about its one end, is E Me | 








| | d’0 > kU kLl’3 3k 
Using the equation | —— = -q we find that œ = — -= 
dt? ML M 
Time period, T = = >on a 
O 3k 


‘Simple Pendulum’ 


A simple pendulum executes simple harmonic oscillations only when the amplitude ofthese oscillations is 
(very) small. This can be seen as follows. 


Let the bob of a simple pendulum, of mass m, be displaced, from its mean 
position (O), to a point A, and ‘let—go’. The weight (W) of the bob, and tension 
(T) in the string, then act along the directions shown. The tension, T, balances 
the component mg cos 0 ofthe weight. The unbalanced component, mg sin 9, 
acts as a ‘restoring force’, as it tends to bring the bob back to its equilibrium 
position (O). 

For small values of 8 , we have 


sin8=0 





.. Restoring force = mg 0 
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= mg where x=OA 


. The equation of motion, ofthe bob, is 


2 — 
or = = (2) x=—0 xX (Where o = z) 
dt 4 4 


This, now, is the equation ofa simple harmonic motion. Hence the simple pendulum executes simple 
harmonic oscillations when the amplitude ofthese oscillations is (very) small. The time period, T, ofthese 
oscillations, 1s 


r- -2 É 
oo 8 


It is interesting here to note that the time period of oscillations ofa simple pendulum is independent of the 
mass of the bob. 


Example—16: 


The time variation, of the acceleration ofa particle, executing SHM, is as shown below. 





Acceleration 


Time —> 


The time variation, of the kinetic energy of this particle, would then correspond to the graph labelled as 
graph 


d) A 
(2) B 
G) C 
(4) D 


576 


UDOON 


A program to give wings to girl students 


(B) 
K.E. 





Time —> 


(D) 
K.E. 





Time —> 


Solution: 


The given graph, showing the variation ofacceleration with time, shows that the acceleration is varying with 
time as a cosme function. 


Hence the velocity (integral of a cosine function) would vary with time as a sine function. The K.E 
would,therefore, vary as the square ofsin 0 . Itis only graph B that corresponds to the variation, with time, 


of sin’ ot. 
Example-17: 


A simple pendulum, of length L, has a spring (of spring constant k) attached to it at a distance h below its 
point of suspension. The time period, of (very) small amplitude oscillations of this pendulum, would be 


(1) 2n (| 
mgL+kh 


(2) 





(3) 


(4) 
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Solution: 


Let the bob be turned through a small angle, 0, to the left ofits equilibrium position. This stretches the 
spring by an amount Ax . where Ax =h@. 


The restoring forces, acting on the bob, are now 
(1) the component mg(sin 0) (= mg 0) , ofits weight 
(ii) the force k (h 0) , due to the stretching of the spring. 
The total restoring torque is, therefore, 

[= (mg 0)L+(kh6)h 


The equation of motion of the bob is 


Me 


or mb (S |=—(meL +a) 


d20 (mgL+kh’)0 





dt? p mL 
=-0 0 
where œ? = (mgL+kh’) 
(mL’) 


The bob, therefore, executes (angular) SHM of period, 


2 
T- -ən PE 
0) (mg L +kh’) 
Example-18: 


A ring of radius r, is suspended from a point on its circumference. The angular frequency, ofits small 
oscillations, would be 
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1 jg 
1 = a 
() 2m Vr 

l jg 
2 - fs 
©) 2m \2r 
o E 

r 

g 
4 © 
(4) P 
Solution: 





Let the ring be displaced slightly from its equilibruim position. The restoring 
torque, (due to its weight = mg), 1s 


t=mg(r8) 


The moment of inertia, I, of the ring, about its point of suspension, 1s 


I = (mr’) + (mr?) = 2 mr? 


Its equation of motion is i l 
d°0 
I —~=-t=-mgr90 
dt’ j 





2 
RE G 
dt 2mr 


2 
where œ^ = 8 
r 


.. Angular frequency = ©= , | > 


Example-19: 


Let a simple pendulum, of a given length, be taken to a depth d below the earth’s (radius = R) surface. If 


l 
\(R-d) 


the time period T „ of the pendulum, were to be plotted as a function of | | the variation would 
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be represented by the graph labelled as graph. 





(1) A 
(2) B 
(3) C 
(4) D 
(A) (B) 
Nima) — ira) 
(C) (D) 
LZ i 
Solution: 7 rey (x (ea) 


Let g and g, be the values of the acceleration due to gravity on the earth’s surface, and at a point at a depth 
d, below the earth’s surface. We can then write, for the weight of a particle mass m, 








o| 'p)m 
= mg = e ack 
surface R? R? 
| o| (R-a) p|m 
w, =mg = GM'm — 3 = mpG(R-d) 
d d R-d) (R-d) 3 
L Ro 
Za  R-d 
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j 
3¢ 
For a pendulum of given length = 27 oo = Constant 
T 


l 


l 6. 
(R=d) 


l 
Hence a graph ofT against -—~~ would be a straight line, with a positive slope. 
“ee JR-d i 


Example-20: 


The bob of a simple pendulum is so constrained that it oscillates (1) for a length ¢ for one half of its 
4 ae 
oscillations and (11) for a length 7 of for the other halfofits oscillation. 


Find the length ofa simple pendulum whose time period is six times that of the “constrained pendulum’. 
Solution: 


The time period of the constrained pendulum is 


£ 
t = E “Je an 
2 gj 2 g 
=m} /—-+— |— 
g 2\g 
‘. The time period of the required pendulum is 


v= 6t=9n |É 
8 
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81 
Thus the length ofthe required pendulum is a l or (20.25 £ ) 


Example—21: 


A solid rectangular block of wood (density = 0 ), of dimensions L, B and H, is floating in water 
(density = P ) with its ‘H’ side vertical. The block is depressed slightly, (through a vertical distance z) and 
‘let-go’. The nature of the resulting oscillatinos ofthe block, and the time period, T, of these oscillations, 
are, respectively, 


(1) Periodic but not SHM; T = 27 Ho 
pg 
(2) Periodic but not SHM; T = 27 Hp 
og 
H 
3) SHM; T=2r |£ 
og 
H 
(4) SHM; T=2n = 
pg 


Solution: 


The block, would initially, be floating vertically, with a height h under water, such that 
(LBhp)g=(LBHo)g 


h=H2 
p 


When the block is depressed through a vertical distance z; its “new height’, under water, becomes (h+z). 
The upthrust (due to the displaced water) now becomes [LB (h+z) p |g while the weight of the block 
continues to be [LBH o |g. The net upward (or restoring) force, F, acting on the block, 1s 


F =LB(h+z)pg—LBHog 
=(LBp) gz (. LBhpg = LBHog) 


Thus Faz and F is directed opposite to z. Hence the oscillations of the block are simple harmonic in 


nature. 


The equation of motion of the block is 
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2 
(LBHo) <= = -(LBpg) gZ ( LBHo = M =massof block) 
d? 
or T [2 e)z- 


The time period, T, ofthe oscillatinos ofthe block, is 


tae | 
Q) 


Ps 


H 
Now = = h =The initial (equilibrium) ‘height’ of the block under water. 


T=2n |È 
g 


[Note: The time period of oscillatinos of the block is identical with that ofa simple pendulum of length h. 
We can, therefore say; “A block, floating in a liquid, and made to ‘oscillate’, as described, can be considered 
‘equivalent’ to a simple pendulum whose length equals the initial (equilibrium) ‘height’ of the block dipping 
inside the liquid’’}. 

Example—2?2: 


A large vessel, ofa base volume V, has a long narrow neck (having an area of cross 
section = a and a height h, so that ah = v, the volume of the neck) of volume v, (v << 
V). The neck is closed by a stopper of mass m and the vessel contains an ideal gas at 
a pressure P (P = atmospheric pressure). The stopper, initially at the top of the neck, 
is depressed slightly through a distance z and ‘let—go’. The nature of the resulting 
oscillations of the stopper, and the time period, T, of these oscillations, are, respectively 








(1) Periodic but not SHM; T =27 u 
a 
2 
(2) Periodic but not SHM; T =27 i 
mV 


mV 


2 


3) SHM; T=2n 
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Pa’ 


m 


(4) SHM; T=2n 





Solution: 


The initial pressure, and volume, of the ideal gas, contained in the vessel, are P and (V + v), respectively. 
When the stopper is depressed through a distance z, the volume of the gas becomes [V + a(h—z)]. Hence 


its pressure increases to (P + AP ) such that 
[P+ AP]| V+a(h-z)|=P(V+v) 
=P [V + ah | 
[Note that we are assuming here that Boyle’s law remains valid, 1.e., the slight depression of the stopper 
causes changes in the volume, and pressure, of the gas under ishothermal conditions. This is a reasonable 


assumption as the slight depression of the stopper, in the narrow neck, is not likely to cause any noticeable 
change in the temperature of the gas]. 


Hence, 


-Paz +AP| V+a(h-z)|=0 


+Paz Pa 
i aea ly 
(Ce V >>v and v (= ah) > a (h-z)) 


The (slight) increase in pressure, of the gas inside the vessel, would exert an upward force, F, on the 


stopper where F = (AP)a . The force, being upward, is a restoring force as it is trying to ‘restore’ the 


stopper back to its initial position. Also F = a a z| is directly proportional to z. Hence the oscillations, 
V 


of the stopper, are simple harmonic in nature. The equation of motion, of the stopper, is 


2 

m Tore- a 
d’z Pa’ 5 
rr a Z—=—-O Z 
dt mV 


P 2 
where œ -( : 
mV 
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The time period, T, of the (S.H.) oscillations of the stopper, 1s 


fo", = 
O) Pa 


[Note: We may also say that, Bulk modulus, B, is given by 














AP 
(4) 
epea 
V y 
_ a 
F = APa = 2" -z=-ke 
2 
pee or T= 55 wl 
mV O Ba 


Since B =P, for an ideal gas, under isothermal conditions, we get the same result as before]. 


Example-23: 


A ‘U-tube’ of untform area of cross-section A, is filled with an ideal a liquid of density p , such that the 
liquid level, is both the limbs, is at an equilibrium height, H, above the base. Using a plastic spatula, the 
liquid, in one of the limbs, is depressed slightly, through a distance, z, and ‘let—go’. The time period, T, of 
the resulting oscillations, of the liquid in the U-tube, would than be 





(1) directly proportional to A but inversely proportional to P . 

(2) directly proportional to A but would be independent of p . a | o Ea 
(3) inversely proportional to P but would be independent of A. H 

(4) independent ofboth P and A. | 

Solution: 

When the liquid level is pushed down, by an amount z in one limb, (a) (b) 


it has to go up, by an amount z, in the other limb. [Ideal liquids are 

incompressible]. The weight, of the extra volume v (= A.2 z), of the liquid in one limb, provides the 
restoring force that tends to ‘push up’ the liquid that was pushed down by the spatula. This weight, therefore, 
provides a restoring force, F, whose magnitude, 1s 


F= (vp)g = (2Apg)z 
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The mass, M, ofthe liquid, set into oscillations, 1s the total mass (= A.2H. p) ofthe liquid in the U-tube. 


Hence the equation of the motion, of the oscillating liquid, is 


2 


d 
(2AHp) oe -(2Apg)z 


d'z -(2A pg)z 
dt?  2AHp 


[ue 
N 


where œ = 


Tjo T 


The oscillations, ofthe liquid, are, therefore, simple harmonic in nature and have a time period, T, given by 


ma 
0) 


=27 | 
8 


The time period thus depends on the initial height, H, of the liquid level an either limb but in independent of 
both the area ofcross section (A) ofthe tube and the density (P ) ofthe liquid poured in it. 


Free Vibrations 


When a ‘system’, capable of oscillating is displaced from its normal (equilibrium) position and ‘let—go’, it 
starts oscillating. These oscillations are due to the ‘restoring forces’, set up within the system, because ofits 
displacement from its equilibrium position. We call such oscillations, ofa ‘system’, as its ‘free’, or, ‘natural’, 
oscillations. 


The basic feature, of the free, or natural, oscillations (ofa given system), is that these oscillatinos take place 
without any ‘external force’ acting on the system. These oscillations are due, purely to the (internal) ‘restoring 
forces’ developed within the system. The time period and frequency of oscillations, of the “free oscillations’ 
ofa system, are a characterstics of the system and depend only on its characterstics features. 


It is important to note that the concept of free oscillations is, strictly speaking, an idealized concept. The 
total absence of external forces, on a system executing free oscillations, is a ‘requirement’ that is seldam 
met in actual situations. Thus a simple pendulum, displaced and ‘let—go’, is said to execute ‘free’ oscillations. 
However ‘external forces’, like the damping due to air / surrounding media, are necessarily acting on the 
system. These ‘damping forces’ cause a progressive reduction in the ‘amplitude’ of oscillations and also, 
to a small extent), affect the time period and frequency of the oscillations. However, for systems like a 
simple pendulum oscillating in air, the “damping effects’ are very small and can be neglected. Oscillations, 
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of a system, under such conditions, are a “close approximation’ to the ideal “free oscillations’. 


The only force, acting on a freely oscillating system, is the (net) restoring force (an internal force) acting on 
it. The equation of motion, ofa freely oscillating system, therefore, has the form 


d°x 7 


m w -F(x) 


The simplest functional form, of the restoring force, is F (x) = kx. The equation of motion, in this case, has 
the form 


d°x 
m= 
dt? 
2 
or mi +0%x=0 (oF =<) 
dt m 


This, as we now know, is the equation of motion of a simple harmonic motion, having a time period 


T= an =2n ,|— 
k 

and a frequency 
mo l1 jk 


on Ir m 


The constant, k, in these expressions, is numerically equal to the restoring force per unit displacement. It is 
referred to as the ‘force constant’ / spring constant / stiffness for the oscillating system, under consideration. 
The constant m, the mass ofthe oscillating sytem, is sometimes also referred to as the ‘inertia factor’. 


Damped Oscillatinos 


We have seen above that the concept of ‘free oscillations’, strictly speaking, is an idealized concept. The 
oscillating system is generally oscillating in a medium (usually air) and, therefore, experiences some external 
force, due to the viscosity, etc., of the surrounding medium. Because of these dampling / dissipative forces, 
the energy, associated with oscillations, keeps on decreasing; this effect is usually observed through a 
progressive decrease in the ‘amplitude’ of oscillations. This rate of decrease of the amplitude may be 
small / large, depending on whether the damping / dissipative forces are small or large. 


Damping forces cause, not only a decrease in the amplitude of oscillations, but also an increase in the time 
period of oscillations. The frequency of oscillations, consequently, decreases. 
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The exact form of the expression, for the damping forces, is usually difficult to write. One would need to 
know the exact nature of the ‘damping force’ and the ‘force law’ governing it (“information’, that is usually 
not available). Quite often, however, the damping effects are due to the ‘viscosity’ of the surrounding 
medium. The instantaneous damping force, due to viscosity, is usually taken to be proportional to the 


, — , dx . 
instantaneous velocity (1.e., the instantaneous value of a ). We may, therefore, say that the equation of 


motion ofa particle,exeuting a damped simple harmonic motion, may be written as 


2 
m 2% =~ E 
dt dt 


where a is the ‘damping constant’ (dependent, usually, on the coefficient of viscosity) of the medium and 
k 1s the ‘force constant’, characterstics ofthe oscillating system. 


We, therefore, have 


or LN) cae ee 
dt 


k 
(Here 2b=— and w?=—) 
m m 
The ‘solution’, of this equation, for the ‘damped simple harmonic motion’, has the form: 
x=ae “sin Vo" -b° t+ 7 
We notice two important features ofthis ‘solution’. 
(1) The amplitude, A, ofoscillations, now equals ae ™' . It is, therefore, an exponentially decreasing 


function oftime. The magnitude, ofthe rate of decrease of A with time, Le. < (= age ™™ , therefore, 
t 


depends on a , the “damping constant’ of the medium. 


(2) The time period, T, of oscillations, is now governed by the equality. 
(Vo -b° K +T)- (Vo - b? jt =2n 


2T 


2 2 
œw —b 


T= 
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The time period is thus seen to depend on b (An) , a term dependent on the ‘damping constant’ of 


the medium. Damping is seen to increase the time period to a value more than the ‘free time period 


2T ue 
value’ = =) ; the frequency of oscillations, consequently, decreases. 
A) 


The ‘displacement—time’ graph, for a damped harmonic motion, has the form shown. The dotted (curved) 
lines, (which correspond to the curve joining the successive amplitude values of the oscillations) are nothing 
but the decaying / decreasing exponential curves. 


Amplitude 





Period 


Forced Oscillations 


A systems said to execute ‘forced oscillations’ if there is an external force, acting on it, while it is executing 
its oscillations. This external force may be: 


(1) A periodic force that is applied to just ‘offset’ the effects of damping forces acting on an otherwise 
‘freely oscillating system’. This external force may keep on supplying as much energy to the system 
as it loses due to the damping / dissipative forces acting on it. The system would then keep on 
oscillating with a “constant amplitude’ as long as the external periodic force keeps on acting on tt. 


(2) Aperiodic force that keeps on acting continuously on the system and, thereby, makes it oscillate with 
its own time period / frequency. The oscillation characterstics (amplitue, time period / frequency), of 
the system are then controlled / governed by the strength and time period / frequency of the applied 
periodic force. 


It is the second type of oscillations, executed and controlled, through the externally applied periodic force, 
that are usually referred to as the ‘forced oscillations’ ofa given system. As we have already noted, the 
amplitude, of such forced oscillations, will depend on the strength of the externally applied periodic force; 
the time period / frequency, of such forced oscillations will depend on the time period / frequency of the 
externally applied periodic force. 
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The externally applied periodic force, may, in general, be any periodic function of time. In its simplest form, 
it may be a sine or cosine function of time. Assuming such a sinusoidal form for the externally applied 


periodic force, the general equation of motion, of an oscillating system of mass M, may be written as 


2 


d°x dx 
m —=f,sin(@,t)—a —-—kx 
dt? ° (ot) dt 


d°x dx > 
or qe ae x =f, sin œt 
f 
(where 2b z o ME and f, =) 
m m m 


This general equation may be solved by using the appropriate techniques for solving differential equations 
ofthis form. The appropriate interpretation ofthe ‘solution’, enables us to understand the characterstics 
and features of ‘forced oscillations’. 


There is one important type of forced oscillations, that we talk about, (in some detail), now. The ‘forced 
oscillations’, ofa give system, can become its ‘resonant oscillations’, if the frequency of the externally 
applied periodic force, matches its natural frequency of oscillations. Such resonant oscillations play an 
important role in very many practical situations. 


Resonance 


The phenomenon of ‘resonance’ is a special case of ‘forced oscillations’. We have already noted that a 
‘system’, capable of executing an oscillating motion, 


(1) oscillates with its characterstic natural frequency (say v,) if it is “let—go’ after being displaced from its 
normal equilibrium position. This natural frequency, generally, depends on the stiffness (or force 
constant) and the ‘inertia factor’ (or mass) of the oscillating system. 


(2) oscillates with the frequency (say v) of the external periodic force if this (periodic) force acts 
continuously on the oscillating system. 


We can have a special situation in which the frequency (v) of the external periodic force matches the 
natural frequency (v,) of the oscillating sytsem. In such a case, the amplitude of oscillations, of the system, 
becomes quite large. We call this special type of forced oscillations as ‘resonant oscillations’. 


An important point here is worth noting. We have already seen that free, or natural, oscillations are an 
idealization; any oscillating system is, almost inveriably, oscillating under the action of some (external) 
damping force. This ‘damping force’ increases the time period and decreases the freqeuncy in comparision 
to their ideal (zero damping) values. The external periodic force will cause, such a ‘practical’ oscillating 
system, to execute resonant oscillations, when its frequency, matches the modified (because of damping) 
‘natural’ freqeuncy ofthe oscillating system. 
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The phenomenon of ‘resonance’ 1s observed, and put to use, in a wide variety of practical situations. 


Examples and Uses of Resonance 


A familiar example of ‘resonance’ is in the ‘tuning’ ofa radio. When the ‘tuning circuit’, in a radio receiver, 
is adjusted to match the frequency of the desired transmitter, the ‘output’ of the receiver 1s (almost) exclusively 
that of this particular transmitter. 


Resonance can cause dangerous rolling of ships and boats and dangerous vibrations of bridges. Steps 
are taken to ensure that there is very little chance of such objects executing resonant oscillations. 


Muscial instruments, particularly the stringed ones and tuning forks, are often made to use the 
phenomenon ofresonance to give stronger and / or more melodious ‘outputs’. 


Children often use the phenomenon of ‘resonance’ to make the ‘swing’ have a large and sustained amplitude 
of its vibrations. 


Microwave ovens also use ‘microwaves’ of appropriate frequency so as to make the water molecules, 
present in almost all food items, execute (large amplitude) resonant oscillations. This, is turn, helps in 
heating the food items. 


Wave Motion 


We all know that if one end of a metal rod is kept in contact with a source of heat, the other end too 
becomes hot after sometime. We say that this is because of the ‘flow’ of ‘heat energy’ through the rod. The 
‘particles’ of the rod, in contact with the heat source, ‘take in’ heat energy from it, and pass this to their 
immediate neighbouring particles. These particles, in turn, pass the heat energy to their ‘immediate neighbours’, 
and so on, till the heat energy reaches the other end of the rod. 


There 1s ‘something special’ about this ‘flow’ of heat energy. The heat energy flows from ‘particle to 
particle without any ofthe particles leaving their respective mean positions. The constituent particles, of the 
metal rod, just oscillate about their “mean positions’ but keep on passing the heat energy from one point to 
the next. We thus get a transfer of (heat) energy, from one end of the rod to its other end, without any 
material movement of the particles of the rod. 


Is 1t possible to transfer mechanical energy, too, from one point in a medium to another, without any 
material movement ofthe particles of the medium? The answer is ‘yes’. It is often observed that disturbance, 
‘created’ at one point in the medium, moves ‘on and on’ and affects the ‘other points’ in the medium. A 
simple practical example of this is the movement of the ‘disturbance’, created at one point, on the water 
surface (in a lake / pond etc.), by the impact of a stone. The mechnical energy, associated with the (created) 
disturbance, passes on all over the water surface without any actual movement of the particles of water on 
the surface. We call this method of transfer of energy, from one point to another, in a medium, as “wave 
motion’. 
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The important thing to note about “wave motion’ is this ‘waves’ help to transfer energy, from one place to 
another, without the movement, or transfer, of any ‘physical entity — ‘the particles’ — of the medium. 
“Wave—motion’ thus provides an alternative natural method of ‘transfer of energy’. [The other method 
(involving the movement of material particles) is to impart kinetic energy to the particles at one point, and 
let these particles move over, and carry, their kinetic energy to “another point’ ]. 


Sustained Wave Motion 


We all know that the ‘waves’, or ‘ripples’, created on the surface of water by the throwing a stone on it, 
last but for a ‘short while’. A momentary disturbance creates ‘waves’ that ‘fade away’ quite soon. It is 
clear then that it is only a sustained disturbance that can cause a sustained wave—motion. Ifthe sustained 
disturbance is a periodic disturbance, we would have a (sustained) periodic wave motion in the medium. 


The simplest periodic oscillation, as we now know, are simple harmonic oscillations. The waves, having a 
‘simple harmonic disturbance’ as their ‘source’ (cause), are known as ‘simple harmonic waves’. These 
waves are the simplest type of periodic waves. We, therefore, study the basic details, and ideas, of wave 
motion through a detailed understanding ofthe characterstics of ‘simple harmonic waves’. 


Simple Harmonic Waves 


When the periodic disturbance, ‘creating’ waves in a given medium, is a simple harmonic motion, the 
resulting wave is referred to as a ‘simple harmonic wave’. 


We can easily get the equation for a ‘one dimensional’ simple harmonic wave. Let the periodic disturbance, 
creating a wave, be a simple harmonic oscillation having the origin as its mean, or equilibrium, position. If 
the speed of propagation, of the disturbance, in the given medium be v, we can make the following two 
statements: 


(1) Thedisturbance, created at the origin at the time t = 0, will reach a point, at a distance x from the 


a . x 
origin, at a time t where t =—. 
V 


(2) The disturbance, at the point x, at time t, was the disturbance, at the origin, at a time t' where 


(= 


The second statement is, in a way, the ‘reverse’ of the first statement. It enables us to obtain the 
equation ofthe (SH) wave. 


We notice that disturbance at (x =x), at (t => t) = disturbance at the origin (x = 0), at (t= > t') 


x 
where t =| t-— 
F 


The disturbance, at the origin, (being a S.H motion) has the form 
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E =Asin ot 


Hence the value of this disturbance, at (x = 0) and at time instant t [e = C z *) , 1S 


s= Asinot'= Asino[ t=" 
m 


This equation now gives the disturbance, at any point (x =x) at any time (t =t). It is, therefore, regarded 
as the equation ofa simple harmonic wave. Thus the equation, of a (one—dimensions) simple harmonic 


wave, 1S 
6 = Asin ofi- =) 
V 


It is important to remember that this equation corresponds to a simple harmonic wave propagating along 
the positive direction ofx-axis. 


[Note: It is desirable to remember that when there is a negative sign (between the ‘t’ and ‘x’ terms (in the 
equation of a (simple harmonic wave) we have a wave propagating along the positive x—axis. A positive 
sign, (between the t and x terms) would, therefore, represent a wave propagating along the negative x— 
axis]. 


Differential Equation for Wave—Motion 


We start with the equation for a simple harmonic wave. This equation (for a wave propagating along the 
positive x—axis) has the form: 


[anole] 


€ 1s thus a function of time, t, as well as the position co—ordinate, x. We, therefore, have 


0E -AO í =) 
— =— COS o| t-— 


Ox y y 
Also, 


es —+AQ@ cos of =] 
Ot V 


2 2 
sme = -ASsino{ t=] 


2 
Ox y V 





2 
and - > = -A0 sin of = z) 





V 
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We thus find that 
ee _ 1 oe 
Ox’ v dt’ 


We call this equation as the differential equation for (one-dimensional) wave motion. It turns out that the 
differential form of the wave equation, namely 

0'E ol o E 

ôx v Ot 
is also valid for waves that may not be simple harmonic waves. We, therefore, regard the above differential 


equation as the ‘general equation’ for (one—dimensional) wave motion. The equation ofthe simple harmonic 
wave, namely, 


C= Asinoft-ž]| 


y 


is just one ofthe many possible ‘solutions’ ofthis differential equation. 


Definitions of Some Terms Connected with Wave Motion 
We now get familiar with some terms, often used, in wave motion. 


Amplitude (A) : This equals the ‘maximum disturbance’ (or maximum displacement), ofany particle of the 
medium, from its normal or equilibrium position. It equals the maximum displacement (from the mean 
position) of the particle executing the (simple harmonic) oscillations that initiate the wave motion. 


Wave Length (2 ) : This equals the (regular and minimum) separation between any two particles of the 
medium, that are in identical “phase’ of their respective oscillations. 


Time Period (T) : The time period (T), of a wave, may be thought of as the time taken by the wave 
propagating with a speed v, (the wave speed) to cover a distance equal to the wave length of the wave. We 
thus notice that 


Frequency (v) : This equals the number of ‘complete oscillations’, executed by the wave, in one second. 


It follows that 
v= 1 o T= os 
T v 


We thus find (from T= haren 
V 


Angular Frequency (@ ) : This equals 27 times the frequency of the wave motion. Thus 
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Wave Number (k) : This equals 27 times the reciprocal of the wave length. Thus 


| _2n 


k= 2n — 
A A 


Phase : For the S.H. wave, we have the equation 
E = Asin of =) 
m 


The argument ofthe sine term, namely 


(= 


represents the ‘phase’ ofthe wave. 
The ‘phase difference’, for a wave, can be defined in two ways: 


(1) | The phase difference (at a given location) depends on the time difference. Thus 


0, =0 c -ž] 
V 


(t —x) 





and ọ,=0 


(4, —,)= w(t, -t,) 
We have, 
HAR as. LA ) 


(o,-,)=o.nT =n.2n f r=2) 


A 


The particle, at a given location, is, therefore, in the ‘same phase’ at time instants that are separated 
by an integral multiple of the time period of the wave. 


(1) The phase difference (at a given time instant) depends on the locations of the two points. Thus 


T5 
V 
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and 9, =@ (2) 


y 


(, -$,)=— (x, —x,) 


(We have seen above that v= vÀ , i.e., speed of wave equals the product of its frequency and its 
wave length) 


(0, -$,)=> (x, =x) 
1 = ig OO 1 en ), we have 
(0,- 4) == (nd) =20n 


It follows that, at a given time instant, two particles, that are separated by a distance equal to an 
integral multiple of the wavelength, would be in the ‘same phase’. This result, incidentally is, in tune 
with the definition of ‘wavelength’. 


Inter Relations between the Above Terms 


We rewrite the different relations between the various terms defined above. We have 





I l 
l T=— and v=— 
(1) ‘ = 
G) W=2nVv; v= And pa2t 

2T A) 

ji) k=*7 and a= 

À k 

À 
v) v===vÀ 
(v) = 
o o 2TV EP 

k (27/1) 


X 
(vi) Phase ofa given pomt (at a given location, (say x)) at a given time instant, (say t) = © C = z) 
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= 2v (ež) 
v 
= 27 (ve) 
m 
Lor [= -) 
T v 


=(@t-kx) 


Different forms of the Equation of a (one-dimensional) Simple Harmonic Wave 


The equation, ofa simple harmonic wave, has been obtained as 
E = Asin c — z) 
z 


x . 
The term @ C — z) (= Q, say ) , represents the ‘phase’ of the wave. This, as noted above, can be written 
V 


in a variety ofways. Hence the equation, for a simple harmonic wave, can be rewritten in many different 
forms. We have: 


aunla( s) 
aa a] 
= Asin|2n{ vt-v =) 
~asoloals i) 


= Asin | (ot — kx) | 


We may use any of these forms; the form used depends on the nature of the problem. 
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Longitudinal and Transverse Waves 


A wave is said to be a longitudinal wave if the direction, of ‘displacement’, of the ‘particles of the medium’, 
is the same as the direction along which the wave is propagating. 


Sound waves are a well known example of longitudinal waves. 


A wave is said to be a transverse wave ifthe direction, of ‘displacement’, of the ‘particles of the medium’, 
and the direction of propagation of the wave, are along mutually perpendicular directions. 


Light waves are known to be transverse waves. 


[ Note: The phenomenon, or ‘property’, that can help us to decide the longitudinal, or transverse, nature of 
a wave, is the phenomenon of ‘polarisation’. It is only, transverse waves that can be polarised; longitudinal 
waves do not exhibit the phenomenon of polarisation. 


It follows that ifa wave exhibits the phenomenon of ‘polarisation’, it has to be a transverse wave]. 


Speed of a Wave 


The speed with which the ‘disturbance’, associated with a wave motion, propagates through a medium, is 
known as the speed of the wave. It depends upon the nature, and properties, of the medium. It turns out 
that, v, the speed of propagation ofa (mechanical) wave, in a medium, is given by 


Here E is the (relevant) modulus of elasticity of the medium and P 1s its density. 


For solids, E can correspond to any of its three moduli of elasticity: the Young’s modulus (Y), the Bulk 
modulus (K) or the Shear modulus (1). Solids, therefore permit the propagation of longitudinal, as well as 
transverse, waves through them. 


For gases, the only (relevant) modulus of elasticity is the bulk modulus; gases, therefore, permit the 
propagation of longitudinal waves only. Sound waves, that normally propagate through air, are longitudinal 
waves only. 


It is interesting to note here that the speed of propagation of electromagnetic waves (that do not require a 
medium for their propagation) also depends on the medium through which they are propagating. The 
relevant formula, for their speed of propagation, 1s 


F|- 
Mm 
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Here u is the magnetic permeability of the medium and € is the (electric) permittivity of the medium. For 
vacuum, the corresponding formula is 


l 


UoEo 





v(=c)= 


The speed, c, the speed of propagation ofall types of e.m. waves, in vacuum, is a universal constant. It also 
represents the maximum speed with which any signal, information or phenomenon can propagate in nature. 
Einstein postulated that the speed of propagation of light (or any other e.m. wave) in vacuum, is same for 
‘ALL’ observers, irrespective of whether they are at rest or in motion. 


The ratio, ofthe speed of light in vacuum (= c) to its speed in a given medium, equals the absolute refractive 
index (=n) of that medium. We can write 


i 
E N r 


C 
Y UoEo 


%, o % 
Ho Eo 


E€ 
Here u, - £) and e, - 3 , are known as the relative magnetic permeability and relative (electric) 
0 Eo 





permittivity ofthe given medium. 
Speed of Sound in Gases 


The speed of sound, in gases, is given by 


K 
Vv=,[— 
P 


where K = bulk modulus and p = density of gas 


Using the Boyle’s law equation, (valid under isothermal conditions), PV = constant, along with the definition 





A 
(=x) 


K =P (under isothermal conditions) 


of bulk modulus x M | we get 
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This formula, for the speed of sound in gases, was first given by Newton and is known as Newton’s 
formula for the speed of sound in air (and other gases) 


Using the appropriate values for P and P , this formula gives the speed of sound, in air, under normal 
conditions, as close to 280 m/s. This value, however, is far too small compared to the experimentally 
determined value of v, which is close to 330 m/s. 


It was Laplace who suggested that one needs to assume that the propagation of sound, through air, takes 
place under adiabatic (and not isothermal, (as assumed by Newton)) conditions. The appropriate equation 





is, therefore PV’ = constant (and not PV = constant). From this equation, we get K = l a j as yP. 
A 


Hence the formula, for the speed of sound, takes the form 


ue 
P 


This formula gave a value ofa v close to its experimentally measured value. It is, therefore, now taken as 
the accepted formula for the speed of sound in gases. 


Conclusions Based on Laplace’s Formula 


Laplace’s formula, for the speed of sound in air (and other gases) is 


a 
P 


V = 


From this formula, and the known formulae for gases, we can conclude that 


(1) Speed ofsound, in a given gas, does not change with ‘change in pressures’ (This is because a change 


. P , 
of pressure causes a proportionate change in density; the ratio — , therefore, remains constant). 


(1) The speed of sound, in a given gas, depends on its temperature (on the kelvin scale) as per the 
relation 
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1.e., the speed of sound, ina given gas, is directly proportional to the square root ofits absolute (or 
kelvin) temperature. 


One can also conclude that the presence of humidity (1.e., water vapour), in air, leads to an increase in the 
speed of sound. 
Speed of Waves in a Stretched String 


When a string, having a linear mass density m (i.e. m= mass per unit length of the string), is stretched by a 
tension T, the speed of propagation of waves, through it, 1s given by 


Remembering that the relevant modulus of elasticity, for a string, is the Young’s modulus of its material, it 1s 
easy to see that this formula is consistent with the formula 


Y 
v= |— 
P 


This is so because 


m = (mr x1)p 
T l 

and Yen 
mr Af 


Taking Af = 1, we get 


T=nrYxl 
T mr Y Y 
m (xr? x1)p p 
-]X¥_]T 
p m 


Reflection of Waves 


Whenever waves propagating in a given medium, reach its boundary, or interface, with another medium, 
they can get reflected (as well as refracted). The reflection of waves takes place as per the usual law of 
reflection. The angle ofreflection equals the angle of incidence. 
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The reflected wave would, obviously, be propagating in a direction reverse of that of the incident wave. 
There is, however, another interesting fact, about reflection of waves, that needs to be carefully understood 
and noted. This is as follows: 


(1) 


(11) 


The reflection of waves may take place when a wave, propagating in a rarer medium, encounters an 
interface which has a denser medium on the other side. The reflected waves then not only reverse 
their direction of propagation; they also undergo a ‘reversal of their phase’, 1.e., the ‘phase’, of the 
reflected wave, differs from that of the incident wave, by n. Hence if the equation of the incident 
(S.H) wave is 


A = Asino[ t=] 


y 


The equation ofthe reflected wave (reflected at a ‘rarer to denser’ boundary), would be 


= Asin of t+} 
V 


(The change ofsign, of the x—term, is because ofa reversal in the direction ofthe propagation) 
We may also write 
G2 = -Asino +4) 
x 


For this case, ifthe incident wave were a wave propagating along the negative x-axis, its representation, 
as well as that of its reflected wave (reflected from a rarer to a denser interface) would be represented 
by the equations: 


s= Asino( t+ 


V 


and ők = Asin o(t-=) +n] 
V 


aslo) 


When the reflection of waves takes place at ‘a denser to a rarer’ interface, the reflected wave just 
reverses its direction of propagation without any reversal, or change, of phase. In this case, if the 
incident wave were represented by 


a -Asinoft-ž] 


y 
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The reflected wave would be 


an = Asino[t+*] 


y 


Similarly, for an incident wave propagating along the negative x—axis, the equations, ofthe incident 
and reflected waves would be 


a= Asinol t+* 


y 


and €, = Asino(t-4) 


y 


These results can be summarized, in a tabular form, as follows: 


Whether there is 
' ' 
Nature of any 'reversal' of 


Reflection T: 
Propaention Incident Wave Reflected Wave 
From Denser to 
Rarer Interface 
(1i) Yes No A = Asino( t+ Ek =AS of t- 


Equation of 


in 
A Yes (Phase x ; | í 
1) Yes 7 = Asin| œ| t+ 
(1) changes by 7 ) v 
From Rarer to -Asino 
Denser Interface 
” Yes (Phase ee _x 
(11) Yes changes by r) lei ofi £), d 
=—Asino| t— = 
Vv 


Principle of Superposition of Waves 





According to the principle of superposition of waves: 


“When two, or more, waves are simultaneously propagating ina given medium, the resultant displacement, 
at any point of the medium, is the vector sum ofthe displacements, at that point, due to each of the waves”. 


The principle of superposition has a essential corollary: 


“The effect, of any given wave, at any point, in a medium, remains unaffected even if other wave/s, are 
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simultaneously producing their own disturbance/s at that pomt”. 


A practical illustration of this feature 1s provided by the fact that we are easily able to recognize the voice of 
our friend / known acquaintance, in a room, even if other persons are simultaneously speaking in that room. 


Phenomenon Resulting from ‘Superposition of Waves’ 


When two, or more waves, are simultaneously present in a medium, their ‘superposition’ can lead to many 
interesting phenomenon. We will talk, in some detail, about two of the phenomenon — ‘standing waves’ and 
‘beats’ — that arise from the superposition of two waves. It is the nature, and the interrelation, between the 
characterstics features of the two (superposing) waves, that decides the nature of the resulting phenomenon. 


Standing Waves / Stationary Waves 


‘Standing (stationary) waves’ are produced as a result of the superposition of two identical waves, 
propagating along opposite directions. In practice, it 1s (usually) the superposition ofa ‘direct’ wave and its 
‘reflected’ wave (with, or without, change of phase) that results in the formation of ‘standing waves’. 


Beats 


When two waves, of (preferably) equal amplitude, propagating along the same direction, and having 
(slightly) different frequencies, are superposed on each other, the resulting phenomenon is known as the 
phenomenon of ‘beats’. The phenomenon of ‘beats’ may be viewed as a special case of the general 
phenomenon of ‘interference’. 


We now discuss these two pehnomenon in some detail. 


The basic features of standing / stationary waves can be easily understood through the relevant 
mathematical analysis. These waves are the result of the superposition ofa ‘direct’ wave and its ‘reflected’ 
wave. Let us just assume that the ‘reflection’ takes place without any ‘phase reversal (1.e., the reflection is 
from a ‘denser’ to a ‘rarer’ interface). We have, in this case, 


. : X 
For the direct wave €, = asin œ = z) , 
V 


. , . x 
The corresponding reflected wave is: 6g = asin@ c + z) 
V 


The resultant displacement, say € , due to the superposition of these two waves, 1s 


6=6 +6, =a sino -*) +sino( t+] 
V V 
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= 2 a cos (=) sin ot = Asin ot 
y 


where A =2acos a 2a cos (2x) 
y 


g 2.2v 2r) 
“oy v À 


The ‘amplitude’, A, of the resultant wave, (at a given time), therefore, varies with the location ofthe pomt. 
We have 


A =+2a wherever a = nÀ; (iea = h) 


Also A = 0 wherever = =(2n+ I) (iea =(2n+ 1) >) 


ÀA ~A LK 
The set of points (corresponding to A =+2a), are the points x= Q, ey. 2 ~~ 3 wy Prati These are 


known as the antinodal points, or just ‘ANTINODES’ of thre resultant wave. 


It is important to note that any two successive antinodes are a distance vA apart from each other. 


Similarly, the set of points, corresponding to A= 0, are the points 


ae ae oe, 
4 4 2 2 


These are known as the ‘nodal points’, or just the NODES, ofthe resultant wave. 


Ifis important to note that the successive nodal points are also a distance ve apart from each other. From 
the ‘locations’ of the ‘antinodal’, and the nodal points,we also observe that 


(1) there is always a nodal point in between two successive antinodal points, and vice—versa. 


À 
(1) anodal point is separated, from its immediate (neighbouring) antinodal point, by a distance — , and 
vice—versa. 


Another important point is worth noting,. The displacement, of the resultant wave, is given by 


€=Asinat (A =2acos 2E] 
. 
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At the nodes, A= 0. Hence, at these points, € = 0; irrespective of the value of t. The NODES are, 


therefore, points of ‘permanent rest’. The resultant disturbance, at these points is zero; irrespective of the 
time instant considered. 


Again, at the antinodes, A=+2a and 
E = +2asinat 
The resultant displacement, as the antinodes, therefore, varies with time in a sinusoidal way. It is equal to 


2n+1 
+2a when sin ot = +1, 1.e. when œt may 


Thus the resultant displacement, at the antinodes, equals +2a at those time instant, t, for which 


t=(2n+1) =(2n+1)2 


20 
Thus 6=+2a at E N ENA 
4 4 4 


The two successive time instants, at which the resultant displacement, at the antinodes, has a magnitude of 


T o . 
2a, are thus seen to be > apart from each other. Further, the two successive time instants, at which the 


resultant displacement, at the antinodes, is either +2a each, or —2a each, are seen to be T apart from each 
other. 


The resultant displacement, at the antinodes, therefore, varies in a simple harmonic way with a time period 





equalto T m an l , which, incidently, is also the time period ofthe two waves (direct and reflected) getting 
A) 
superposed. 
Again, from 
E=Asmot, 


we notice that at time instants, t, given by 


ot=nrT 
nT T 
or t = — = n.— 
2 
3T 
ie. at t=O, —, T, —y.eeeceessens 
1.€..a 5 > 
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E = 0, at all points, irrespective of the value of A, 1.e., irrespective of the location of the points. This 
includes the ‘antinodal points’ too. 


Thus at time instants 
rn a 
2 2 


T 
(which are separated from each other, again by an amount 7 ), the resultant displacement at the antinodal 


points, is zero. 


These time instant are, therefore, instants at, which the whole of the medium is ‘momentarily at rest’. 


Basic Difference Between ‘Standing Waves’ and ‘Ordinary (or Progressive) Waves’ 


We know that in an ordinary (or progressive), wave, the disturbance (having its characterstics ‘phase’) at 
one point, keeps on progressing throughout the medium. The phase condition (or disturbance) at one 
point, reaches another point at a distance à (= wave length) from it, in a time T = (time period of the 
wave). The ‘phase’, therefore, keeps on ‘progressing’, in (an ordinary) wave motion, with a speed 


v[ = = VÀ (v = frequency of wave)]. 


For the standing waves, we have seen above that the nodal points, or ‘nodes’, are points that ‘remain at 
rest’ throughout, 1.e., at all time instants. The resultant displacement, at the antinodal points varies from 
[(+2a) to (0)] to [(—2a) to (0)] to [(+2a)], over a total time interval T,in a simple harmonic way. Two 


: , . . _ dA 
successive nodal points, as well as two successive antinodal points, have a separation each. 


There is, therefore, no continuous, or progressive, transfer of ‘phase’ (of one point) to the other successive 
points. The wave does not ‘appear to move’ throughout the medium. Rather, the medium appears to get 
broken into ‘segments’, where each ‘segment’, contained between the successive ‘nodal points’, appears 
to be executing a vibrating motion with a time period, T. The appearance, of a string, (in which standing 
waves have been produced through the superposition ofa direct wave with its corresponding reflected 
wave) is ofthe form shown below. 
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The name, standing / stationary waves, for this type of the resultant ‘wave’, can now be understood. The 
apparent, standing (or ‘stationary’ ) appearance ofthe medium (broken into ‘segments’, executing vibratory 
motion, with the ‘segments’, ‘staying’ where they are) justifies the use of the adjective ‘standing’ or 
‘stationary’. The noun ‘waves’ is still used because (1) this pattern results from the superposition of two 
waves and (11) the ‘phase conditions’, at the nodal, and antinodal points (as well as their intermediate 


À 
points) are ‘getting repeated’ (over points separated by distance of 5 each). 


The phase (= argument of the sine term), for a standing wave, just equals (ot) . Hence the ‘phase’ at a 


given time, has the same value for all pomts of the medium. This implies that all points of the medium, reach 


their respective maximum / minimum / indermediate displacements (ranging from 0 to + 2a) together. 


There being no continuous transfer of phase (from one point to another), there is no net transfer of energy 
in a standing / stationary wave. 


Standing / Stationary waves, formed by the superposition of a direct and its corresponding reflected 
wave, when the reflected wave undergoes a ‘phase reversal’ also. 


Let us now consider the case where the reflection takes place at a ‘rarer to denser medium” interface. We 
have already noted that, in such a reflection, there is not only a reversal of the direction of propagation, but 
also a reversal of phase. The equations, of the ‘direct’ and the ‘reflected’ waves, in this case, are, respectively, 


e X 
6, =asina| t-— 
° 


and & sasin of t+) + 
v 


"The displacement, & , ofthe resultant wave, is 


poate -Z)] oslo) 


wt 
= 2acosotsin (=) 
y 


. Ox 
=| 2a sın — |cos œt =a cos ot 
y 


where A = 2a sin = 2asin (A 
V 


The amplitude, A, ofthe resultant wave, is now given by 
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A =2asin (A= 
À 


.. Ahas its maximum magnitude (= 2a) at points for which 


À 


a or x=(2n+1)7 


= =(2n+1) 


= 
2 


The antinodal points, or antinodes, are now located at points for which 


ÀA 3A SAK 
ies 


ae 4’ 4’ cocooooooooooo 


Similarly A=0, at points, for which 


2X nÀ 
— =n or yac 


À 2 


The nodal points, or nodes, are now located at points for which 


M EE E A PEPEE 
2 2 


The locations, ofthe nodal and antinodal points, are now seen to have got ‘interchanged’, with respect to 
their locations in the case of ‘reflection without phase reversal’. 


Further 
€=2acos ot 


z. & =Oat time instants t for which 


(2n+1)x 
2 


or Ps LN 
2 4 


Thus, at the time instants, 


T 3T ST 


4° 4° 4 


the resultant displacement is zero at all points of the medium. 
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Again 


€=+2a, at the antinodal points, at time instants, t, for which 


nT 
ot=nr or t = — 
2 
Thus at the instants, 
TEE 
2 2 


the antinodal points (as well as all other points of the medium) have the maximum magnitude for their 
respective displacements. 


The timings, of the time instants, at which their is maximum magnitude ofits displacement for (all points) 
and the time instants, at which the whole of the medium is ‘momentarily at rest’, are also seen to have got 
‘interchanged’ (with respect to their values in case of reflection ‘without phase reversal’). 


Apart from this interchange of ‘x and t’ values, all the other results and conclusions, for the standing / 
stationary waves, formed in the case, are exactly the same as in the earlier case of standing / stationary 
waves (1.e. the case where reflection takes place without any phase reversal). 


Standing Waves in Strings 


Consider a string of length L, fixed at its two ends, and stretched bya tension T. Ifm be the mass per unit 
length of this string, the waves, if any, propagating in this string, would do so with a speed v where 


Let the string be given a slight transverse displacement (at, say, its mid-point) and ‘let—go’. The resulting 
transverse waves, produced in the string, get reflected from each of its fixed ends. The superposition, of 
the direct and the reflected waves, then produces standing / stationary waves in the string. 


We now need to remember that the string, has been fixed at its two ends. Hence these ends cannot vibrate; 
they have to be ‘nodal points’, or nodes, of any stationary wave pattern, formed in the string. We also 
know that there has to be an ‘antinode’, between two nodes and vice—versa. The permissible pattern; of 
the stationary waves, that can get fomed in the string, can, therefore, be as shown below. 


A A A A A A 
N N 
N N N 
<> 1 a 


(=A =r (=3A/> 
A=20 A=t= 2 A= 20 
2 EJ 
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The simplest, of these permissible modes, is clearly the first ‘mode’, for which the wavelength equals twice 
the length of the string. The frequency, corresponding to this ‘mode’ of vibration, is 


y 1 T 


Lh = T 
à 20 Vm 


Similarly, the frequencies, corresponding to the second and third ‘modes’ of vibration, are 


2y 2 JT 


i =——— 
2 2L Vm 


= 3 24 20 Nm 


and so on. 
We notice that n, = 2n,, n, = 3n........... 


Hence, in general, the permissible frequencies, of the different modes of vibrations, of a string fixed at both 
ends, are 


-P jt H ae 
P 20 Vm (p ) 


The basic frequency (n,) is known as the freqeuncy of vibration ofthe ‘fundamental mode’, or the ‘first 
harmonic’ (for a string fixed at both ends and subjected to tension). The other permissible frequencies of 
vibration, of such a string, are all integral multiples of this basic or fundamental frequency. The frequency n, 
(p times n, ) is known as the frequency ofthe p" (p= 1, 2, 3,..........00. ) harmonic. 

Stationary Waves in Organ Pipes (or Air Columns) 


Here we consider two types of organ pipes (or air columns) : (1) organ pipes that are OPEN at both ends, 
called “open pipes’ and (11) organ pipes, that are CLOSED at one end, called “closed pipes’. 


When stationary waves are formed in any one of these pipes (through a superposition ofthe ‘direct’ and 
the ‘reflected’ wave), we have to remember the following: 


(1) The open end/s has/have to be antinodal point/s. 
(2) The closed end has to be a ‘nodal’ point. 


(3) There would always be a ‘node’ between two ‘antinodes’ and an ‘antinode’ between two ‘nodes’. 


, À 
(4) The separation, between two successive nodes / two successive antinodes, equals 
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(5) The separation between a ‘node’ and its immediate ‘antinode’ (or between an ‘antinode’ and its 
. ee À 
immediate ‘node’) equals 
The simplest mode of vibration, ofa given organ pipe (consistent with the above requirements), is known 


as its ‘fundamental’ mode of vibration. The other such permissible modes of vibration, are known as 
‘harmonics’. 


The diagrams, given below, indicate the first three permissible modes of vibration ofan ‘open organ pipe’ 
as well as a ‘closed organ pipe’. 


Open organ pipe Closed organ pipe 


A 


e > De 
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|—— — 
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II II 
ba | = S 
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> Zi 


De 
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The frequencies, of the next two modes, are 
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and n,=3—=3n),........... and so on. 

We thus notice that in an open organ pipe, the permissible frequencies of vibration, are ‘all’ integral multiples 
of the fundamental frequency. We often express this by saying that, in an open pipe, 

“All harmonics (all integral multiples of the fundamental frequency) are permissbile, or available”. 


The frequency, n,, is called the ‘first overtone’, or the ‘second harmonic’. Similarly the frequency, n,, is the 
‘second overtone’, or the third harmonic, and so on. 


We next notice that fundamental mode of vibration, ofa closed pipe, has a frequency 


V V 


1, 48 


The frequencies, of the next two modes, are 


v 3v 
n, =—-=—=3n, 

à, %# 
d fee GaSe 
an on, 40 7 


and so on. 


We thus note that, in a closed pipe, the permissible frequencies of vibration are only the 
ODD INTERGRAL multiples of the fundamental frequency. We often express this by saying that in a 
“closed pipe”: 


“Only the ODD harmonics (only ODD integral multiples ofthe fundamental frequency) are permissible, or 
available. 


The frequency, n,, (= 3n,) permissible in a closed pipe, is known as the third harmonic; similarly the 
frequency n, = (5 n,), is known as the fifth harmonic; and so on. 


It is interesting to note that under identical atmospheric / surrounding conditions (so that v, the velocity of 
waves has the same value), the fundamental frequency of an open organ pipe, is twice the fundamental 
frequency ofa “closed pipe’, of equal length. 


Example—24: 
a 


The equation, ofa moving pulse, is Y (x t) = be (sev) 
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For this pulse, one can say that it is a pulse moving along the 
(1) positive side of x—axis, and it is not symmetric at the start. 
(2) negative side of x—axis, and it is not symmetric at the start. 
(3) negative side of x—axis, and it is symmetric at the start. 
(4) positive side of x—axis, and it is symmetric at the start. 
Solution: 


Since there is a+ve sign between the x and t terms, the given equation represents a pulse propagating 
along the negative side of x—axis. 


The pulse would be symmetric, at the start, if, at t = 0, 
y (at x = +x, say) = y (at x = =x.) 
Now at t=0 


y (at x = +x,) = Te 
a a 
and y (at x= -x)= b+(—-x,) bx 
 y(atx=+x,) =y (at x= -x 
Hence the given equation represents a symmetric pulse moving along the negative side ofx-axis. 
Example-25: 


The general equation, ofa pulse moving along positive x—axis, has the form 
= a 
b+ (x —vt J 
where v is the speed of propagation of the wave. 


The amplitude ofa moving pulse, propagating along positive x—axis, is given by 








y “at t=0 d y at t=n 
b+x? b+(x- c) 

The speed of propagation, of the pulse, equals 

1) = 
(I) — 

b+c 
gy {ete) 
n 
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The general equation, of a pulse moving along positive x-axis, has the form 


yo 
b+(x—vt) 


where v is the speed of propagation of the wave. We thus have: 





Att=0, Y= 


a 
and att=n, Y= 


We are also given that att=n 


yo 43 
b+ (x- c) 
We thus notice that 


nv =c 


-E 


Example-26: 


b+(x-nv) 


A light string, stretched under a tension T, has a sinusoidal transverse wave propagating along it. The mass 
per unit length of the string is m and the amplitude of this propagating wave is A. 


Ifthe maximum speed, of any point on the string, is 2 times the speed ofpropagation ofthe wave through 
n 


it, the frequency (v) and the wavelength (à) , ofthe wave, can be expressed as 





l T nA 
= — ° =| — 
(I) y melee (=) 
(2) va aa N= 2nnA 
m 
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(3) aes — |E: r= 2na 
Tn m 


(4) -21 T., _ nA 


“nA Vm’ Qn 





9 


Solution: 


The speed of propagation, of the wave, through the string, 1s given by 


The maximum speed (1.e., the velocity amplitude), for a point, on the string, is given by 


Vinx = AO (œ = angular frequency) 





l a 
y= — 
2mnA Vm 
Also pate Tx onnax T 
V m T 


= 2n nA 
Example-27: 
The temperature, T, between two pionts A and B, seperated by a distance, L, (in air) varies as 


T(x)=T,+ax A B 
O——O 


The velocity of sound, in air, varies with temperature, as 


0 
Ty 


x=0 X 
T=T, a 

|4—________________________>| 
v(T) ~k/T L 


The time, t, taken by sound, to propagate from point A to point B, equals 
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2kL 
O [0-0] 


2L 
2) k(T,,” +T, | 


2 Lk 
O (TT) 
2L 
© kf) +T)*) 


Solution: 


The temperature, at a segment of length dx, located at a distance x from point A, 1s 


T (x) =], +ax 
"Velocity of sound, over this segment, is A ax B 
<> 


=k T(x) =k,/(T, +a x) ~ 


The time, dt, taken to cover this distance, 1s 


dx dx -y 
dt =—— = To 
ia a. +a x)” 


' Time taken, to move from A to B, is 
=] 
= an — (T, +ax) 
ak 


y, x=L 
_ wk (T,+ax) ; 
ka (14) 
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2L 
k((T,)* +(T,)“) 


Example-28: 


| 


The displacement, y, ofa particle executing periodic motion, is given by 
y = 4cos” +) sin (1000t) 


The number ofharmonic motions, that when superposed, can result in this periodic motion, is 


(1) two 
(2) three 
(3) four 
(4) five 
Solution: 


We have y =4cos” +) sin (1000t) 





=4{ 1st sin 10001 


= 2 sin 1000 t + 2 cos sin 1000 t 

= 2 sin 1000 t + sin (1001 t) + sin (999) t 
Each ofthe three terms represents a harmonic motion. Hence the given expression, for periodic motion, 
can result through the superposition ofthree harmonic motions. 
Beats 


The phenomenon of beats, is another important phenomenon associated with the ‘superposition’ of waves. 
“Beats” are observed when two waves of different frequencies, and, in general, different amplitudes, are 
superposed on each other. In case of sound waves, “Beats” are distinctly, and clearly, observed when the 
frequencies of the two waves differ only by a small amount and when their amplitudes are (nearly) equal to 
each other. 


Let the two waves be represented by 


| x | 
=a, sino t z) =a sin(@t-k x) 
V 
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and = &, =a, sin(@'t-k'x+) 


27 
Let œ' = @+ Ao (k= © = > = wave number) 


' 


O 
Then, we have k'= p 


O+A®_ © AO 





V V V 


~ kif Ao << œ 
6, =a, sin| (@+Ao@)t-kx+ọ | 

=a, sin| (@t—kx)+(+(Ao)) | 
=a, sin|(@t-kx)+0| 

where @(=+(Ac)t) isa function of time. 

Let us put (@t—kx) = a . We then have 
E =a, sina 

and &) =a, sin(a +0) 


=a,|sinacos6+cosasin | 


The resultant wave, formed by the superposition of these two waves, 1s represented by 
6= d + 62 
=a, sinq +a, sin a cos +a, cos asin ð 
=(a, +a, cos0)sina + (a, sin 0)cosa 

We now put 


a, +a, cos = R cos ß 
and a,sinO=RsinfB 
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We then have 


€=RsinacosB+Rcosasini 

=Rsin (a + B) 

= Rsin| (at —kx)+ B | 
The resultant wave thus has an amplitude R and a phase (ot —kx+ B) ' 
R and f} are given by 

R? =a, +a; cos’ 0+ 2a,a, cos 0+a;5 sin 0 


ae 2 
=a) +a; +2a,a,cosO 


a, +a, cos 


Now O0= p+(Ao)t 
Hence both R and B change with time. The resultant amplitude, R, is maximum (=a, + a,), when 


O0=n.27 
Let 6+(Aw)t, =n.2n 
and )+(Aw)t, =(n+1).27 
This given (Aw)|t, —t, |= 27 


au 


or (t,-t,)= re 


The resultant amplitude is thus maximum when 


_2n 4n On 


t, -t ee 
(t: 1) Ao Aw Aw’ 


ae l l l . aN 
The time interval, between two successive maxima, ofthe resultant amplitude, is 
O 
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Similarly R is minimum (= a, a, ) , when 


Q9=(2n+1)n 
This again gives the time instants, corresponding to ‘minima’ as 


mn 3n St 


Ao Ao Aw 


We call the cycle of maxima, followed by a minima, and then again followed by another maxima, as making 


2T 
up one ‘BEAT’. The time period, of the beats, is therefore, Ao. This gives the frequency of beats as 


Aw _ | 2n(v + Av) -27v | 


= Av = difference in the frequency of two waves. 
27 2T 


In case ofsound waves, ‘maxima’ would be a large sound while the ‘minima’ would be a ‘weak’ sound. 
The frequency ofa (maxima, minima, maxima) cycle is the difference ofthe two frequencies. 


If the difference of two frequencies is more than ten, the two successive maxima would be separated by 
l l . 
less than Z) s. In such a case, because ofthe persistence ofhearing, we would not be able to hear the 


cycle ofmaxima, minima, maxima and would just get an average (nearly) constant sound. Thus to hear 
beats clearly (in case of sound), the two superposing waves should differe “just a little’ in their frequencies. 


Doppler Effect 


“Doppler effect is the phenomenon ofthe observed change in the frequency (wavelength) ofa wave, due 
to the presence ofa relative motion between the observer and the source of waves”. 


This effect, initially observed and analysed for sound waves, has now been found it be valid for all types of 
waves including electromagnetic waves. In fact, it is the observed “Red shift” (decrease in frequency or 
increase in wavelength), in the spectral lines of the ‘light’ of stars, that provides a very significant ‘support’ 
to the big bang theory of the origin of universe. 


Doppler Effect Formulae for Sound 
A “relative motion” between an observer, and a source of sound, can exist when 
(1) The observer is at rest but the source is moving (with a velocity, v., say). 


(2) The observer is moving (with a velocity, v,, say), but the source is at rest. 


(3) The ‘source’ and the ‘observer’ are both in motion. 
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The explanation, ofthe “basic cause’ of ‘Doppler change in frequency’, is different for cases (1) and (2) 


and the effects are not identical even for equal values of v. and v,. Case (3) can be regarded as a 
‘combination’ of cases (1) and (2). 


Let us now derive the formulae for ‘Doppler change in frequency’ for all these cases. We will assume that 
the velocity ofsound, in still air, equals v. (In case ofa wind blowing, the component of the velocity of wind; 
along the direction of propagation of sound, will need to be added to v to get the relevant value for the 
‘velocity of sound’). 


Case-I : Source Moving; Observer at Rest 


Let the source be moving, with a speed v , towards the observer. The source 

‘emits’ the waves with a frequency n. In this case the first wave ‘emitted’, O Q 
from point O, say, will reach a point Q, distant p 

v (= velocity of waves), from O, after 1 second. Meanwhile the source <—> 

would have reached the point P (where OP = v ) in 1 second and would 
have just ‘emitted’ its n* wave at the point P. All the n waves have, therefore, á 
now got ‘contained’ in a distance PQ (= (v-v.)). Hence the apparent 





V-V l 
wavelength, of each wave, now, is &', where à '= í S l . The apparent frequency is, therefore, 
n 





It is this formula that gives the apparent (increased) frequency of the source when it is moving towards a 
stationary observer. 


Ifthe source were moving away from the observer, the corresponding formula would be 





V 
= n 
v+V, 


Case—II : Source at Rest; Observer Moving 


Let us imagine that the observer is moving with a speed v, towards a stationary source. The waves, emitted 
by the source, (which would have moved towards a stationary observer with a speed v), would now 
appear to be approaching the observer with a speed (v + v,). The number of waves, reaching the observer 





Vtv 
in one second (= observed frequency of the source) would, therefore, increase by a factor : | . 
V 


Hence the apparent frequency, in this case, 1s 
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If the observer were moving away from the source, the apparent frequency Vo 
would be given by 


n= Cd Ig fete 


Case—III : Source and Observer Both Moving 





Let the source be moving towards the observer with a speed v.. Let the observer also be moving towards 
the source with a speed v,. 


The apparent change in frequency can now be thought of as being brought about, in two steps, by two 
different processes: 


(1) |The movement of the source, towards the observer, may be thought of as causing an apparent 
decrease in the wavelength of the waves. This causes the true frequency, n, of the waves, to have an 
apparent value n", where 


— O 
a= V Je Se gi 


V—-V 


S 





(1) |The movement of the observer, towards the source, may be thought of as causing an apparent 
increase in the velocity of the emitted waves. This apparent increase in velocity may be thought of 


causing an apprent increase in the frequency n" (the frequency of the source, as modified by the 
motion of the source towards the observer). The new modified apparent frequency would be 


n'= V+Vo n" 
V 
(1) V 
=| 1, n 
V V— V 
S 
Vt+Vv 
n'=|——* |n 
v-V, 


General Formula for Doppler Effect 





We may take the formula 
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VtvV 
n'=|——* |n 
v-v, 


as the general formula for finding the apparent (Doppler) frequency, n ', (corresponding to the true frequency 
n), ofa given source of sound. We have to here remember: 


(1)  Inthis formula, it has been assumed that both the source, and the observer, are moving towards each 
other. 


(i) Incase the source / observer is moving away from the observer / source, the 


velocity v,/V, is be assigned a negative sign. The modified forms ofthis formula y. 





which are all really ‘contained’ inthis formula), for the other three possibilities, Vo 
y p S e — 
have been given below. The correspondine diagrams have also been shown > 
g p g diag Ò 
along side. 
' v— Vo 
@ n'=|——" fn 
S O—, v-v, 
e — e 
Vs Vo 
n= V+V, n 
(b) " vV+V, 
V, O 
A o e 
S O 
EEEL 
(c) vtv 
Vs S O j 
—— e e — 


Keeping the suggoswu sigu vuuvouuvu M mind, we need, however, to remember only the formula given at 
the top. 


Example—29: 


Two trains run at the same speed (v = 90 km/h) along a straight track, one 


after the other, with a separation £ =2 km. At the instant when they are A 
located symmetrically relative to the point Aat a distance b (= 1km) from ra h 
the track, both emit a brief signal of frequency n= 500 Hz. Ifthe speed of / Ip N 
sound is V = 350 m/s, the frequency of beats, at A, would be, Fá * 
/ 
(1) 30Hz C/> lo \D—> 
(2) 40Hz L 
(3) 50Hz 
(4) 60Hz 
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Solution: 


To find the frequency of the wave arriving at A we have to consider the component of velocity of the trains 
along CA for the first train and along DA for the second train. 


v—0 nv AO 
n, =—————- xn = —— where cos0 = —— 
v—vcos8 v—vcos8 CO 
nv 
and n, =————_— 
v+vcos8 
2nv vcos 9 
An=n,-l,=—4——_a 
v“ -v cos’ 8 
Here cos 9 = 


a O N A 
Jb +4 V4b?+2 V44+4 V2 


ro 2x 500x350 x 25x 0.707 Hz = 50 Hz 


350° —25° x — 
2 


Thus the beat frequency, at A, would be 50 Hz. 


625 


A program to give wings to girl students 


PROBLEMS FOR PRACTICE 


A simple pendulum (of length L) is suspended from the ceiling ofa car. Ifthe car were to accelerate, 
with a uniform acceleration a (a < g) ona horizontal road, the time period, of the pendulum, within 
the car, would be 








L L 
= T=2n |-———~ 
(1) T=2n (a+g) (2) T (+g) 
L L 
T=2x |-———~ 4) T=2 
i i (g -a° ) K i (g-a) 


A rod, of mass M and length L, is pivoted about its one end. It is displaced slightly from its equilibrium 
position an ‘let—go’. The period, ofits SH oscillations, is given by 


2L 

(1) T=2n 2 2) T=2m |- 
2g 3g 

3L 

(3) T=2r7 2 (4) T=2r = 
2g g 


A uniform meter rod, of mass 100 g, is suspended throught its mid—point. If 1t is displaced slightly 
from its equilibrium position and ‘let—go’, the time period, of its oscillations, would be (nearly) 


(1) 1.48 (2) 1.68 
B) 18s (4) 20s 


A block is resting on a piston, which is executing a SHM of period 1.0 s along the vertical direction. 
The block gets separated from the piston when its amplitude of motion becomes A. At this amplitude 
of its motion, the maximum velocity of the piston equals V. 


The values, of A and V, are respectively 
(1) 0.248 M and 1.56 m/s (2) 0.288 M and 2.06 m/s 
(3) 0.348 M and 2.56 m/s (4) 0.448 M and 3.06 m/s 


A block, of mass M, is attached to a spring of spring constant 2.45 N/m. When the block 1s displaced 
through a distance of 16 cm from its equilibrium position, and let—go, it has a velocity of 56 m/s at its 
mean position. The mass M is 


(1) 0.1kg (2) 0.2kg 
3) 0.3kg (4) 0.4kg 
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A block, of density P}, has a horizontal cross-sectional area A and a vertical height h. It floats in a 


fluid of density pp. The block is pushed down and released. It then executes SHM of angular 
frequency 


_ [pee _ [eg 

(1) o= i (2) œ poe 
O =, e 4) o= |B 
P:8 Ph 


A solid sphere, ofradius R, is floating in a liquid of density P with half ofits volume submerged. Ifthe 
sphere is slightly pushed and released, it starts performing simple harmonic motion. The frequency of 
these oscillations equals 


l [2g l [38 
©) 27m V3R a 2m V2R 


1 Ig L [3g 
(3) f tae (4) a, VR 


A particle of mass M is resting, at the mean position, on a spherical smooth surface ofradius R. Ifit 
is displaced (very) slightly from its mean position and ‘let—go’, 1t would execute SHM of period 


(1) T=2n |e (2) t=2n È 
2g g 
(3) T=2n [== (4) T=2n es 
2g g 


Two light springs, a smooth pulley, a light string and a mass m are set 


up as shown. On displacing the mass slightly from its equilibrium position Sorin 


and ‘letting it go’, its period of oscillation would be ~~ constant 
= k, 
m(k, +4k 

(1) T=2n m(k, +4k, ) 

kk, 

m 
Spring al 

(2) T=2n m(4k, +k; ) constant 

kk, =k, 
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(3) T=2n m(k, +k) 
kk, 

G T=2n fm +s) 
4k k, 


The maximum speed ofa particle executing SHM is | m/s and maximum acceleration is 1.57 m/s’. 
Its time period 1s 


(1) Is (2) 4s 
(3) 2s (4) 3s 


The KE and PE ofa particle, executing SHM with amplitude A, are K and U, respectively. The 
diplacement from the mean position, where the potential energy of the body is one-fourth of its total 
energy; 1S 


(1) AV? 2) > 
A 
(3) a (4) A 


In an oscillating block—spring system the spring constant 1s 2.45 N/m, the amplitude is 10 cm and the 
maximum speed is 56 cm/s. The mass of the block equals 


(1) 0.1kg (2) 0.3kg 
3) 0.2kg (4) 0.4kg 


A block ofmass m= 1 kg is placed ontop of another block of mass M = 5 kg that is attached to a 
horizontal spring (k = 20 N/m), as shown in the figure. The coefficient of static friction between the 
blocks is u. The lower block slides on a frictionless horizontal surface with an amplitue of oscillation 
A=0.4 m. The minimum value of u , for which the upper block would not slip, relative to the lower 
block, is 


(1) 0.126 
(2) 0.136 k 
3) 0.146 AWW ow 
(4) 0.156 SS 


A horizontal spring block system of (force constant k) and mass M executs SHM of frequency F 
with amplitude A. When the block is passing through its equilibrium position, an object of mass m is 
put on it and the two move together. The new amplitude and frequency of oscillations would be 
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a fo and (=M) 
m+m M 
(2) f = and Í = Ja 
m+m m+M 
m 
o e [PER ang (MEM) mbAALAA Adm oe 
M M NS 





(4) f pee and MIA 
M +M 


A weightless spring, which has a force constant k, oscillates with frequency f when a mass m is 
suspended from it. The The spring is cut into two halves and a mass 2m is suspended from one of the 
halves. The frequency of oscillation will now be: 


(d) f (2) 2f 
i y 
(3) 7 (4) fx2” 


A uniform cylinder of length Land mass M, having cross-sectional area A, is suspended, with its 
length vertical, from a fixed point by a massless spring, such that it is half submerged in a liquid of 
density P at equilibrium position. When the cylinder is given a small downward push and released it 
starts oscillating vertically with a small amplitude. Ifthe force constant ofthe spring is k, the freqeuncy 
of oscillation of the cylinder is 








1 (k—Apg ‘ 1 (k+Apg ‘ 
d =|—_— 2) 5 
2 M 2T M 
2\/ J 
a L{k+peb m {Hee 
2n\ M 2n\ Apg 


A mass m is suspended from two identical springs in the manner shown. The 
time period ofits vertical oscillations 1s 


(1) T=2n ,{—™ 
2k cos 0 
O T=2n /m2cos 0 
k 
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18. 


(3) T=2r | 

2kcos20 

(4) T=2n /m2cos’ 0 
k 


A mass m is suspended from three indetical springs in the manner shown. The time period, of its 
vertical oscillations, is 
m 
D) T=2x |——— 
© k(1+2cos’ 6) 
m 
2) T=2n j— 
(2) 7k 
3) Tem m 
k 
2m (cos? 0) 
(4) T=2r n 
k (1 + 20s 0) 
A spring, of stiffness constant k and natural length / , is cut into two parts in the ratio 3:1. A mass m 
is attached to the two parts in the manner shown. 
The time period, of oscillations of the mass, when slightly displaced and ‘let—-go’, would be 
m 
(1) T=2n |— 
7k 
34 "i 
O T : [I ji 
k 01000000 1000 9 
| 
6) Pate /22 | 
16k Smooth horizontal surface 
m 
4) T=2r /— 
4) 16k 
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Imagine a tunnel to be dug through the earth (radius = R) from its north pole to its south pole. Ifa 
mass m were to be dropped into this tunnel, say from its north pole side, the motion of this mass 


would be 

(1) A translatory motion with an acceleration that for increases during the first half of its motion 
and decreases during the second half ofits motion. 

(2) A translatory motion with an acceleration that decreases during the first half of its motion and 
increases during the second half ofits motion. 

(3) A non simple harmonic but periodic motion with a time period T=27 TA 

8s 

(g = acceleration due to gravity on the surface ofthe earth). 

(4) A simple harmonic motion with a time period T= 27 ,|/— (g =acceleration due to gravity on 

Es 


the surface of the earth). 


On a smooth inclined plane, a body of mass M is attached between two light springs. The other ends 
of the springs are fixed to firm supports. If each spring has force constant k, the period of oscillation 





of the body is 
K 
M 
1) 2x} — 
D aZ) 
h 
2M 
2) 2m — 
D a|) 
. J 
3) an Meme 
2k 
K 
(4) an] ME 


In the figure shown, a spring mass system is palced ona horizontal smooth surface in between two 
vertical rigid walls W, and W,. One end of the spring (spring constant = k) is fixed with wall W, and 
other end is attached with mass m which is free to move. Initially, spring is tension free and having 


natural length ¢,. Mass m is compressed through distance a and released. Taking the collision 


between wall W, and mass mas elastic, the average force, exerted by mass m on wall W,, is 


(1) 


2ak 


TU 
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23. 


24. 


25; 


o X 
m 
oa X 
TU 
2aK 
O a 





Two masses, m, and m, are suspended together by a massless spring of spring constant k. When the 
masses arein equilibrium, m, is removed without disturbing the system. The angular frequency, and 
amplitude of oscillation, of m,, would equal (respectively) 


k mg 
(1) JE ana (28) 











K m,g 

a in al k 
k m8 

(3) [= and [ T ) 

(4) JE and (zæ l 
m, 


A block, ofmass 0.5 kg, moving on a horizontal frictionless surface at 2.0 m/s, collides with, and 
sticks, to a massless pan at the end ofa horizontal spring whose stiffiness constant is 32 N/m (as 
shown in the figure). The expression, for x (t), the displcement from the equilibrium position, as a 
function oftime, would be 


(1) 0.25 sin (8)t 
(2) 0.5 sin (8)t 
(3) 0.3 sin (8)t 
(4) 0.4sin(8)t 


A wave is represented by the equation: 


y= Asin} 10+ 18m4) 


where x is in m and t ins. The expression represents: 


632 


26. 


27. 


28. 


29. 


UDOION 
(1) awave propagating in positive x—direction with velocity 1.5 m/s 
(2) awave propagating in negative x—direction with velocity 2.0 m/s 
(3) awave propagating in negative x-direction with wavelength 2.0 m 
(4) awave propagating in positive x—direction with wavelength 2.0 m 


Equation of a wave, propagating in a medium, is y =a sin (bt -cx). Which of the following statements, 
about this wave is incorrect? 


(1) Ratio of the displacement amplitude, with which the particles of medium oscillate, to the 


wavelength, 1s equal to = 
2T 
(2) Ratio ofthe velocity oscillation amplitude ofmedium particles, to the wave propagation velocity, 
is equal to ac. 


(3) Oscillation amplitude of relative deformation ofthe medium is directly proportional to velocity 
oscillation amplitude of medium particles. 


(4) The wave is propagating along the negative x-axis. 


A wave disturbance in a medium is described by y(x, t) = 0.02 cos (50 nt + z) cos(107x) where 


x and y are in meters and t in seconds. For this wave: 
(1) Anode occurs at x = 0.3 m (2) Anantinode occurs at x=0.15 m 


(3) The speed ofthe wave is 5.0 m/s (4) The wavelength is 0.4m 


, , 5. X se ts 
The equation of a wave is y = 3 sin í = z) , where displacement is in cm and time is in second. At 


a given time the phase angle, between two particle that are 12 cm apart, is 

(1) 6° (2) 6radian 

(3) 3° (4) 3radian 

A plane sound wave is propagating in a medium. In reference to a frame A, its equation is y 


y =acos (ot — kx) . With reference to another frame B, moving with a constant velocity v in the 


direction ofpropagation ofthe wave, the equation of the wave would be: 


(1) y=acos|(@+kv)t-kx | (2) y=-acos| (@—kv)t—kx | 


(3) y=acos|(œ-kv)t-kx | (4) y=acos|(w+kv)t+kx| 
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30. 


31. 


32. 


33. 


. . ee: . . 
A transverse wave is represent by the equation y = y, Sin EU (vt — x). The maximum particle 


velocity would be two times the wave velocity, if 7, equals 


eae a 


(1) 5 (2) A=TYy, 
G) A=2ny, M as 


. a. 20 x . . 
The equation ofa plane progressive wave is y = — sin rs — z) . If maximum velocity of medium 
T 


a 
particles, and the velocity of wave, are equal to each other, the ratio 7 would equal 


2 3 
OE (2) n 
l 2 
CE O 


In Melde’s experiment (on stationary waves) a string, passing over a smooth pulley, carries a stone 
at one end, while its other end is attached to a vibrating tunning fork. The string shows 8 loops. When 
the stone is immersed in water 10 loops are formed. The relative density, ofthe stone, is 


-2 » 1s 

0 o5 Q) 5 

» 23 » 18 

GB) oF 4) 

The equations of four waves are given below: 

(1) y =asino [t=] (il) y=asino (t+) 
V V 

n . X . 

(it) z =asino (t-*) (v) z =asino[t+ž) 

V 


For these waves, the only correct statement 1s 
(1) On superposition of waves (1) and (11), a stationary wave, having amplitude 2a, will be formed. 
(2) Superposition of waves (11) and (11) will result in a wave propagating along x-axis. 


(3) Onsuperposition of waves (11) and (iv), a stationary wave, having amplitude aV2 , will be 
formed. 


(4) On superposition of waves (11) and (iv), a transverse stationary wave will be formed. 
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Which of the following statements is correct for stationary waves? 
(1) Nodes and anti nodes are formed in case of transverse stationary waves only. 
(2) Nodes and anti nodes are formed in case of longitudinal stationary waves only. 
(3) Nodes and anti nodes are formed in case of all the stationary waves. 


(4) Phase is transfered from one point to another point, along the wave, in case of all stationary 
waves. 


The shortest length ofa resonance tube, which resonates with a tuning fork of 256 Hz, is 32 cm. The 
corresponding length for a fork of frequency 384 Hz, 1s 20.8 cm. The end—correction, and velocity 
of sound in air, are equal, respectively, to 


(1) 1.6 cm and 344 ms” (2) 0.8 cm and 344 ms” 
(3) 0.8 cm and 322 ms"! (4) 1.6cmand 322 ms” 


A tuning fork gives 15 beats per second when sounded with a sonometer wire of length 200 cm; it 
gives 20 beats per second with that of a sonometer wire of length 250 cm. 


(Tension and mass per unit length are 1.25 kgwt and 0.025x10° kg, respectively and 
g=9.8 ms”). The frequency of the fork is 


(1) 190Hz (2) 160Hz 
(3) 180 Hz (4) 140hz 


An observer A is moving directly towards a stationary sound source; another observer B is moving 
away from that very source with the same velocity. 


Which ofthe following statements is correct? 
(1) Frequency recorded by Ais greater than that recorded by B. 


(2) Average of frequencies recorded by A and B 1s (nearly) equal to the natural frequency of the 
source. 


(3) Both Aand B will record the natural frequency of the source. 
(4) Frequency recorded by A is equal to that recorded by B. 


A source and an observer are located at the same point. The source starts moving away from the 
observer at t= 0, with a constant acceleration a. Ifnatural frequency of the source is n, and speed of 
sound in air is u, the apparent frequency, observed by the observer at time t, will be 











(1) equalto[ =o" (2) equal to Fea 
v+at v—at 
N,v 
(3) greater than ( 2 ) (4) less than =e 
vt+at v—at 
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Key Learning Points 


Osillations 

1. A motionis said to be ‘periodic’ ifthe particle / object has the same ‘state of motion’ (same position 
co—ordinates, same velocity, same acceleration) after the same (regular) interval of time. 

2.  Alloscillatory and all vibratory motions are necessarily periodic; however all ‘periodic motions’ 
would not necessarily be oscillatory / vibratory in nature. 

3. Anoscillatory motion is a ‘to and fro’ periodic motion about some central or mean position. 

4. | We need a periodic function (f(t +T) =f(t)) to have a mathematical description of a periodic or 
oscillatory motion. 

5. The terms: time period (T), frequency (n) and angular frequency ( œ ), for a periodic motion, are 
related to each other as 

] 2n 
T = au 
n œ 

6. A particle executes an oscillatory motion under the action ofa ‘restoring force’. 

7. The simplest oscillatory motions are the ones that get represented through simple linear sinusoidal 
function of time. 

8.  Fourier’s theorem enables us to analyse any general periodic motion through sinudoidal functions. 

9. A particle executes the simplest form of oscillatory motion if the instantaneous ‘restoring force’, 
acting on it, 1s directly proportional to its instantaneous displacement from its mean (or central) 
position. 

10. The simplest form of oscillatory motion is the ‘simple harmonic motion’ (SHM). 

11. A particle is said to execute a SHM tf it oscillates under the action ofa (restoring) force that is always 
directed opposite to its instantaneous displacement (from its mean position) and whose instantanneous 
magnitude varies in direct proportion to the magnitude of its instantaneous displacement. 

12. In mathematical terms, a SHM is expressed through the equation 


k 
or a.=-0’°x where Oo” =— 
m 


. X . 
Since a, = ae we get the equation 


2 
a 
dt 


as the ‘differential equation’ for a simple harmonic motion. 
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The simplest functions, that are ‘solutions’ of the above equation, are 
x=asin ot l x =acosot 


A SHM can also be regarded as the ‘projection’ ofa uniform circular motion on to a diameter ofthe 
circle. The circular path, associated with a given SHM, is known as its ‘circle of reference’. 


The “phase”, ofan oscillating particle, at any instant / any position, is a term/ quantity that determines 
the perameters (displacement / velocity / acceleration) that determine / define the instantaneous state 
of motion of the particle. 


For a particle, executing a SHM, the argument of the sine / cosine function, expressing it, determineds 
its “instantaneous phase’. 


The general expression, for ‘phase’, is 6 = (ot + p) 


The value of phase, at t = 0, (the ‘initial phase’) ofthe oscillating particle, is known as its ‘epoch’. 
Thus epoch (= Value of § att=0)= 9. 


For a SHM, described by the equation, 

y =asin(@t+¢) 
The velocity, v =a mcos(@t+)=@Ja° -y 
and the acceleration, f = aœ" sin (ot + b) =-w y 


The kinetic energy (K), potential energy (U) and total energy (E), ofa particle, executing SHM, are 
given by 


l 2 2 2 l 2 2 2 
ka ma W^ COS (at+)=— me (a —x 
l 2 2 > 2 l 2 2 
U =—ma’o sin (@t +) =—mao x 
2 2 
l D-2 
E = -ma œ 
2 


The total energy, ofa particle executing SHM, is, on the average, half kinetic and half potential in 
form. 


The force (or spring) constant (k), ofa given spring, may be thought ofas the force needed to change 
(extend /compress) the length ofa given spring, by a unit amount. ‘k’ thus has units of N/m. 


Using the formula for Young’s modulus (Y) 
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AL 





One can say that the force constant (k), ofa spring, may be expressed as 


I YA 
k (Value of F for AL = 1 unit) = cm 


For the (SH) oscillations of a mass M, attached to a (light) spring of spring constant, k, the time 
period, T, is given by 


Ta 77 a 
k 


The ‘equivalent spring constants’, ofa series and a parallel combination, oftwo (light) springs, of 
spring constants k, and k,, are given by 


— kk, 
series (k, j: k, ) 
and re ~ (k, + k,) 


The oscillations ofa simple pendulum are (strictly speaking) simple harmonic only if the amplitude of 
its oscillations is (very) small. 


The time period, T, of the SH oscillations, of a simple pendulum of length L, is given by 


T=" JÉ 
g 


We can have simple harmonic oscillations when 

(1) A block, floating in a liquid, is pushed / pulled a little and ‘let—go’. 

(1) A cork, kept in the narrow neck ofa large vessel, is pushed / pulled slightly and ‘let—go’. 
(mi) The liquid, in one limb, of a U-tube, is pushed / pulled slightly and ‘let—go’. 


These can be many more similar examples. The important point to note is that, to decide whether a 
given object, is executing simple harmonic oscillations or not, we should calculate the net force acting 
on it, when it is displaced (slightly) from its equilibrium (mean / central) position. Ifthis net force turns 
out to have 


(1)  adirection opposite to that of the displacement, 


(i) | amagnitude proportional to the magnitude ofits displacement, the particle is executing simple 
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harmonic oscillations. If both these requirements are not simultantaneously satisfied, the motion, of 
the particle would not be a SHM. 


29. When a particle / system oscillates, only under the action of the restoring force set up, because of 
its being displaced from its equilibrium position, it is said to be executing its free, or natural, oscillations 
/ vibrations. 

30. The concept of ‘free’ oscillations is an idealized concept. A practical oscillating system (almost) 
always has one or more external forces acting on it. 

31. When a particle is oscillating in a medium (usually air), it experience (energy consuming) dissipative 
forces due to viscosity / friction etc. As a result, the amplitude of oscillations keeps on decreasing 
and (depending upon the nature and magnitude of such dissipative forces), after some time, the 
oscillations ‘die down’ or stop. 

32. We call such oscillations (oscillations in the presence of dissipative (energy consuming) forces) as 
‘damped oscillations’. 

33. We can also have a particle / system oscillating under the action of an external periodic force. Such 
oscillations (oscillations due to some external periodic force) are known as ‘forced oscillations’. 

34. For ‘forced oscillations’, we can have a special phenomenon, known as the phenomenon of 
‘resonance’. 

35. ‘Resonant oscillations’ are a special case of “forced oscillations’ in which the frequency of the external 
periodic force matches the natural (or free oscillation) frequency of the oscillating particle / system. 

36. The tuning ofa radius, microwave ovens, musical instruments, the swing used by children, the dangerous 
oscillations, of hanging bridges or boats / ships, etc., are some of the examples of situations / ‘set— 
ups’ in which ‘resonance’ plays an important part. 

Waves 

37. (Mechanical) wave motion is one ofthe two natural methods of transferring energy from one point to 
another in a (material) medium. In this type of motion, a ‘disturbance’, created at one point ina 
medium, propagates through the medium, without any material movement of the particles of the 
medium. 

38. Itis only a ‘sustained disturbance’ that can cause a sustained wave motion. 

39. A sustained periodic disturbance can result in a sustained periodic wave motion. 

40. The simplest type of wave motion is ‘simple harmonic waves’. These are caused by a sustained 
simple harmonic disturbance created at one point in a medium. 

41. The equation of the simple harmonic waves, associated with a simple harmonic disturbance 


y=Asinot, is 
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42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


C= Asino t->] 


7 
The equation, for a simple harmonic wave, can be put in several alternative forms, like 


5=Asino(t—*) =Asin27 (v=) — Asin2n{ £-* 
y À T A 


= Asin (ot — kx) 
The differential equation of “wave—motion’ 1s 
oe 15% 
bx” vi ôt 
The ‘solution’, ofthe differential equation, for wave motion can have the general form 
G=Af (ot — kx) 
The SH wave solution, namely, 
C= Asin (ot —kx) 
is one of the many possible forms of the solutions of the differential equation for wave motion. 


We define a number of terms : ‘amplitude’, ‘wave-length’, ‘time period’, frequency, angular frequency, 
wave—number, phase and “phase difference’, for a wave—motion. 


We have a simple relation 
v=nÀ 
between the velocity (v), frequency (n) and wavelength (à ), ofa wave. 


The wave length (à ), ofa wave, equals the seperation between any two points of the medium, that 
have the same phase at any given instant. 


The ‘phase’ (0 ), ofa (SH) wave, equals the general form of the argument ofthe sine function in its 
equation: 


tel 


For a SH wave; 


(1) | The ‘difference’, between the ‘phases’ ofa given particle, at two time instants separated by a 


time interval (AT), is given by 
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Ad = AT = (AT) 


(1) The ‘difference’, between the ‘phases’, at a given instant of time, between two particles of the 


medium, having a separation Ax , is 
2 
Ad = E (Ax) =k(Ax) 
Waves can be of two types: ‘longitudinal’ waves and ‘transverse’ waves. The phenomenon of 


polarisation helps us to decide the nature ofa given wave. 


The speed ofpropagation, ofa mechanical wave, in a given medium, is given by 


P 


(E =the (relevant) modulus of elasticity ofthe medium; p = density of the medium) 


Electromagnetic waves are not mechanical waves. They can propagate even in vacuum. Their speed 
of propagation, in a medium, is given by 


where u = magnetic permeability of the medium and € = (electric) permittivity of the medium. 


The speed of sound, in gases, is given by 


Newton assumed that the propagation of sound, in gases, takes place under isothermal conditions. 
He, therefore, used the (isothermal) value of its Bulk modulus (K) to give the formula 


P 
v= m (P = pressure) 


for the speed of sound ina gas. 


Newton’s formula did not agree with experimental results. Laplace, therefore, modified it by assuming 
that the propagation of sound, ina gas, takes place under adiabatic conditions. 


Laplace’s modified formula, for the speed of sound, in a gas, 1s 


an 
p 
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57. 


58. 


59. 
60. 


6l. 


62. 


63. 


Here y (= pA ) is the ratio ofthe two specific heat capacities ofthe gas. 
Laplace’s formula leads to the results, 


(i)  vaËvT (T= absolute temperature) 


(1) vis independent of changes in pressure 


The speed of propagation of waves, in a stretched string, is given by 


m 
(T = Tension in the string; m= mass per unit length of the string) 
The reflection of waves, in a medium, takes place as per the usual laws of reflection. 


The reflection ofa wave, may take place at a ‘from rarer to denser medium interface’. This type of 
reflection not only reverses the “direction of propagation’ but also reverses the ‘phase’ of the wave. 
Thus, in such a reflection, an incident wave, represented by 


6. = Asino(t-*) 


y 


gets reflected as a wave, represented by 


= Asin) of t+} 
V 


For reflection ofa ‘from denser to rarer medium’ interface, an incident wave gets reflected without 
any phase reversal. Hence, in such a case, an incident wave, represented by 


ssas ofe- 3] 


gets reflected as a wave represented by 


Asal ale) 


The resultant disturbance, at any point in a medium, in which two, or more, waves are simultaneously 
present, is determined through a principle, known as the principle of superposition. 


The “principle of superposition” may be expressed mathematically through the equation: 


fea ee ae Caer 


Here y is the resultant disturbance, at any point, where the disturbances, due to the individual waves, 
GES Vin 5) A . The addition, mentioned here, is a ‘vector’ addition of the terms on the right. 
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Depending on the nature, and the revelant features of the two (or more) waves being superposed, 
their ‘resultant’ can be associated with a number of phenomenon. 


The superposition of two waves, of (preferably, but not necessarily) equal amplitude, equal frequency 
and having a constant (in time) phase difference, results in the phenomenon of interference. 


The superposition of two idencial waves, propagating in opposite directions, and having a phase 
difference of O or n, results in the phenomenon of stationary, or standing, waves. 


The superposition of two waves, of (preferably equal amplitude) and (very) slightly different 
frequencies, results in the phenomenon of ‘beats’. 


Standing waves are usually produced through the superpositino of a “direct wave’ with its ‘reflected 
wave’. 


When standing waves are produced through the superposition of a direct wave 


re) 


with its reflected wave 


soa) 


(reflected without any change of phase), the resultant displacement is given by 


y=y,+y,= 2acos™ fsin( ot) 
V 


OX 
In this case, the amplitude A f 2a cos (=) , of the resultant wave, 
y 


(i) equals zero, wherever = x =(2n+ 


ie. X = (2n + D 


These points, of zero disturbance, are called NODAL points or nodes. The resultant disturbance, 
at the nodes, 1s zero at all times. 


2 
(1) can equal +2a wherever 7 x=nÀ 


. nÀ 
Le. x = — 
2 
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Ti 


2A 


To: 
74. 


T5. 


76. 
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78. 


These points of maximum disturbance, at any given instant of time, are called ANTINODAL 
points or Antinodes. However, unlike the nodes, the resultant disturbance, at the antinodes, 


varies between (+ 2a), 0, (—2a), depending on the value of (sin ot) . The resultant disturbance, 


even at the antinodes, become zero at all these time instants at which sin wt = 0. These time 
instants correspond to wt = nz. At these time instants, the whole of the medium, momentarily,has 
zero disturbance. 


À 
Successive nodes, as well as successive antinodes, are p apart from each other. 


oo À 
The distance between a node, and its adjacent antinode, equals 7 


There is always a ‘node’ between two successive ‘antinodes’ and vice-versa. 


When standing waves are produced through the superposition ofa direct wave 


aale] 


with its reflected wave 


=a ot) ea] =o) 


(reflected with a reversal ofits phase), the resultant wave is given by 


y=y +y, = asin (co wt) = A cos ot 
y 


The nodal points, in this case, are located at points for which 


2Tx nÀ 
=h or (= 


À 2 


The antinodal points, in this case, are located at points for which 


21x Tt À 
— (2+1) or x=(2n+1)7 


The time instants, at which the whole of the medium is momentarily having zero disturbance, in this 
case, are given by 


ot =(2n+1)— 


All other features, of the ‘nodal’ and ‘antinodal’ points, are the same for this case as they are for the 
case discussed before. 
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Standing waves can be produced in a stretched string, of length £ , linear mass density (mass per unit 
length) m, streched under a tension T. Its permissible modes of vibration have frequencies given by 


fi 
"  2¢ Vm 
These permissible modes have wave lengths given by 


24 T 
An = Ta (. The velocity of the waves equals ,|/— ) 
m 


The simplest, mode of vibration, 1s known as the ‘fundamental mode’ or ‘first harmonic’. The other 
permissible modes are known as the ‘second harmonic’, ‘third harmonic’,....... and so on. 


Standing waves can also be produced in air columns, present in a pipe open at both ends (open 
pipe) or a pipe closed at one end (closed pipe). 


For an open pipe (of length 7 ), the fundamental mode, or first harmonic, has a frequency | and 


a wave length (2 7 ). Here v stands for the velocity of sound in arr. 


The other permissible modes (for an open pipe) have frequencies that are all integral multiples of the 


, 24 
frequency of the fundamental mode. The corresponding wavelenghts are — (n= 1, 2, 3.......... ). 
n 


For a closed pipe, (of length ¢ ), the fundamental mode, or first harmonic, has a frequency z) 


and a wavelength (4 7 ). 


The other permissible nodes (for a closed pipe), have frequencies that are odd integral multiples of 


M 
the fundamental frequency. The permissible frequencies, here, are thus (2n + 1) mv (n=0, 1, 2, 


Al 
3,.......). Lhe corresponding wavelengths are Casi . 
2n +1 


In an open pipe, the first, second, third,....... , 1.e. all harmonics are permissible. In a closed pipe,only 
the first, third, fifth,........ , 1.e. only the odd harmonics are permissible. 


The superposition of two waves of (slightly) different frequencies, and equal, or unequal, amplitudes, 
results in a phenomenon known as the phenomenon of beats. 


In the case of sound waves, beats are associated with a ‘rise’, followed by a ‘fall’, and again a ‘rise’, 
in the intensity of the resultant sound. This is also referred to as ‘waxing, waning and waxing’ of the 
resultant sound. One such cycle makes up one ‘beat’. 
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89. 
90. 


91. 


92, 


93. 


The beat frequency equals the difference in the frequencies of the two waves being superposed. 


Because of “persistence of hearing effect in the human ear’, we can hear beats clearly only if the 
difference in frequencies, of the two waves, is less than 10. 


‘Doppler effect’ is the phenomenon in which the ‘apparent frequency’ ofa source, as observed by 
an observer, depends on the magnitude, and direction, of the ‘relative velocity’ between then. 


If v is the magnitude of the velocity of sound in (still) air, v, the magnitude of the velocity of the 
observer and v the magnitude of the velocity of the source, the apparent frequency (n’) ofa source, 
having a true frequency n, is given by the general Doppler effect formula: 


V+V 
n'=|——* |n 
v-v, 


Here ‘true frequency’, implies the frequency ofthe source as observed by an observer that is at rest 
relative to the source. 


The important points, to be kept in mind, while using the above formula, are: 


(1) The velocity ofsound, in the presence ofa wind, would be (v + w) , where w is the component 
of the velocity of wind in the direction of propagation of sound. 


(i) The terms v, and v are to be treated as algebraic quantities that have to be assigned a (+) or 
(—) sign as per the following convention: 


(a) “A (+) sign willbe attached to v, ifthe observer is moving towards (or approaching) the 
source. For an observer moving away (or receding) from the source, the term v, would 
be attached a (—) sign”. 


(b) “A (-+ve) sign will be attached to v. ifthe source is moving towards (or approaching) the 
observer. For a source moving away (or receding) from the observer, the term v, would 
be attached a (—) sign”. 


648 


UDOON 


A program to give wings to girl students 


Unit-10 : Oscillations and Waves 
Average Basic Ideas about SHM 
1. A simple harmonic motion is represented by the equation 
y =bcosot 


The graph, representing the phase relation, between its displacement, velocity and 
acceleration, is the graph labelled as graph. 








Velocity Displacement 


Z7 A~ 








Displacement 
(A) (B) 
O —> Time 
Acceleration 
Acceleration 
Displacement 
(C) (D) 
Acceleration Acceleration 
(1) A (Incorrect) 
2) B (Incorrect) 
3B) C (Incorrect) 
4) D (Correct) 


Correct answer: (4) 


Solution: 
We have 
y =bcosot 
d , 
v= ae —bosin wt 
dt 
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dv 
and a=—=-—bo’ cosot 


~. Att=0 


2 


y=b;v=0,a= -bo 

and at t = — 
20 

y=0, v=—bo, a=0 

These features correspond to graph (D) only. 


Unit—10 : Oscillations and Waves 
Average Equation of Wave Motion 


2. The differential equation, corresponding to sinusoidal waves, represented by 


y =asin(wt—kx) 


ð? 1 eo 
has the form — mea 2 > = 2) 
Ox v ot k 


The general functional equation, for a periodic wave 
y =af (ot—kx) 


(1) canrepresent a sinusoidal wave but its differential equation form would be different from 
above (Incorrect) 


(2) cannot represent a sinusoidal wave but its differential equation form would be same as above 
(Incorrect) 


(3) cannot represent a smusoidal wave; its differential equation form would also be different from 
above (Incorrect) 


(4) canrepresent a sinusoidal wave; its differential equation form would also be the same as above 
(Correct) 


Correct answer: (4) 
Solution: 


The general functional form, for a periodic wave, can represent a sinusoidal (SH) wave if 


af (at — kx) 
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corresponds to asin (ot — kx) or acos (@ t-k x) 


Its differential form is same as above. This is because 


I — sef"(ot—kx) 
ot 

o'y 2 em 

m f (wt —kx) 


Also, 


2 —a(-k)f"(ot-kx) 


2 

— = ak“f"(ot —kx) 

X 
ey key ly f2 
a? o Ot v a k 


Unit-10 : Oscillations and Waves 
Average Velocity variation in SHM 


3. A particle, executing SHM of amplitude a and time period T, has its maximum (positive) 
displacement at t = 0. The graph representing the variation ofits velocity, with time, is the 


graph labelled as graph 
(1) A (Incorrect) 
2) B (Incorrect) 
(3) C (Correct) 
(4) D (Incorrect) 
PFT) (27a/T) 
aa ca (A) = gt Ma (B) 
j f ii i 
l l 
l l 





— e a ee ee a- m; 
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Correct answer: (3) 
Solution: 


The particle has its maximum (positive) displacement at t = 0. Hence its SHM would be represented by 


y=acosot 


vV=-—aosinot 


2) e d 2k 
=—| a.— | sin | — 
T T 
dma) . ( 2nt 
= —| — | sin | — 
Cr), 
It is graph (c) that correctly represents the variation of velocity, with time, as per this equation. 


Unit—10 : Oscillations and Waves 
Average Energy in SHM 


1 
4. The kinetic energy, ofa particle, describing SHM (of amplitude a), becomes a of its kinetic 


energy at its mean position, when it is at a distance x from the mean position. The distance 
x, and the (magnitude of the) fraction, corresponding to its acceleration at this position 
divided by its maximum acceleration, are, respectively 


(1) E Ja J and E (Correct) 
3 3 


(2) € Za] and L (Incorrect) 
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(Incorrect) 


(Incorrect) 


The K.E (K) ofa particle, describing SHM, (of amplitude a and angular frequency œ ), is given by 


Keno (a? -x° ) 
2 
(Here x = distance from mean position) 
"K, = Kinetic energy at the mean position (x= 0), 


ee 
2 


. . 2 
[Maximum Acceleration] = law | 


Acceleration at a distance x from the mean position] = lara 


x 2 
Required fraction = ž = r 
a 
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Unit—10 : Oscillations and Waves 
Average Phase Relationships in SHM 


5. A particle is executing a SHM of amplitude A and angular frequency, œ. Two students 
describe the details of the SHM by taking t = 0 when the particle is (i) in its mean position, 
and moving to the right; (ii) at its extreme right position. 


The magnitude of the phase difference, between the (a) velocity and displacement and (b) 
acceleration and velocity, as described by students (i) and (ii), would be, respectively 


(1) z, z) and Z. r) (Incorrect) 
2 2 2 

(2) =, n) and z, r) (Incorrect) 

(3) z. z) and z. z) (Correct) 
2 2 2 2 

(4) (1, T) and (1, T) (Incorrect) 


Correct answer: (3) 
Solution: 


The displacement equation, for student (1), 1s 


y =Asin ot 
dy l T 
v=—=Aocosot = A osin| ot+— 
dt 2 


dv 
= 
dt 


Hence magnitude of phase difference between 


—=—Aq’ sin ot = Aw’ sin (ot n T) 


velocity and displacement = 


Nia 


and Acceleration and velocity = (œt + 7) — ot + z) = 


Nila 


For student (11), we would have 
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y=Acosat; vz% -Aosin wt = Aocos| ot+ | 


and a= = = -A0 cos ot = Ao cos (œt + r) 

.. Magnitude of phase difference between velocity and displacement = and between acceleration and 
T 

velocity = (ot + T) — ot i z) 


2 


' In both cases we have z z) and z. z) as the correct choice. 


Unit-10 : Oscillations and Waves 
Average SHM and Circular Motion 


6. A particle is executing a simple harmonic motion of ampliltude a and frequency n. At t= 0, 
this particle is at its mean position and is moving along the positive direction of its 
displacement. Its SHM can be viewed as the projection, on a vertical diameter (say), of the 
circular motion, of a particle, moving 


(1) anticlockwise, with an angular speed n, is a circle of diameter a (Incorrect) 
(2) clockwise, with an angular speed n, in a circle of diameter 2a (Incorrect) 
(3) anticlockwise, with an angular speed ( 2nn ) , in a circle of diameter 2a (Correct) 
(4) clockwise, with an angular speed (27n) , in a circle of diameter a (Incorrect) 


Correct answer: (3) 
Solution: 


The particle (P) in the circle, must move anticlockwise, so that its projection, 
(N), ona vertical diameter, moves along the positive direction, at t = 0. 


Let the angular speed of the particle be œ. At, t = t, we then have 


ON =rsinĝ =r sin ot 
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The amplitude, of the motion ofthe projection point N, equals r. The motion of the projection point, N, as 


a . o 
per the above equation, is simple harmonic. Its frequency is = It would equal nif œ = 27n 
T 


We thus see that the given SHM can be viewed as the projection, on a vertical diameter, ofthe circular 


motion of a particle moving anticlockwise with an angular speed (27n) , in a circle of radius a, Le. 


diameter 2a. 
Unit—10 : Oscillations and Waves 
Average Phase Difference in SHM 
7. Two particle, (1) and (2), execute SHM’s of equal amplitude and (1) 
frequency along (near to each other) parallel straight line. They A — B 
are observed to cross points C and C’, in their respective paths, O<€a/p>C 
1 o—_____+—___+—_____-_ 
together, but in opposite directions. Here OC = O'C'=—a.(a= A’ U <-C B 
2 = 
common amplitude). The ‘epoch’ difference, for these particles, 
equals 
(1) 30° (Incorrect) 
(2) 60° (Incorrect) 
(3) 90° (Incorrect) 
(4) 120° (Correct) 


Correct answer: (4) 


Solution: 


Let 0 be the epoch difference between the two particles. We then have 


a y,=asinwt, and =y, =asin (ot, +0) 


l | l 
sin@t, = 3 and hence cos ot, = ae 


N | 2 


1, . 
5 = sin mt, cos O + cos wt, sin O 


656 


el acta eat 
2 2 
1—cos0 = V3sinð 
1+cos’ 0—2cos = 3sin” 0 =3(1- cos? 0) 


4cos’8—-2cos0-2=0 oor 2cos’9—cos0—-1=0 


+VJ14+8 1+3 l 
cos 8 = —————_ = — = —— or 1 
4 4 2 
g or 0° 
3 
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The second value (6 = 0°) would require the two particles to ‘stay in phase’ throughout. That is not true 


for the given set of particles. Hence 


9 = 27 -120° 
3 


Unit—10 : Oscillations and Waves 


Average Equation of SHM 


8. A simple pendulum is executing small amplitude SH oscillations between 
two points that are ¢ cm apart from each other. The time period of its 
oscillations is T seconds and the pendulum bob is at the mean position at 


£ 
t=0. The time, t, at which it would be at a distance Fi (to the right) from its 


mean position, and its velocity at that time,would, respectively, be 





T nl 
lL). <=) = 
(1) 6 2T 

T Bal 
(2) —; 

12 2T 

T ml 
3) == — 
@) 12 2T 
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(Incorrect) 


(Correct) 


(Incorrect) 
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(4) L V3 nl 


6 2T 
Correct answer: (2) 
Solution: 


Let the SH motion of the pendulum be represented by 
Cs 
x= 7 sin (at +6) 
Att=0,x=0. This gives o=0 


Now a =o aa 
4 2 


sin@t = — 
20 T 
o —.t=— 
T 
= 
12 
The velocity, v, is given by 
4 
v=—=—ocos(ot) 
dt 2 


T 
. Att= 75° We have 


{ 20 2m T 
y== = cos | —.— 
2 T T 12 


ln a 





T 2 (2T 


Unit-10 : Oscillations and Waves 


Average 


(Incorrect) 


‘Epoch’ in SHM 


9. A particle is executing SHM of amplitude A and time period T. Its displacement, at t = 0, 


A 
equals a to the right of the mean position. Its epoch, and its phase, when its displacement 


658 


A 
is a to the left of the mean position, are equal, respectively, to 


(2) an 
O 22 
(4) ma 


Correct answer: (1) 
Solution: 


The general expression, for describing a given SHM, is 


y=Asin(ot+e€) 
A 
We are given that, at t= 0, y= E 


<= Asin(@x0+8) 


g€ is equal to 30° or 


nla 


Thus the phase, at t = 0, = epoch = 
When y = = , we have 
-A Asinf ot +) 
2 6 
l T 
or ——=sin| ot+— 
| 


vot] -2100 = 7 
6 6 
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(Correct) 
(Incorrect) 
(Incorrect) 


(Incorrect) 
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7 
' Phase at this instant = rs 


Unit—10 : Oscillations and Waves 
Average Velocity and Acceleration in SHM 


10. A particle is executing a SHM, of time period T second, about the origin and along the z— 
axis. At t = 0, its displacement equals +A while its velocity is zero. Its velocity and 


3A 
acceleration when its displacement, from the origin, is z =+ t——., would be, respectively 
2 














2 
(1) _N3 nA and _2n°AN3 (Incorrect) 
2T T 
TA 2n°A 
2) —-— and - Incorrect 
D -7 = SEE 
2 
G) — V3 7A and — a > (Incorrect) 
2T T 
_ 2 
(4) - = and i255) (Correct) 
2T T 


Correct answer: (4) 
Solution: 
At t=0, the displacement = +A and velocity = zero. 


The amplitude, ofits oscillations, 1s, therefore, A and the SHM would be represented by 


z=Acosot 
d 
eee —Awsinot 
dt 


dv 
and a= — — A0? cos Qt 


, we have 





J3a 
2 


When the displacement equals 


= A cos ot or cos — = — 
T 2 


AV3 2Tt 3 
2 


660 


UDOON 


A program to give wings to girl students 


2nt T T 
—— = or t=— 
T 6 12 
y= A sin a 
T T 12 
_2mAl__TA 
T 2 21 


An? v3 


I 2 





T 
- Acceleratino = a = —Aw’. cos A SÅ 


In? AN3 
Te 


Unit-10 : Oscillations and Waves 


Average Oscillatinos and Waves 


11. The motion, of a particle, in described by the equation 


y = csinot + (2cd +0?) cos at 


The nature of this motion, and its amplitude and initial phase, are, respectively, 


1 


(1) simple harmonic motion; amplitude = (c+d); intial phase = tan —zz_ (Incorrect) 
(2cd+d’)” 
| | o (2cd+a)} 

(2) simple harmonic motion; amplitude = (c+d); intial phase = tan` i (Correct) 
| | 7 (2cd+a)} 

(3) simple harmonic motion; amplitude = (c+d); intial phase = tan -——_.———__ (Incorrect) 

c 
2 

(4) simple harmonic motion; amplitude = (c+d); intial phase = tan”! paraf (Incorrect) 

2cd+d' y 


Correct answer: (2) 


Solution: 


We are given that y = csin œt + (2 cd +d? y cos ot 
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Let us put y = R sin (ot + p) 


R sin ot cos o + R cos ot sino = esin ot + (2cd+d”) x COS ot 


For this equality to be valid, we need to have 


Rcosþ=c and R sin = (2cd+d?)’ 


This implies that R° (cos? þ+sin’ ) = (c) + (2cd +d’ ) 


or R’ =e +d?+2ed=(c+d) 
R =(c+d) 
(2cd +d?) 
and ugan 


We can, therefore, put the given equation, namely 


y =csinot+(2cd+0?\" cos ot 


inthe form y =R sin (@t+ọ) 


This is the equation ofa SHM whose 


implitude = R= (c +d) 


and initial phase angle = = tan” 


(2cd +d?) 


C 


Unit-10 : Oscillations and Waves 


Average Time Period of a Simple Pendulum, vis—a-—vis variations in ‘g’ 


12. 


The time periods, of a given simple pendulum, as measured in an elevator at rest; moving 


upwards with an acceleration È. and moving downwards with an acceleration r ; are 
9 


T T 
found to be, T,, T, and T, respectively. The ratios 6 and 6 , would respectively, 


0 u 


equal (nearly) 
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(1) 1.3 and 0.8 (Incorrect) 
(2) 0.8 and 1.3 (Incorrect) 
(3) 0.9 and 1.1 (Correct) 
(4) 1.1 and0.9 (Incorrect) 


Correct answer: (3) 

Solution: 

Let the length ofthe simple pendulum be /. 
We then have 


n=27 f 
8 
4 10 
T, =2m, |-— where g, =g+8-=—g 
g, 9 9 
4 g 15 
and t4 lz where 84 = 8 16 16 
ee ee 06 
Ty g, 10 10 
T 
ae E (ek 0,16 4 
T, Za 9 15 3N3 


4/2 
(SF Jeu 


Unit-10 : Oscillations and Waves 
Average Oscillation of a Spring 


13. The oscillations of a given mass, attached to a given spring, are executed in two ways, as 
shown in figure (a) and (b). Assuming that the spring is light and the horizontal table surface 
is smooth, the ratio of the time periods of oscillations in the two cases, will be 
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(1) 


(2) 


(3) 


(4) 


l] l 
T, 
a 
T, 
di -1:4 
T, 
ee 
I 


Correct answer: (1) 


Solution: 


Time Period 


=T, 
(a) 


<> 


Table 


Time Period 


= ibe 
(b) 


(Correct) 


(Incorrect) 


(Incorrect) 


(Incorrect) 


Let the mass m be stretched by a small amount y. The restoring force, acting on it, 1s then ky (k = spring 
constant). The equation of motion is 


d'y 
m —> = -k 
dt? 2 


d'y -k 


Ca 


In the second case also, when the spring is stretched by a small amount x, the restoring force, is kx. The 
equation of motion, 1s 


d°x 


dt? 
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Unit—10 : Oscillations and Waves 
Average Oscillations and Waves 


14. An experiment, on finding the time period of vertical oscillatinos of a mass M attached to 
a light spring, is done under three conditions, as shown. If both ‘k’ and ‘M?’ are large 
compared to ‘a’, the product (T T,) would be, approximately, equal to 


M 
(Spring constant (M+a) kg M 
= (k)Nim ) (Spring constant Spring constant 
Time period = T, = (k)N/m) ((k+a)N/m ) 
alf 1 1 (1) Time period = T, Time period = T, 
2 = a 
(D) T y1+ 5 (= — 3 (ii) (iii) (Correct) 
1 1 
(2) T [ ta (= - z) (Incorrect) 
1 1 
O T [ +a E — 3) (Incorrect) 
1 1 
(4) T [ + ; = 7 ə) (Incorrect) 


Correct answer: (1) 
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Solution: 
We have Ta = 
k 
T, =2n M +a 
k 
and T,=2n Ll 
k+a 
M(M + 
T.T, = 4r? Cin 
k(k+a) 


Unit-10 : Oscillations and Waves 
Average SHM of a Mass Attached to a Light Spring 


15. A rectangular block of copper (density = P ), of mass M, when suspended from a light 
spring (spring constant = k), can execute (vertical) SH oscillation of period T. If this block, 


still attached to the spring, were to be completely immersed in water (density = Po ), and 
made to execute vertical oscillations by slightly stretching (and releasing) the spring, the 
new time period of its oscillatinos would be 


(1) T (Correct) 
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ys 
(2) [ = a) T (Incorrect) 
(3) [2 T (Incorrect) 
P 
(4) [ 7 a) I (Incorrect) 


Correct answer: (1) 
Solution: 


When a mass M is attached to the lower and ofa (vertical) light spring, and made to execute oscillations, 
its resulting SH oscillations have a time period T where 


T=2n Be (k = spring constant) 
k 


M 
When the copper block (of volume V = — ) is completely immersed in water, it experiences an upward 
P 


bouyant force of magnitude vp, g . Its apparent weight, therefore, is (vpg — VP, g) = vg (p =) ) 


P P 


However, there is no change in its mass. The time period,of oscillations, depends only on the mass ofthe 
suspended object and on the spring constant ofthe spring. Neither ofthese changes when the copper 
block gets submerged in water. Hence the time period will remain the same, as before. 


Unit-10 : Oscillations and Waves 
Average SHM of a Mass Attached to a Light String 


16. A given light spring, of length L and spring constant k, is cut into two parts whose lengths 
are in the ratio p:q. The two parts are fixed vertically to two separate ‘supports’ and masses 
qM and pM are attached to then. The time periods of the (vertical) SH oscillations, of the 


two masses, are T, and T,. The ratio (T, | T, ) equals 
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length = £, length = £, 


qM pM 


Time period = T, Time period = T, 











(d) 1 (Correct) 
2) TA (Incorrect) 
(3) ta) (Incorrect) 
Mea) (Incorrect) 


Correct answer: (1) 
Solution: 
The lengths, of the two parts of the spring, are 
A =P { and 7? -A 
ptq prq 


The spring constant, ofa spring, being inversely proportional to length, we can say that the spring constants 
of the two parts will be 


k -Ek-2t9)k and k, -L-2409 
p 





l l l 
g k = constant x = k, = constant x—; k, = constant x + 


1 2 
Now T =21 LRO aD 
k, (p+q)k 
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Unit-10 : Oscillations and Waves 
Average SH Oscillations of a Mass Attached to a Light Spring 


17. A light spring, suspended vertically from the top of an elevator, has a mass M attached to 
it. The time periods, of the (vertical) SH oscillations of mass M, when the elevator is 


(i) stationary, equals T, 


(ii) moving up with an acceleration (g I 9) , equals T.. 


(iii) moving down its an acceleration (g / 16) , equals T.. 


T T 
The ratios 2 and z would equal, respectively 
1 


2) and a (Incorrect) 


pà 


(1) 


(2) 5] and £] (Incorrect) 


(3) (3) and $) (Incorrect) 


(4) landi (Correct) 
Correct answer: (4) 
Solution: 


The time period, ofthe vertical oscillations, ofa mass, attached to a light spring, is given by 


T=2n =Z (k = spring constant) 


For the three cases given the effective values, ofthe acceleration due to gravity, are 
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Og 0 C T z) = and (iii) C -£) = = 


However, the mass (M) of the object, as well as the spring constant (k), of the spring, do not depend on 
the value of the acceleration due to gravity. The time period will, therefore, have the same value in all the 


three cases. Hence 


E = r and z =] 
T T, 


Unit-10 : Oscillations and Waves 


Difficult 


SH Oscillations of a Spring 


18. A light spring, arranged (horizontally) above a smooth horizontal table, has a small spherical 


ball of mass M connected to its free end. The ball is 
given a charge +Q and another small spherical ball, 
carrying a charge —nQ is brought near it, momentarily, 
and then removed for away. The centres of the two balls 
were brought a distance R apart. The spring got 
extended by an amount r and, as a result, the ball 
attached to it, started oscillating. The time period, of 
these oscillations of the ball, equals 


Ns 
y 2 L 
4nR | tMe,r, 








2) 47”R (Mis j 
Q n 
Q /4re, Mr, ‘ 
20 a 
4nR n 








Q fa Y 
G 402R M © f 


Correct answer: (2) 
Solution: 


The (momentary) force, exerted on the spring, equals 
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(Incorrect) 


(Correct) 


(Incorrect) 


(Incorrect) 
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o l Q(nQ) _ nQ? 
4ne, R 4ng R’ 











This force extends the spring by an amount r . Hence the force constant, k, of the spring, 1s 


a 
r, 4ne,R°r, 


S 


The time period, T is, therefore, given by 


3/2 yy 
T=27 IM _ 4r R( Mess) 
k Q n 


Unit-10 : Oscillations and Waves 





Average Energy and Velocity in SH Oscillations 


19. A particle of mass M, is executing simple harmonic oscillations of amplitude A. The maximum 
energy, of this oscillating particle, is E- 


The time period, T, of this oscillating particle, and its velocity v , when it is displaced a 


AV3 


distance x - aa from its mean position, can be expressed, in terms of E, as 


a A? E 1 
(d) T= poen, v5 En (Correct) 











2 2 1 
(2) T= É i J: Vv, = ca (Incorrect) 





2E M 
a 2E, V 
3) T= v = ° (Incorrect) 
7 M 
2 2\4 K 
(4) T= Bai ; v= =a (Incorrect) 
2E, 2M 


Correct answer: (1) 
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Solution: 


The maximum energy ofa particle, executing SHM, is given by 





|: = TMoA? 
2 
MA’ 
_1 2E, 
AVM 


AA? 
. Time period, T = a 2TA Moa eee 
© 2EB; E, 


Also v, = (A? -x j 


+ For x= -a we have 


K 
V.=@ G Fa] 





7 4 
eon 
2 
1,1 E 
2 AVM 
_ [Eo 
2M 
Average 


Unit-10 : Oscillations and Waves 
SH Oscillations of a Spring 


20. Two long straight parallel wires, carrying (like) currents I, and L, and kept a distaince d 
apart in vacuum, attract each other with a force F. 


A light spring, carrying a mass M at its free end, is suspended vertically. This spring gets 
extended by an amount z, when a force F, is applied at its free end. The time period of the 
(vertical) SH oscillations, of the mass M, attached to the spring, equals 
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O (2x) (t) poig 
(2) = (eza (Incorrect) 
B) (27) (ema (Correct) 
4) (27) (am) (Incorrect) 


Correct answer: (3) 
Solution: 


The force, F., is known to be given by 


9 0? 
_ Holl, 


° md 


Hence the force constant, of the spring, is 


k= K _ Holt, 
Z,  2UZ,d 


The time period, of the (SH) oscillations of the mass M, 1s 


L=2i ree 
k 


Mx22z,d 
(Ho LI, ) 


(27) Mz,d 


My LI, 


L=2 





Unit-10 : Oscillations and Waves 
Average Equation of SHM 


21. Two simple harmonic motions are represented by 
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y= L0sin{ ant +7 


y,=95 (sin3nt+ V3 cos3 nt) 


The ratio of their amplitudes, and the magnitude of the phase difference between them, 
are, respectively, 


(1) land at (Incorrect) 
(2) 2and ua € = =] (Incorrect) 
(3) land T = z) (Correct) 
(4) 2and n(t) (Incorrect) 


Correct answer: (3) 
Solution: 
We first rewrite the equation for y, in the ‘standard form’. 


Let us put 


Rcos@8=5 and R sin 0 = 54/3 
. R?=25+75=100 or R=10 


Also tan 0 = J3 or 0 


We now rewrite y, as 


y,= R (cos Osin 3n t + sin Ocos 3zt ) 


=Rsin(3nt-+0)=10sin{3nt +] 


. 10 
<. Ratio of amplitudes = T =] 


Also, 


T TT 
Phase difference = Smt + 4 — (4x t+ z) 
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-t+ Baal (9-5 


l 
.. |Phase difference| = 7 c = =] 


Unit—10 : Oscillations and Waves 


Average Oscillations of a Mass Attached to a Spring 


22. Oneend ofa long metallic wire, of length L, is tied to the ceiling. The other end is tied to a 
massless spring of spring constant K. A mass m hangs freely from the free and of the 
spring. The area of cross section of the wire, and the Young’s modulus of its material, are A 
and Y, respectively. If the mass is slightly pulled down, it will oscillate with a time period T 


equal to 
ys 

(1) 2n z) (Incorrect) 

(2) 2r a Í (Correct) 
YAK 

3) [Ay In 

(3) T rA (Incorrect) 

J 
(4) 2r (=) (Incorrect) 


Correct answer: (2) 
Solution: 


For the wire, 1f AZ is the increase in length, we have 


yath 
7 


F -y.b A = (<A) at 
L L 


"The wire can be thought ofas a ‘spring’, of spring constant K’, where 
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a 


The wire, and the spring, are connected in ‘series’. Hence the equivalent spring constant, of their combination 
IS 


kk' k™™ o k™~ 


a k+k' k+k' (k+¥4/) 





kYA 
(kL+YA) 


Hence the time period, T, ofthe mass m, is given by 


T= mau 
ko 


m(YA+KL) 

zim nn 

(YAK) 

m(YA+KL) Y 

= 2m — 

YAK 

Unit-10 : Oscillations and Waves 
Difficult SH Oscillations of a Rod Attached to Two Springs 


23. A system of two identical springs (having a spring constant K) 
is used to hold a rod PQ (of mass m and length @ ) in a horizontal 


position, as shown. If the rod were tilted through a (small) angle : 7 

B and ‘let—go’, it executes SH oscillations, of time period T, Q 

where T equals 
m 

1) 2x ,/— Incorrect 

(1) an ( ) 
m 

(2) 2n ,|— (Correct) 
6K 

(3) 2r = (Incorrect) 
3K 
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Sm 
(4) 2r f= (Incorrect) 


Correct answer: (2) 


Solution: 


The tilting of the rod, to the position P'Q', would result in compressing the springs by an amount 


l. 
QQ'(= PP') which equals onp x a (if B is small) 


The (restoring) force, developed in each spring is ky where 4 
y = QQ'= PP'. The two equal forces are directed opposite to each #10 
other and have different lines of action. Hence they constitue a p - b : 
(restoring) couple whose magnitude equals (ky). 2 . The equation of „e7 Q 
(angular) motion, ofthe rod, is pie 

d'B ke? 


l 
— akys- Jeo 
dt? y xP 2 p 


mf? 





Here I= moment of inertia of the rod about the axis through its centre = 


dP -kê 12 6k 








2 
dt? 2 ml’ p m p 
where œ = = 
m 


The rod, therefore, executes angular SH oscillations of time period, T, where 


f=" 25, _ 
O 6k 


Unit-10 : Oscillations and Waves 


Difficult SH Oscillations Similar to that of a Simple Pendulum 


24. A small ball, of mass m, in lying at the centre of a smooth concave surface of radius of 
curvature R. The ball is displaced to one side and ‘let—go’. The resulting oscillations of the 
ball would be simple harmonic 
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[R 
(1) only ifthe displacement in small; their time period, T, equals 27 , /— 
8 
. nape [R 
(2) for all displacements of the ball; their time period, T equals 27% , |— 
8 


[2R 
(3) for all displacements ofthe ball; their time period, T, equals 27 
g 


2R 
8 


È: 


(4) only ifthe displacement is small; their time period, T, equals 27 


Correct answer: (1) 
Solution: 


When the ball is displaced from its equilibrium position, the line 
joining it to the centre of the surface will get inclined at an angle 0 
to the vertical. Its free body diagram, now, is an shown. 

The component mg cos 0 gets balanced by the normal reaction, 


N, of the surface, on the ball. The component mg sin 6 acts as the 
restoring force. 


mg x 





For small values of 0, mg sin 9 = mg 0 = 





‘, The (restoring) force is proportional to the displacement (x) 


only ifthe displacement in small. It is only under this condition that the ball will execute SH oscillations. 


The time period of the oscillations is 


pack where =O = 


a 
A; R 
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Unit-10 : Oscillations and Waves 


Average SH Oscillations of a Floating Object 


25. Rectangular blocks, of the same base area (A) but different heights (H), made from different 
(lighter than water) materials of different densities (p ), are made to float, one by one, in a 
tall container of water (density = ©). When slightly pushed down and ‘let—go’, they are 
observed to execute SH oscillations of the same time period as that of a second’s pendulum. 
The relation that would hold, in such a case, is 








(1) H= Ea (Correct) 
mp 

(2) H= (=e) (Incorrect) 
go 

3) H= ES (Incorrect) 
t P 

4) H= 2 P) (Incorrect) 
go 


Correct answer: (1) 
Solution: 


The time period, ofa block floating in a liquid, equals the time period ofa simple pendulum whose length 
(£) equals the ‘height’ (h) ofthe block that gets submerged in the liquid. 


For a block of density p , floating ina liquid of density o , the height submerged (h) is related to its total 
height (H), as per the relation: 


ZD 


As per the statement of the question, h should equal the length (£) of a second’s pendulum. For a 


second’s pendulum, we have 
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= 7 2 
> Ant’ x 


We, therefore, have 


-H0 g 
O TU 
or H= — 
T P 


Unit-10 : Oscillations and Waves 


Difficult 


SH Oscillations of a Floating Object 


26. Four students were asked to label the variables (Y and X), for the 
graph dream here. Their suggestions were as follows: 


ideal gas, under isochoric conditions 


Y 
(A) graph between P and T (Y = P, X =T), for a given mass of an | 


(B) Graph between H and P (Y =H, X= P ) where H = height of 
a rectangular block and P = density of its material. The graph 


is drawn for different floating block, floating in a given liquid, 


x_ 


when their SH oscillations (caused by pushing the block a little downwards) have the 
same time period. 


(© Graph between V and I (Y =V, X =D), for an ohmic resistor. 


(D) Graph between P and V (Y =P, X = V), for a given mass of a gas, under isothermal 


conditions. 


The suggestions are correct for students 


(1) AandB 
(2) BandC 
(3) Cand D 
(4) DandB 


Correct answer: (4) 


(Incorrect) 
(Incorrect) 
(Incorrect) 


(Correct) 
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Solution: 
(1) | Suggestion (A) is incorrect because the suggested graph would be a straight line. 
(1) Suggestion (B) is correct. The equivalent simple pendulum length, for a floating block, is given by 
h=H! 
O 
(o = density of liquid) 
For the same value of time period, h should remain constant. Hence 
Hp = constant or Ha 1 
P 
The graph shown also corresponds to an inverse proportionality between Y and X. 
(i) Suggestino (C) is incorrect, the suggested graph would be a straight line. 
(v) Suggestion (D) is correct as for a given mass ofa gas (under isothermal conditions), PV = constant, 


or Pa i 
V 


Thus suggestions (B) and (D) are correct. 


Unit-10 : Oscillations and Waves 


Average Relating SHM with Uniform Circular Motion 


27s 


A particle P, of mass M, is rotating in a circular path of radius R. It 
starts from the position P, at t= 0, and completes n rotations in one 
minute. 


The ‘projections’, of this particle, are taken on a (i) vertical (ii) 
horizontal diameter of its circular path. The motion, of these two 
projection points, will be simple harmonic motions that can be 
described, respectively, by the equations: 





(1) ly =Rsinnt| and |x = R cosnt| (Incorrect) 
(2) ly =Rcosn t] and [x = Rsin nt | (Incorrect) 
(3) E = R cos (=) l and E = R sin (= l (Incorrect) 
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(4) E =Rsin (=) l and E = R cos (= l (Correct) 


Correct answer: (4) 
Solution: 


Let the particle be at the position P,, at t = t, in its circular path. Its ‘projections’, on the vertical and 
horizontal diameters, are the points K and L, respectively. 


Now o= 2D oii = rads 
60 30 
and 0 = œt 


0K y=Rsin=Rsinot =Rsin{ Z2 Ju 





and OL =x=Reos0=Reosot =R eos =) 


The two projection points, therefore, execute simple harmonic motions, described, respectively, by the 
equations 


y=Rsin a" lt and x=Reos| — It 
30 30 


Unit-10 : Oscillations and Waves 
Average Energy Values in SHM 


28. A particle, of mass M, is executing simple harmonic oscillations of amplitude A and angular 
frequency œ. The ratio of its P.E., to its total energy, when its displacement from the mean 
position isx,, equals R. The ratio of its K.E., to its total energy, when its displacement from 
the mean position is x,, again equals R. 


It a triangle were to be formed, using x,, x, and A as its three sides, this triangle would be 


(1) a‘straight line triangle’, with x +x, =A (Incorrect) 
(2) anacute angled triangle (Incorrect) 
(3) aright angled triangle (Correct) 
(4) anobtuse angled triangle (Incorrect) 


Correct answer: (3) 
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Solution: 


We are given that 


l 22 l 2 2 2 
1 MoA? TMoA? 
2 2 


E S. 2 
2 2 2 
or x, +x,=A 


The triangle, formed by using x,, x, and Aas its three sides, would, therefore, be a right angled triangle. 


Unit—10 : Oscillations and Waves 


Average Oscillations for a Horizontal Combination of the Two Springs 





29. A combination of two springs, of spring constant k, and k,, 
are arranged as shown. The mass M, present in between, 
lies on a smooth floor. When it is given a slight push / pull to 
one side and ‘let—go’, it starts oscillating. The time period, 
T, of these oscillations, is given by 


kf k, 


(1) T=2n — (Correct) 
(2) T=2n —_ (Incorrect) 
G) T=2r k5 (Incorrect) 
4) T=2n — (Incorrect) 


Correct answer: (1) 


683 


A program to give wings to girl students 


Solution: 


Let the mass M be moved a little (say A?) to the right. The spring (1) then get elongated by an amount A/ 


and exerts a restoring force k,A@, directed to the left. The spring (2), simultaneously, gets compressed by 
an amount A/. It too, therefore, exerts a restoring force, k,£ , directed to the left. The total restoring 


force, acting on the mass M, is, therefore, [k,A¢+k,A?|=(k, +k, )A@, directed to the left. This is 


equivalent to the restoring force of a single (equivalent) spring, of spring constant k = k, + k,. Hence 
equivalent spring constant (ofthe given set up) is (k, + k,) 


M 


‘. Time period T= 2r /————— 
(k, +k, ) 


Unit—10 : Oscillations and Waves 


Difficult Isothermal Oscillations of a (Small) Cork 
in the Narrow Neck of a Large Container 


30. A large container, of volume V, has a long narrow neck, closed by a cork Cork 
of mass m. The container contains an ideal gas (at a pressure P) 
maintained at a constant temperature T. The area of cross section of the 
neck is A and the density of the gas is p . The cork, in the neck, is pushed 
down a small distance y and ‘let—go’. The resulting oscillations of the 
cork would be simple harmonic with a time period 


(1) T=2rV A (Incorrect) 


1 
(2) = = (=x) (Correct) 
K 
(3) T=2rA =) (Incorrect) 
mV 
1 
(4) T=2n (= (Incorrect) 
mV 


Correct answer: (2) 
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Solution: 


Let the cork be pushed odwn through a small distance Ay . The volume ofthe gas decreases by a small 
amount AV where AV = AAy . The pressure of the gas would, therefore, increase by a small amount AP 


such that 
(P + AP ) (V — AV) = PV (Change is isothermal) 
— PAV + VAP =0 [neglecting (AP AV ) term] 


or ap =p & 
V 


.. Restoring force on the cork = AAP 




















— AP AV — AP ( AA ) 
V 
A’P 
= A 
V y 
‘, Equation of motion of the cork is 
2 2 
m d y ES A‘P 
dt V 
d'y A’P > 
or —=- Ay =-@® 
dt? mV ú 
2, 
where w* = 2 
mV 
The oscillations, ofthe cork, are, therefore, simple harmonic with a time perid, T, where 
% 
TS ~ Si í a l 
0) A’P 
Unit-10 : Oscillations and Waves 
Average SH Oscillations of a Spring 


31. A spring, of spring constant k, has two masses m, and m,, attached at its lower end. When 
the system is in equilibrium, the mass m, is gently removed. The amplitude, and time period, 
of the resulting oscillations of m,, would be, respectively 
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(1) (=e) and 2m ,|—! (Incorrect) 
k k 

(2) 22) and 27 ,{— (Incorrect) 
k k 
m m 

(3) 2) and 27m ,/— (Correct) 
k k 

(4) (2) and 27 = (Incorrect) 


Correct answer: (3) 
Solution: 


The equilibrium extension, say y, of the spring, when both the masses m, and m, are suspended from tt, 


equals (m, +m, Fa : 


m,g 





On removing the mass m,, the equilibrium extension would be only . Hence when the mass m, is 


mg) . This would, therefore, be the 





gently removed, the mass m, would have an unbalanced extension 


ampitude of its oscillatinos. Hence A = (=e) 


The restoring force, on mass m, is equal to ky, (= M g) where y, would have been the extension ofthe 
spring under the mass m, alone. Hence its equation of motion is 


2 


d'y 
m2 Ta 





=Z ak yı 


k 
"The oscillatinos of m, are simple harmonic with o = 7 


2 
| k 
Hence @= /— 
m, 


T21 on 
k 
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Unit—10 : Oscillations and Waves 
Average SHM due to Elastic Restoring Force 


32. A light wire, of length Land area of cross-section A, is made from a material whose Young’s 
modulus of elasticity is Y. When this wire is suspended vertically and a mass M is attached 
to its lower end, it gets extended by an amount £. 


On further pushing down the mass by an amount A2 , and then letting it go, the mass starts 
oscillating. Assuming idealized conditions, the time period, of these SH oscillations of the 
mass M, would be 








ys 
M’L 
1 2T Incorrect 
(1) a ( ) 
%, 
LM 
(2) 2m AY | (Incorrect) 
(3) 20 Aes (Correct) 
AY 
4 2m ,|/— Incorrect 
(4) a ( ) 


Correct answer: (3) 
Solution: 


The relation, giving the extension / , due to the wieght of the mass M, is 


y - _ MgL 
Y PA 


r=[- (Me) 


Hence, the force, f, developed as a restoring (elastic) force due to the additions pulling down, ofthe mass 
M, by an amount A/, would be given by 


Apa. 
AY 
or emay 2AL) ae 
L L 
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The restoring force (acting opposite to the displacement) on the mass M is proportinoal to its 
displacement. The mass M can, therefore, be thought of as executing SH oscillations. For these oscillations, 


» AY 1 
oO” =—.— 
L M 


. Time period, of these oscillations, is 


Werte foes 
OO AY 


[ Note: Here it is being assumed that the wire, in a way, acts like a ‘spring’ and gets “extended and compressed’ 
repeatedly. This in practice, will last for but a few oscillations]. 


Unit-10 : Oscillations and Waves 
Difficult SH Oscillations of a Mass Combination Attached to a Spring 


33. A combination of two blocks, of masses M, and M,, is 
attached to a spring (Spring constant = k) with the lower 
mass M, (to which the spring is attached) resting on a 
smooth horizontal surface. The coefficient of friction 
between the two blocks is u. The ‘combination’ is stretched 
to extend the spring by an amount A and ‘let—go’. 





The minimum value of u , for which the ‘combination’ would 
stay intact, is 





a= a C 

(1) (M, +M,)g (Correct) 
_Ak 

(2) (M,g) (Incorrect) 
Mg 

(3) .] (Incorrect) 
(M,+M, )g 

(4) (Ak) (Incorrect) 


Correct answer: (1) 
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Solution: 


The restoring force, developed in the spring, when it is extended by an amount A, equals kA. The resulting 


(restoring) acceleration, of the ‘combination’ is 


(M, + M, ) 
Hence, for the SH oscillations, of the ‘combination’ we have 
2 k 
(M, +M, ) 


The maximum value of the acceleration of the combination, as we know, is Aœ? (A = amplitude of 
oscillation). 

Also the maximum force of friction, between M, and M., is u M,g. This can give mass M, a maximum 
acceleration of ug. 


The ‘combination’ can stay intact only if 


Ak 


= Ag’? = —— 
Pe (M, +M,) 


or if C (M,+M, )g 


This is then the minimum value that u must have. 


Unit—10 : Oscillations and Waves 
Difficult SH Oscillatinos of Liquid in a U-tube 


34. The two limbs, of a U-tube, have unequal cross sections, say a, and a,. A given liquid, 
(density = P ) is poured into the U-tube and allowed to attain its equilibrium position. 


The liquid, in the narrower limb, say, is now pushed down through a small distance, say y,, 
and ‘let—-go’. The resulting (SH) oscillations, of the whole mass of liquid in the U-tube, 


would have a time period, T, given by 


area of 
cross 


section 
=a area of 

: cross 
section 
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(4) T=2n j” 
g 


Correct answer: (4) 

Solution: 

The mass, M, of the liquid, in the U-tube, is 
M= (ah, + a,h,)p 


Also, in the initial equilibrium position, we have, for equality of pressure, 


h, pg =h, pg 
h, =h, =h (say) 
M =(a, +a, )hp 


(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 


When the liquid is pushed down a distance y in the narrow limb, it would rise a distance y' inthe wide 


limb, such that 


! ay 
ay =a,y or y ad aan 


The pressure difference, in the two limbs, now is 
AP =(h+y')pg—-(h—y)pg 


=(y'ty)pg 
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a 
= a + ) pgy 
a, 
The force, pushing the liquid downwards, in the wider limb is 


a, AP =a, Sus lpay 
2 


= | (a, +a,)pg | y 


The restoring force is, therefore, proportional to the displacement and directed opposite to it. The oscillatinos 
are, therefore, SH oscillations for which 


R (a, ta, )pg | 


M 
_ (a +a,)ps_g 
(a,ta,)hp h 


The time period, T, of the oscillations, 1s therefore, 


fon ` 


w 8 


Unit—10 : Oscillations and Waves 
Difficult SH Oscillations of Liquid in a U-tube 


35. Two immiscible liquids, of densities P, and P, (p, > p, ), are poured into the two limbs of a 


uniform U-tube of cross section a. Their equilibrium heights, above the base, are h, and h,, 
respectively. The heavier liquid is pushed down a little and ‘let—go’. The resulting SH 
oscillations, of the whole mass of the liquid, will have a time period T, where 
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(1) T=2n aa (Incorrect) 
A 8 
(2) T=2n | se (Incorrect) 
(p +P )g 
(3) T=2n |_ =A (Correct) 
(p +P )g 
(4) T=2r i TENT (Incorrect) 


Correct answer: (3) 
Solution: 


The mass M, of the (whole) liquid in the U—tube, is 
M =ah,p, +ah,p, =a (hp, +h,p, ) 
Also, in the initial equilibrium position, we have 
heg=h,pg or hip =h,p, 
M = 2ah,p, (= 2ah,p, ) 


When the (heavier) liquid is pushed down a distance y, the lighter liquid will rise a distance y. The pressure 
difference, in the two limbs, is now 


AP =g(h, +y)p, —g(h, -y)p 
E g|h,p, + yp, —hip, + yp | 
=gy(p,+p)  (--h,p,=h,p,) 
The force, pushing the heavier liquid up 1s 


a AP =ag(p, +p )y 


The (restoring) force is, therefore, proportional to the displacement and directed opposite to 1t. The oscillations 
are, therefore, SH oscillations for which 
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aie agla +p) 2(A+P) 


2ah,p, 2h,p, 
The time period, T, of the oscillations, is, therefore, given by 


a L 


A, 
w (P +p ) g 





[Note: We could also write 


op ala +P) _ slate) 


2ah,p, 2 p,h, 
“. We would also have 
Tean A 
(p +P ) g 
(we could get this result by noting that p,h, = p,h, )] 


Unit-10 : Oscillations and Waves 
Difficult SH Oscillations of a Charge in an Electric Field 


36. A uniformly charged ring, of radius R, has a total positive charge Q (uniformly) distributed 
over it. A particle, of mass M,and having a negative charge (— q) is placed, on the axis of 
the ring, at a distance x from its centre. If x << R, the negative charge can execute SH 
oscillations of time period T, where T equals 








(Incorrect) 
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4é,mR° 
(2) 2n ——e (Correct) 
qQ 
(3) 27 oe (Incorrect) 
(4) 2r -L (Incorrect) 
4nemR 


Correct answer: (2) 
Solution: 


The electric field, due to the uniformly charged ring (carrying a positive charge Q), at an axial point is 


l Qx n 


p ANE, (R? +x’) 





The force, on the negative charge, is 


ol qQx = 
o ATE) (R? yl J 


.. For the particle, we can write 


d°x l qQ 
dt? 4g, (R? +x yr 1) 





For x << R, we can write 


dx 1 1, 
dt? 4nre, m R° 





l 
-—@°x (where o = — aQ 


4ne, mR’ 





The motion ofthe particle can, therefore, be simple harmonic when x << R. The time period, ofthese SH 


oscillations, 1s 
3 
parton )4ré, MRO 
© qQ 


694 


JQ, Or 
UDAAN 
Unit—10 : Oscillations and Waves 


Difficult SH Oscillations of a Rectangular Slab 
Resting on Two Rolling Cylinders 


37. A system of two identical (oppositely rolling) cylinders, having their centres on same 
horizontal line, along the x—axis, support a 
rectangular lamina (of mass M and length L) when [> gS 


keptunderitstwoedges 0 AAA 


The coefficient of friction, between the lamina and 
the cylinder surfaces, is p. The lamina is given a 









L 
slight push, say by an amount Ax, to the right. Y 
Assuming that the lamina continues to remain x 
horizontal and in contact with the cylinders (without O 
rotating), it will execute SH oscillations of time Z 
period, T, where T equals 
(1) 2r =e (Incorrect) 
4 
2) 2m m (Incorrect) 
Hg 
Zt 
(33) 2m = (Incorrect) 
Hg 
4 
(4) 2m |— (Correct) 
2ug 


Correct answer: (4) 
Solution: 


In the initial (symmetrical) equilibrium position, if N, and N, are the normal reactions due to the two 


4 4 
cylinders, we have (N +N, = Mg) and N = Da (there is no rotation of the lamina). Hence N =N, 


me 
2 


When the lamina, is pushed a distance Ax to the right, it still remains horizontal and, also, does not rotate 
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at all. If N, and N, are the normal reactions, due to the cylinders, on the left and right respectively, we 


have 
' ' ' 4 ' 
N,+N,=Mg and Ni(£-ax)=x; (L, +Ax) 


These give 


N, -7E Sa] 


and N, -78 5-4 


The forces of friction, due to the two cylinders, are 


f =uN, and f, =uN, 


p ME (£ a) 
t 2 


p ME (Lae) 
l (2 


The net force of friction, acting as a restoring force, 1s 
M 
(f -f,) =E 24x 
t 
The equation of motion, of the lamina, 1s 


*x —2uM 
2 ig 
dt id 


The lamina, therefore, executes SHM for which 


2 ug 


o =e 
t 


. The time period ofthese oscillations 1s 
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Unit-10 : Oscillations and Waves 
Average Vertical SH Oscillatinos of Spring and Spring Combination 


38. A given mass, M, is attached, one by one, to two springs (of spring constants k, and k,) and 
to their ‘series’ and ‘parallel’ combinations. The time periods, of the vertical (SH) 
oscillations, of the mass, in the four cases, are T,, T,, T, and T, respectively. The ratios 


T, T, ° 
— | and | — | are equal, respectively, to 
T T, 


3 





























k, k, k, 
M M 
(T) (T) 7 
M 
(T;) 
% /, 
T k, +k T k 
(1) 1 L 7 ; zh ET (Incorrect) 
3 1 4 l 2 
Ys /, 
(2) ees a) (Incorrect) 
3 k, + k, 4 k, 
Ys K 
T k T k, +k 
(3) Lh a ; z T 7 (Correct) 
3 l 2 4 2 
Ys Ys 
(4) aL = K, | ; i = z (Incorrect) 
; (k +k, , \k, +k, 


Correct answer: (3) 


Solution: 


We have T = 27 L L27 ae 
k, k, 
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kk, 


and, for the ‘parallel’ 
(k, +k, 


Also, for the ‘series’ combination, equivalent spring constant = k, = 


combination, equivalent spring constant, k, =(k, +k, ) 


M(k, +k 
a Ler M =2n MEH 
ks kik, 
and T,=27 eon S 
\ ie y (k, +k,) 
T, | k, | T (ste) 
. —=|——=—_ | and — =| ———= 
T, | (k, +k,) T, k, 


Unit-10 : Oscillations and Waves 
Difficult Oscillations of a Charge in an Electric Field due to Two other Charges 


39. A system of three charges is set up in the XY plane, as shown. The negative charges are 
kept fixed in their respective positions while the positive charge in free to move. This 
positive charge will then 





(1) execute simple harmonic motion, about the origin, on the x—axis (Incorrect) 
(2) move to the origin and stay at rest there (Incorrect) 
(3) get displaced to a far—off position (Incorrect) 
(4) execute an oscillatory motion that is not simple harmonic in nature (Correct) 


Correct answer: (4) 
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Solution: 


The net force, on the charge +Q, due to the two negative charges, in the position shown, is 








„Ó 


net 


g 4ne, Sa” 


1 2q° 
q 2cos0 ic 
l 
l 
directed to the left, along the x—axis. : 
l 
| 








2 | io 
ad bs cos =F | “oO = 


net = ATE, 54/5 a? J5 


Let the charge 2q be moved a distance Aa, to the right, along the i ow 
x—axis. The net force, on it, now, would be l 


1 2q? (2a + Aa) 
Ane, fa? +(2a+Aa)’ | fa? +(2a+Aa)? | 


net 


It is again directed to the left. The force, therefore, acts as a restoring force. Hence the charge 2q can 
execute an oscillatory motion. 


However, the expression for F_,, reveals that it is not quite proportional to Aa . Hence the oscillations are 


not simple harmonic in nature. 


Unit-10 : Oscillations and Waves 
Difficult Oscillations of a Mass Kept on a Platform 


40. A horizontal plateform, of mass M, has a black of mass M kept on 
its edge. The combination is attached to a (light) vertical spring of 
spring constant k, and held, with the spring in its ‘normal length’ 


position. 

On letting the combination ‘go’, it starts executing oscillations. iji 

The block will just leave the platform, when it has risen a distance 

y above its ‘lowest position’, if 
Mg 

(1) y> ke (Incorrect) 
2Mg 

(2) y> K (Incorrect) 
3M 

(3) y> (=) (Incorrect) 
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4Mg 
= (Correct) 


(4) >| 7 


Correct answer: (4) 
Solution: 
The oscillations, of the combination, when ‘let—go’, will be simple harmonic oscillations for which 


a nS l 
(M+M) 2M 


The amplitude of oscillations will equal the extension, say ¢ , ofthe spring. 
We would have 


o 


When the combination rises above its mean position, it experiences a downward acceleration. If this 
downward (oscillation based) acceleration exceeds the acceleration due to gravity, the mass M will no 
longer remain attached to the platform. 


Magnitude ofacceleration at a distance, s, above its mean position = @’s 


This distance is a distance (2 + s) above the lowest position of the platform. Calling y = (2 + s) , the block 


will leave the platform (when it is at a distance y above its lowest position) if 


os>g 


wo 
g 
or if (sfai) 
O 


ve feae] 


Thus the required condition 1s 


2Mg 
>| += 
g F 


or y> (=e) t t= me 
k k 
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Unit—10 : Oscillations and Waves 


Average Oscillations due to Elastic Restoring Force 


41. A rigid cubical block, A, of small mass M and side L, is fixed rigidly to another cubical 
block B, of the same dimensions, so that the lower face of it completely covers the upper 
face of B. The lower face of B is rigidly held on a horizontal surface. The modulus of rigidity 
(1), of the material of A, has a low value. 


Asmall force, F, is applied perpendicular to one of the side faces of A and then withdrawn. 
The time period, of the small (resulting) oscillations of A, is given by 


(1) 2nJMnL (Incorrect) 
M 

(2) 2m = (Correct) 

(3) 2n oa (Incorrect) 


4) 27, Ea (Incorrect) 


Correct answer: (2) 
Solution: 
The lower face of A has been rigidly fixed to the upper face of B. Hence when a force F is applied 


perpendicular to one ofthe side faces ofA, it would get ‘sheared’. Ifthe shear strain equals 8, we have 


„AL 
L 


9) 


Becuase of elasticity, the block A will tend to return to its normal (shear free) position, after the withdrawal 
of force F. 


AL 
Hence it would execute oscillations. We have ğ—5 
y l 
I 
E 

i: F f 

j 

(4)L f 
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AL AL 

F=yn.—A =y.—.L “ASL 
ano Pane) 

F=(nL)AL 


The restoring force is thus proportional to displacement. Hence block A will execute harmonic oscillations. 


For these oscillations, 
L 
v- nL 
M 


‘. The time period, of these oscillations, is 


fo, M 
0 ne 


Unit-10 : Oscillations and Waves 
Difficult SH Oscillations of a Combination of Liquids in a Circular Tube 


42. Two non—viscous, incompressible and immissible liquids of densities 
P and 1.5p are poured into the two limbs of a circular tube of 
radius R, and small cross section, kept fixed in a vertical plane. 
Each liquid occupies one fourth the circumference of the tube. 


The whole liquid is given a small displacement from its equilibrium 
position. Its resulting SH oscillations would have a time period, T, 
where T equals 














sp NZ 
(1) allies (Correct) 
gcos 0 
2n°Rcos8 ‘ 
(2) (Incorrect) 
/ 
(3) w(t E 2 (Incorrect) 
1 
(4) 2r = (Incorrect) 
gcos 0 


Correct answer: (1) 
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Solution: 
Let S be the cross sectional area of the tube. The sum of the mass of the two liquids is then 


pE eao 


 STRS 
4 P 





5SnRpR° 
Its moment of inertia, I, about the vertical line through, O is I = MR?’ = paleo team 


Let the liquids be pushed (slightly) at A, in the anticlockwise sense so that point A moves to a lower 
position A' and point B moves to ahigher position B'. Ifthe angles A'OA and B'OB are denoted by 
a each, we would have BB'= AA'= Ra. The ‘weights’ of the extra masses of the liquids, in these two 
segments, would provide torque (in the same sense) that would tend to restore the displaced liquid back 
into its original position. The weights equal 


((S)(BB').pg) and (S(AA')(1.5p)g} respectively. 


The distance, of the lines of action, of these ‘weights’, from the vertical line, are R cos 8 each. Hence the 
total restoring torque is 


T= | S(Ra)pg +S(Ra)(1.5 pg) |.R cos 0 


= | SR? (2.5pg)cos o | OL 


The equation of motion of the oscillating liquid is 





do _ 

dt? 
da r 4SR* (2.5) pgcos0 
—— SS | fC 
dt? I 51 R°Sp 

2 
= —| — gcos ja 
af | 


The oscillations are, therefore, simple harmonic oscillations for which 
2¢c0s 9 
a” — ABV 
nR 


~ Time period, T = 2m — 27 mR 


A) 2gcos0 
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4r’ R 7 2m R 
2g¢cos 0 gcos 








Unit-10 : Oscillations and Waves 


Average SH oscillations of a suspended cylinder 
partly submerged in a liquid 


43. A light spring (spring constant = k) a cylinder (length = L, Area of cross section = A, 
mass = M) and a liquid (density = P ) container are set—up as shown. The cylinder is half 
submerged in the liquid at equilibrium. It is given a small downward push, and released, so 
that it starts oscillating vertically. The frequency, of these oscillations, is given by 








Ys 
(1) a [=Apg) (Incorrect) 
2T M 
(2) = ene (Correct) 
27 M 
Ys 
1 (k+peL’ 
3) Incorrect 
(3) i T ( ) 
1 (k+Apg E 
(4) — (Incorrect) 
27 \ Apg 


Correct answer: (2) 
Solution: 


The effective restoring force, acting on the cylinder, when it is given a small downward push, is the sum of 
the 
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(1) restoring force, due to the spring getting extended. It equals ky where y = (small) downward 
displacement of the cylinder. 


(1) Buoyant force, due to the weight ofthe extra volume (= Ay) of liquid displaced by the cylinder. This 
equal (Ay)(pg). 


Hence the equation of motion of the cylinder is 


d’y 
rca —(ky+ Apgy)=—(k+Apg)y 
For this SH Motion, 


o = k+Apg 
M 
Hence the frequency of oscillations 1s 


ye ES (<* fee) 





on 20 M 


Unit-10 : Oscillations and Waves 


Average Oscillations and Waves 


44. A point particle of mass M is attached to one end of a massless rigid non conducting rod of 
length L. Another point particle of the same mass is attached to the other end of the rod. 
The two particles carry charges +q and —q, respectively. 
This arrangment is held in a region of the uniform electric field such that the rod makes a 


small angle 6 (~ 5° ) with the field direction. If the rod is set free (so that it can rotate about 


its centre) the time period of its oscillations, and the minimum time, which it would take to 
become parallel to the field direction, are given, respectively, by 


y x 
(1) 2r = and z(a) (Incorrect) 
q q 
M x 
2) 27 E) and z(a) (Correct) 
q q 
K x 
(3) 2r =) and 1 ES (Incorrect) 
q q 
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Ys A 
(4) 2r =) and 1 =) (Incorrect) 
qE qE 


Correct answer: (2) 
Solution: 
The rod can be viewed as a dipole of dipole moment p = q.L 
The torque, experienced by it due to the electric field, 1s 
= p xE] = q LE sin O ~ qLEO 
This torque, being a restoring torque, the equation ofmotion ofthe rod is 
d'0 


I qe t= (GLE)® 


ML? L ML’ 











For the dipole, I = +M—= 
4 2 
d’ 2qL 2qE 
eo. T 50 =-( 2 Jo 
dt ML ML 


The motion of the rod is, therefore, simple harmonic for which 


EE 
ML 


.. Time period of oscillations 
T= a 2i = 
A) 2qE 


The rod will become parallel to the field (after it is set free) in a time - . Hence this time is E m) . 
q 


Unit-10 : Oscillations and Waves 


Average Series and parallel combinations of springs 


45. Four springs, having lengths in the ratio 1:2:3:4, are made from a given roll of wire of a 
given material. 


The time periods, of simple harmonic oscillations of a given mass M, when attached to a 
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spring having a spring constant equivalent to the (i) series combination (ii) parallel 


T 
combination, of these four springs, are T, and T,, respectively. The ratio M4, | equals 


(nearly) 

(1) 4.3 (Incorrect) 
(2) 4.6 (Correct) 
(3) 4.9 (Incorrect) 
(4) 5.2 (Correct) 


Correct answer: (2) 
Solution: 


The spring constant (for same material and same area of cross section) can be taken as inversely proportional 
to the length of the spring. 


Hence the spring constants, of the four springs, may be taken as 


re | 
w | a 
|7 


is 
9 F 


9 


For the series combination, the equivalent spring constant, say K, in given by 


2 a 
k k 


n Ki = K9 


For the parallel combination, the equivalent spring constant, say K,, is given by 


ry 


+— + 


l 
=—+ 
k 


A | Go 
yA | & 


= 
kK, 


K 


2 


M M 
Now T, =2z,/— and T, = 272, /|— 
K, K, 


ee ey S ee 
T VK, V12 k 


= 4.56 = 4.6 


k k k k 12+6+4+3 25 
IP e a e R aa 
i 2 3 4 


k= —k 
12 12 
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Unit-10 : Oscillations and Waves 


Easy 


Oscillations of a Spring 


46. Two bodies, of equal masses M each, are suspended from two massless springs of spring 
constants k, and k,, respectively. If the two bodies oscillate vertically such that their 
maximum velocities are equal, the ratio of the amplitude of vibrations of the first body, to 


that of the second body, is 


k; 
D k 
k, 
(2) k, 
G a 
k 
4 2 
(4) 7 


Correct answer: (4) 
Solution: 


For the two springs, we have 


2 
1 


A) 


adla 


x | 


2 
and ©; = 


Let A, and A, be the amplitudes of their vibrations. 
Now maximum velocity = velocity amplitude = Aq 


We, therefore, have 


a, [a fe 
M M 

A fe 

A, k, 
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Unit—10 : Oscillations and Waves 


Difficult SH Oscillations for Magnetic Force 
Between Two Current Carrying Wires 


47. A long horizontal wire, which is free to move in a 
vertical plane, carries a steady current of 20A. [tisin =A e——————>——B 
equilibrium when it is as shown at a height a over [2 
another parallel long wire CD which is fixed in a GE -W = 
horizontal plane and carries a (unlike) steady current 
of 30A. 


When the wire AB is depressed very slightly and ‘let—go’, it executes oscillations which are 


a 
(1) Simple harmonic, with a time period T = 27 ft (Correct) 
I 
(2) Simple harmonic, with a time period T = 27 E 3 (Incorrect) 
28 
(3) Periodic but not simple harmonic, their time period equals 27 ft (Incorrect) 
8 
(4) Periodic but not simple harmonic, their time period equals 27 G 3 (Incorrect) 
28 
Correct answer: (1) 
Solution: 
uo LL, 





The force (per unit length) between the two wires, equals . At equilibrium, it balances the weight 
a 


per unit length of the wire AB, as it 1s directed upwards. 


Mo Tih, _ Ag (à = linear mass density ofwire AB) __..... (1) 
27a 


Let the wire AB be depressed a small distance y. The magnetic force (which is directed upwards) now 
equals 


I 
uo LL, _ Ho LL í _ x) 
2n(a — y) 27a a 
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— Ho LI, 
21a 


y 
( + x) (-- yis very small in comparisontoa)  ___..... (2) 


The net upward force is 


Hotle(14¥ |-ag 


21a a 
LI LI LI 
oni 4 Ho = y- Ho 4,45 from Ean. (1)] 
2ra 2na 21a 


= $ a | y 
21a 
The net (restoring) force is, therefore, directed opposite to the displacement and is proportional to the 


displacement. Hence the oscillations of wire AB will be simple harmonic. 


For these oscillations, we have 


lj u, LI 
o = 7 (Hetk) (à = mass ofa unit length) 
_| 2mag |p, LL 
= ze Dra? [from Eqn. (1)] 


8 
a 
<. Time period of oscillations = 27 iE 

a 


Unit-10 : Oscillations and Waves 
Difficult Oscillations of Masss Attached to a Spring 


48. Two identical balls, A and B, each of mass 0.2 kg, are attached to two identical massless 
springs. The spring mass system is constrained to move inside a rigid smooth pipe bent in 
the form of a circle. The pipe is fixed in a horizontal plane. The centres of the balls can 


move in a circle of radius 6 cm. Each spring has a natural length of (67) cm and spring 


constant of 0.1 N/m. Initially, both the balls are displaced by an angle 0 = < radians with 
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respect to the diameter PQ of the circle, and are released from rest. The frequency of 
oscillation of ball B would be 





(1) = Hz (Incorrect) 
(2) (+5) Hz (Incorrect) 
(3) =) Hz (Correct) 
(4) (2) Hz (Incorrect) 


Correct answer: (3) 


Solution: 


For 0 = £, the linear displacement x(= AP= BQ) of each ballis RO = Ro . This compresses the spring 
6 


S., and elongates the spring S,, by 2x, i.e., R= = (0.06)—-m =(0.027)m 


This results in a total restoring force F = (2kx + 2kx) = 4kx on the ball B. Hence its equation of motion is 


2 
Sf ae 
dt 
d°x (=) 5 
rf — == |2=-0 x 
dt m 


The oscillatinos, of ball B, are, therefore, simple harmonic. The time period, T, is 


Te e = 
4k 
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= - s =(m) seconds 
0.1 
l 
Frequency = =) Hz 
T 


Unit-10 : Oscillations and Waves 


Average Oscillations of a Mass Moving Between Two Springs 


49. Two light springs, of spring constants k, (= 1.8 N/m) and 
k, (= 3.2 N/m), and a block of mass M (= 0.2 kg) are in 
one line AB on a smooth horizontal table such that one 
end of each spring in fixed and the other end is free. The 
distance CD, between the free ends, is 0.6 m 





If the block moves in the part CD or DC along AB, witha : 
constant velocity 1.2 m/s, (i.e. between the springs) it would A C D B 
execute oscillation of time period (nearly) equal to 


(1) 4.8s (Incorrect) 
(2) 3.8s (Incorrect) 
(3) 2.8s (Correct) 
(4) 18s (Incorrect) 


Correct answer: (3) 
Solution: 
The block’s oscillations can be thought ofas made up ofthree parts: 


(1) |The block moves from C to D, and back from D to C, without being in contact with either ofthe 
springs. It would take a total time 


— 2x0.6m 


! (1.2m/s) 


to complete this part [(C to D) and (D to C)] ofits motion. 


WZ 
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While moving to the right, and reaching the free end of the spring there (k, = 3.2 N/m), it would 


compress it. As a result, the spring would make it oscillate with a time period equal to 27 m 


2 


However, after compressing the spring (for 1⁄ * ofits time period), it would move back towards D 
and would reach D again in a time equal to 1% ® ofits time period. Hence the time taken by it to 


oscillate (to the right of D and back to D) is ⁄ ofthe time period. This time, t 


ia Ee E 


After coming back to D, the block moves the distance DC with its constant velocity of 1.2 m/s. (The 
time taken for this has already been included in t,). When it reaches C, it compresses the other 
spring, and again comes back to C, ina time t, where 


l M 10.2 
t, =—.20 Ea 
2 k, 1.8 


The total time period ofits complete oscillation is, therefore, 


T=t +t, +t, = 14+=+=|s5= a S 
4 3 12 
= foe els lie S 2.85s 
12 7 6 


Unit-10 : Oscillations and Waves 


, t,, equals 


Difficult Oscillations of a Mass attached to a Spring 


50. 


A spring, of spring constant k, is attached to a cylinder of 
mass M and radius R. The cylinder rests on a smooth 
horizontal surface. When the spring is stretched from its 
equilibrium position and ‘let—go’ the cylinder starts rolling 
on the horizontal surface without slipping. The time 
period, of the resulting motion of the cylinder, is 


(1) 2r jt (Incorrect) 
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3M 
(3) m M 
M 
o ajy 


Correct answer: (2) 


Solution: 


(Correct) 


(Incorrect) 


(Incorrect) 


Let I denote the moment of inertia of the cylinder about its own axis. We than have I = > MR’. 


At any instant when the spring has been stretched through a distance x from the its equilibrium position, let 


E be the total energy of the ‘spring—cylinder’ system. We have 


E = Potential energy of the stretched spring + Rotational K.E ofthe cylinder + translational K.E ofthe 


cylinder 


S W a rae 
2 2 2 


See +2My? 
2 4 
2 
o E ie Py os 
2 4 dt 


2 
Peo-ja nE) = 
dt 2 dt 2) at Jat 


2 
_ dx ere ae 
dt 2 dt 


dx 
Since ae is not equal to 0, we have 
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T-t E y 
Tat? 3M 


where œ’ == Lg 
3M 


The motion of the cylinder is, therefore, sample harmonic is nature. Its time period, T, 1s given by 


Unit—10 : Oscillations and Waves 
Easy Wave Equation 
51. The displacement of the medium, in a sound wave, is given by the equation 
y = A cos (ax + bt) 


where A, a and b are all positive constant. The wave is reflected by an obstacle at x = 0. 
The intensity of the reflected wave is 0.64 times that of the incident wave. The wavelength 
and frequency of the incident wave, and the amplitude of the reflected wave, are, respectively, 


(1) =, = and 0.8A (Correct) 
(2) = > and 0.64A (Incorrect) 
(3) = = and 0.8A (Incorrect) 
(4) = = and 0.64A (Incorrect) 


Correct answer: (1) 
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Solution: 


The given equation represents a wave propagating along the negative x-axis. 


27 
Here the coefficient ofx = a = k = 7 
-27 
a 


Also the coefficient of t=b= w= = = 20V 
y = — 
27 


The intensity of reflected wave, being 0.64 times that of the incident wave, its amplitude must be 0.64 
1.¢., 0.8 times that of the incident wave. 


Hence amplitude of reflected wave 


=0.8A 


Unit-10 : Oscillations and Waves 


Average Wave Equation 


52. A wave is represented by the equation 
T 
y= Asin{ 10x +152 +3) 


We can Say that the (i) direction of propagation, (ii) the wavelength (iii) the frequency and 
(iv) the velocity of this wave, are respectively: 


(1) Positive x-axis; 0.4 m; 7.5 Hz and 3.0 ms” (Incorrect) 
(2) Negative x-axis; 0.2 m; 7.5 Hz and 1.5 ms” (Correct) 
(3) Negative x-axis; 0.4 m; 7.5 Hz and 3.0 ms” (Incorrect) 
(4) Positive x-axis; 0.2 m; 7.5 Hz and 1.5 ms” (Incorrect) 


Correct answer: (2) 
Solution: 


The wave equation has a positive sign between the (x) and (t) terms in the argument of the SINE function. 
Hence it is a wave propagating along the (—ve) x-axis. 
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2T 
Further coefficient of x = k = EN =10r 


k-n 
5 


Also coefficient oft = © =2mv=15n 


v=7/.5Hz 


l 
Velocity v = frequency x wavelength = 7.5 x > ms ' 


= 1.5 ms! 


Unit-10 : Oscillations and Waves 
Average Wave Equation 


53. A transverse wave is described by the equation 


y=y,sin 2n{f -*) 


The maximum particle velocity, of this wave, equals 4 times the wave velocity. The wavelength 
of this wave, would be related to its displacement amplitude through the relation 


(1) =r y (Incorrect) 
(2) A=" = (Correct) 
(3) A=Ty, (Incorrect) 
(4) A=2ry, (Incorrect) 


Correct answer: (2) 
Solution: 


The given equation 1s 


x 
= y, sin 2r! ft-—— 
y= Yo í z) 


dy X 
< —=(2nf sin| 27| ft -— 
a | “( 5) 
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d 
"Particle velocity | = 5 | hasan ‘amplitude’ (or maximum value) equal to ( 2r fy 
dt ° 


The wave velocity is v =f A 


We are given that 


Qnfy, =4f A 
E 
2 
Unit-10 : Oscillations and Waves 


Difficult Propogation of a Transverse Pulse in a Rope 


54. A uniform rope, of length 12m and mass 6kg, hangs vertically from a rigid support. A block 
of mass 2 kg, is attached to the free end of the rope. A transverse pulse, of wavelength 
6cm, is produced at the lower and of the rope. The wavelength, of this pulse, when it reaches 
the top of the rope, would be 


(1) 0.06m (Incorrect) 
(2) 0.12m (Correct) 
3) 0.18m (Incorrect) 
(4) 0.24m (Incorrect) 


Correct answer: (2) 
Solution: 


The tensions, at the lower and at the upper ends of the rope, are [2g] and [(2+6)g] newton, 
respectively. (Here ‘g’ is the acceleration due to gravity). 


The velocity, v, of the wave, at any point ofthe rope, where the tension, equals T, is given by 


v= JZ (m = mass per unit length of the rope) 
m 2kg 


At the lower end, the wavelength ofthe transverse wave, is given to be 6 cm. The tension at 
the lower end, being (2g) newton, the frequency of this transverse pulse, at the lower end of the rope, 1s 


V 2g í l | 
n = — = — X 
r m \6x10° 
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The frequency remains the same when the pulse reaches the upper end of the rope. However, the velocity, 


at the upper end, would equal 8g and the wavelength would have a new value, say, 1 '. We would then 


m 
have, at the upper end 
AV a S E 
m A! (6x107) Vm 
EE 
a' (6x107) 


= (2x6x107)m=0.12m 


Unit-10 : Oscillations and Waves 
Difficult Propogation of a Sound Wave in Air 


55. <A sound wave is propagating in a (ideal) gas for which the ratio of its two specific heat 


capacities S equals y ,. The equilibrium values, of the temperature, and pressure, of 
V 


the gas equal T and P, respectively. 


The change in temperature (AT) and the change in pressure (AP) of the gas, due to the 


propagation of the sound wave, are related to each other as 


AT 1 | AP 
ell, ess Pa 
(1) T 3 p (Correct) 
AT 1 | AP 
2) == { 7 3 a (Incorrect) 
yj} P 
y AT_1AP Incorrect 
(3) T yP (Incorrect) 
(4) AT AP (In t) 
-ay correc 
T : P 


Correct answer: (1) 
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Solution: 
From the (ideal) gas equation, we have (for one mole of the gas) 
PV=RT 
PdV + VdP= RAT 
PAV +VAP _RAT AT 


PV RT T 
AV AP AT 
wo S ae Ò 
V P T 


When sound waves propagate through a gas, they do so under adiabatic conditions. Hence 
PV” = constant 
P(y)v AV+V' AP =0 
or (yP)AV+VAP=0 
AY e 
V yP 


We thus get (using Eqn. (i)) 


_AP AP AT 
P P T 
AT LA 
o => le 
T yj P 
Unit—10 : Oscillations and Waves 
Easy Standing Waves 


56. A wave, represented by the equation 
y = Acos(kx - at) 


IS superposed with another wave to form a stationary wave. If the point, x = 0, is a node, 
the equation, for the other wave, is 


(1) Asin (kx + wt) (Incorrect) 
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(2) —Acos (kx — ct) (Incorrect) 
(3) —Acos (kx + ct) (Correct) 
(4) —Asin (kx — ct) (Incorrect) 


Correct answer: (3) 
Solution: 


For formation of stationary waves, the two waves must be identical and must propagate in opposite 
directions. From the given equations, it is equation (3) that meets these criterion (for forming stationary 
waves with the given wave, as well as the requirement that x = 0 1s anode). Hence the equation, for the 
other wave, 1s 


y, =-Acos(kx + at) 
[Note: The superposition of y and y,, gives as its resultant 


y=y,ty,=A | cos(kx-ot)—cos(kx + ot) | 


=2A | sin (kx) | [sin ot | 
nt 
This has a node at x = 0 (and at x = >) 


Unit—10 : Oscillations and Waves 
Average Superposition of Waves 
57. The waves, represented by 


Zz, = A cos(kx- ot) 


and z,=Acos(ky—at), 


are super posed. The points, in the (x, y) plane, where the resultant intensity (i) will be zero 
at all times (ii) may equal 4A° at some time instant, are the points for which, (respectively), 


(1) (x-y)==* and (x-y)=(2n +1) (Incorrect) 
(2) (x-y)=(2n+1)-— and (x-y)=—— (Correct) 
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(3) (x-y)=—— and (x-y)=(2n+1)—— (Incorrect) 
(4) (x-y)=(2n +1) and (x-y)-=* (Incorrect) 


Correct answer: (2) 
Solution: 
The wave, resulting from superposition ofz, and z,, is given by 


Z=Z, TZ 


= cs 


=[2Acosk(x-y) oos [sennae] 


= A'cos ED o 


slet 2e os( (sy) 


The amplitude of the resultant wave, is A'. Now 
(i) A'=Oif cosk (x-y)=0 
. k(x-y)= (2n +1)> 
(x—y)=(2n+1)— 
or Ma ak 


(ii) Similarly A'=+2 A (so that intensity = 4A’) 
If cosk(x-y)=+1 


or k(x-y)=nz 


or œ-y)=( 77) 


k(x+ 
(This result for case (11) will hold only at those times for which cos rid — ot =+1) 


12a 


Unit—10 : Oscillations and Waves 


Average 
58. Two waves, represented by 
Zz, = Acos(kx-at) 


and z, = Acos(kx+ ot) 
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Nodes in Standing Waves 


are superposed. The magnitude of the amplitude of the resultant wave, would equalA and 0, 


respectively, at points, for which x equals 


(1) z (40s). and < (2n+1) 
(2) 5, (onl), and z (2n+1) 
(3) r (2041), and 5p (ant!) 
(4) = -(6n+1), and > -(4n+1) 


Correct answer: (4) 

Solution: 

The equation, for the superposed wave, 1s 
Z=Z,+2,= A| cos(kx—«t)+ cos (kx + ot) | 
=2A coskx cosat 
= A'cos at (A'=2A cos kx) 


The amplitude, of the resultant wave, is A’. 


Now A'= 2A cos kx 


A? |A! = A if coskx=+ ; 


or if kx =( Inn] 


orif x= —(6n+1) 
3k 
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(Incorrect) 


(Incorrect) 


(Incorrect) 


(Correct) 
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Also A'=0 ifcoskx=0 


orif kx =(2n+1)— 


orif x= 5p (40!) 


Unit—10 : Oscillations and Waves 
Easy Superposition of Waves 
59. The following equations represent transverse waves: 
Z, = Acos(kx-at) 
Zz, = Acos(kx + at) 
z, = Acos(ky - at) 
The superposition, of waves (z, and z,) and (z, and z,), would produce, respectively, 
(1) (Standing waves) and (interference) (Incorrect) 


(2) (Standing waves) and (waves propogating ina direction making an angle of 45° with both the 
positive x and y axis) (Correct) 


(3) (Waves propagating in a direction making an angle of 45° with the positive x and y axis) and 
(interference) (Incorrect) 


(4) (Waves propagating ina direction making an angle of 45° with the positive x and y axis) and 
(standing waves) (Incorrect) 


Correct answer: (2) 
Solution: 


Waves, represented by z, and z,, are waves with equal amplitude and frequency. They are propagating 
along the positive x axis and negative x axis, respectively. Hence their superposition would result in the 
production of standing waves. 


The wave, represented by z., is a wave propagating along the positive y axis. Hence, its superposition with 
Z , would result in a wave propagating in a direction making an angle of 45° with the positive x and positive 
y axis. 
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Unit-10 : Oscillations and Waves 
Difficult Standing Waves 


60. The diagram shows a cylinder, AB, of length 1m, that has been 
fitted with (i) a thin flexible diaphragm C at the middle (ii) two A è B 


other thin flexible diaphragm, A and B, at its two ends. 
The velocities of sound, in oxygen and hydrogen, are given to i l 


be 300 ms“ and 1100 ms“, respectively. If diaphragms, Aand =<———_—————_» 


B, are set into vibrations of the same frequency, the minimum Im 

value of this frequency, for which diaphagm C is a node, equals. 

(1) 4125 Hz (Incorrect) 
(2) 3300 Hz (Incorrect) 
(3) 2425 Hz (Incorrect) 
(4) 1650Hz (Correct) 


Correct answer: (4) 

Solution: 

We are given that the diaphragm, at the middle, has to be a node. Hence we can consider the oxygen and 
l 

hydrogen parts ofthe cylinder as two closed pipes of length ¢ = 5 m) each. The possible wave lengths, 


ofthe stationary waves, produced in these columns are 





a= E 
3° 5 
4 
ie. A= 0,1,2,3,- 
e n ) 


The general value, of the possible frequencies, are, therefore, 


v, =—=— (2n+1) 
à, Af 
For hydrogen and oxygen, the velocities being different, we would have to use different values ofn so that 
the frequencies are equal. Let these values be n, and n,. We than have 


1100 300 
“Ap, (2n, +1) = ap (2n, +1) 


or 11(2n, +1)=3(2n, +1) 


o 


UDGON 
The minimum values ofn, and n,, for which this equality can hold, are 
n = 1 andn,=5 
(for these, the values of LHS and RHS are 11x3 and 3x11, 1.e. 33 each) 


We, therefore, get the required minimum value of frequency, by using n, = 1 and v= 1100 m/s (orn=5 and 
v =300 m/s). In either case, we get 








v = — (2x1+1)Hz =1650Hz 
g) 

2 

or v, = = (2x5+1)Hz=1650 Hz 
We} 

2 
Unit-10 : Oscillations and Waves 
Average Standing Waves 


61. The displacement of the medium, in a sound wave, in given by the equation 
y, =A cos (ax + bt) 


where A, a and b are positive contant. The wave in reflected (without phase change) by an 
obstacle situated at x = 0 and the intensity, of the reflected wave is 0.64 times that of the 
incident wave. The resultant of the superposition of the original and the reflected waves, 
can be expressed as a 


(1) travelling wave (y, = 0.36 A cos (ax + bt)) and a standing wave (y, = 0.64 A cos ax cos bt) 
(Incorrect) 


(2) travelling wave (y, = 0.2 A cos (ax — bt)) and a standing wave (y, = 0.8 A cos ax cos bt) 
(Incorrect) 


(3) travelling wave (y, = 0.36 A cos (ax — bt)) and a standing wave (y, = 1.28 A cos ax cos bt) 
(Incorrect) 


(4) travelling wave (y, = 0.2 A cos (ax + bt)) and a standing wave (y, = 1.6 A cos ax cos bt) 
(Correct) 


Correct answer: (4) 
Solution: 


The reflected wave would be a wave propagating along the positive x-axis. Its amplitude is 40.64 1e. 0.8 
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times that of the incident wave. Hence the reflected wave would be represented by 

y, = 0.8 A cos (ax — bt) 
The superposition, of the original and reflected waves, therefore, gives, as its resultant, 

ieee ae 
<z. y=Acos (ax + bt) + 0.8 A cos (ax — bt) 

= 0.2 A cos (ax + bt) + 0.8 A [cos (ax + bt) + cos (ax — bt] 

= 0.2 A cos (ax + bt) + 0.8 A [2 cos ax cos bt] 

= 0.2 A cos (ax + bt) + (1.6 A cos ax cos bt) 


The first, of these two terms, represents a travelling wave, propagating along the negative x-axis, while the 
second term represents a standing wave. 


Unit—10 : Oscillations and Waves 


Average Vibrating String, Vibrating Air Column and Beats 


62. The velocity of sound, in air, in 320 m/s. A string, 25 cm long, having a mass 2.5 g and kept 
under a tension T, has been set vibrating in its first overtone. 


A pipe, closed at one end, is 40 cm long and the air column in it is vibrating with its 
fundamental frequency. The number of beats, between the two sources, is 8 beats/s. On 


decreasing the tension in the string to (T — AT) , the beat frequency is observed to decrease. 


The (original) tension, T, equals (nearly) 


(1) 7N (Incorrect) 
(2) 21N (Correct) 
(3) 54N (Incorrect) 
(4) 108 N (Incorrect) 


Correct answer: (2) 
Solution: 


The mass per unit length, ofthe string, 1s 


25g Olg 10°x10°kg 


= 25cm cm 10°m 








=10°kg/m 


<. The frequency ofthe first overtone is 
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n, =2x LE- 1 peat AAT 


The fundamental frequency ofthe air column, in the closed pipe is 


n, ===" _ z= 200 
4l 4x40x10 





The frequency of beats being 8, we can have 


n,=192Hz or n, =208Hz 


When the tension T is decreased to (T — AT) , the frequency n, would also decrease. We are given that 


the beat frequency now decreases. Hence the original value ofn, has to be 208 Hz. 
208 = Ai —— VT 
p 25x TETA =40VT 


208 x 208 


sT = 
40x40 or T=27N 


Unit—10 : Oscillations and Waves 
Easy Air Column in a Closed Pipe 


63. The velocity of sound, in air, equals v. An air—column, in a pipe, which is closed at one end 
is in resonance with a stretched wire, having a vibrating length £, a mass per unit length m, 
and vibrating under a tension T. The length L, of air column in the closed pipe, equals 














(1) ss í (Incorrect) 
mT 
y2? é 
(2) fast (Incorrect) 
3 mvt í C i 
(3) AT (Correct) 
: mvt? ) 
(4) 7 (Incorrect) 


Correct answer: (3) 
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Solution: 


The (fundamental) frequency of vibration of the stretched wire, 1s given by 


-1 jt 
2-\M 
For the air—column, in a pipe closed at one end, the length (L) of the air—column, corresponding to its 


fundamental mode of vibratino, equals f . Hence à = 4 L . The corresponding frequency of vibration is 


VvV v 

A AL 

For resonance, 
Vi=v 

Vv l T 
4L E 





yp- 


Unit—10 : Oscillations and Waves 
Average Oscillations of an Air Column is an Open Pipe 


64. The velocity of sound, in air, is equal to 320 ms”. A tube of a certain diameter, and of length 
0.48 m, is open at both ends. If its fundamental frequency is found to be 320 Hz, the diameter 
of the tube is (nearly) equal to 


(1) 6.66 cm (Incorrect) 
(2) 4.99 cm (Incorrect) 
(3) 3.33. cm (Correct) 
(4) 1.67 cm (Incorrect) 


Correct answer: (3) 

Solution: 

The velocity of sound is 320 m/s 

Fundamental frequency = 320 Hz 

<. Wavelength, A,= = m=l1m 
320 
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For a pipe, open at both ends, the wavelength (A) of the fundamental mode, is related to the length, Z , of 
the tube as 


aad 
5 or A=26 


` The effective length of the given open tube 
l 
= — m = 50cm 
2 


The given value of length is 48 cm. This the difference (= 2cm) must be the ‘end—correction’. 
Now (total) end—correction (at both ends ofthe open tube) 

= 2x 0.3 D (D=diameter of the tube) 

<. 0.6 D=2 cm 


or D= an = 3.33 cm 
0.6 


Unit-10 : Oscillations and Waves 
Easy Oscillations of Air Column in a Closed Pipe 


65. The velocity of sound, in air is 328 m/s. A pipe, closed at one end, and having a length of 
1 m, and a diameter of 8 cm, can resoante for sounds of frequencies 


(1) 2Hzand 246 Hz (Incorrect) 
(2) 80Hzand 240 Hz (Correct) 
(3) 82 Hz and 164 Hz (Incorrect) 
(4) 2Hzand 160 Hz (Incorrect) 


Correct answer: (2) 
Solution: 
For the first (or fundamental) mode of vibration, we have 


1+0.3x0.08 A 
4 4 


2, = 4(1.024) = 4.096m 


n= a Hz = 80 Hz 
4.096 
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For the next permitted mode of vibration, we have 


(1+ 0.3x 0.08) = 


1 = 4.096 n 
3 
= a je = 240 Hz 
4.096 
Unit—10 : Oscillations and Waves 
Easy Oscillations of Air—Columns 


66. An organ pipe P, closed at one end and vibrating in its third harmonic mode, and another 
pipe P,, open at both ends, and vibrating in its fourth harmonic mode, are both in resonance 
with a given tuning fork. The ratio, of the length of P, to that of P., is 


(1) ` (Incorrect) 
3 

(2) 8 (Correct) 

(3) ; (Incorrect) 

(4) : (Incorrect) 


Correct answer: (2) 
Solution: 
For the closed pipe, of length 2, , the frequency of the third harmonic is 


n, =3 —— 


v 
At, 


For the open pipe, of length 7, , the frequency of the fourth harmonic is 


2 
er 
Zt. k 
As per the given data 
n, =n, 
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aes 
a0, we 
sa 
l, 8 
Unit—10 : Oscillations and Waves 
Average Oscillatinos of a Streched Wire 


67. The vibrating length (L) of a sonometer wire, has an (unknown) mass M. A graph is plotted 
between the tension, T in the wire (on the x—axis) , and the square of its fundamental 
frequency (n’), of vibration (on the y—axis). The mass, M, would then be related to the 
slope (s) of the graph, through the relation: 


L 

(1) M=4 7 (Incorrect) 
L 

(2) M=2 a (Incorrect) 
S 

(3) M=4 7 (Incorrect) 

(4) M=4Ls (Incorrect) 


Correct answer: (4) 


Solution: 
We know that 
1 JT 
2L Vm 
_t fet T 
2L\M 2VLM 
-1 T 
4 LM 
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l 
. The slope ofthe graph, between n’ (on the y-axis) and T (on the x-axis) equals ——— 


4LM 
l 
S = — 
4LM 
or M=4LS 
Unit-10 : Oscillations and Waves 
Average Stationary Waves in Strings 


68. A string, of mass M and length L, is clamped at its two ends. Its transverse displacement is 
represented by 


y =A sin(kx)cos(at) 


The tension, in the string, is given by 


(1) (* m) (Incorrect) 
o L 
(2) z M) (Correct) 
(3) 2 z) (Incorrect) 
=T) 
(4) a i. (Incorrect) 


Correct answer: (2) 
Solution: 


The given equation can be written as 


y= = [2sinkxeos ot] 
Ar. , 
= 5 Lsin (kx + ct) + sin (kx — wt) | 


The wave number and the angular frequency, of the two constituent waves, making up the given ‘wave’, 
are k and œ respectively. 
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© 27 @ 
z. Velocity ofeach Ve 
elocity of each wave ak K 
[T ._ mM 
But v= ,/— (where m= mass per unit = — ) 
ii L 


TL _o 
M k 


* M 
or T= > = 
k L 


Unit-10 : Oscillations and Waves 


Average Vibrations of a Sonometer Wire 


69. In asonometer wire, the tension is maintained by suspending a 25 kg mass from the free 
end of the wire. The suspended mass has a volume of 0.009 m°. The fundamental frequency 
of vibration of the wire is 250 Hz. If the suspended mass is completely immersed in water, 
the fundamental frequency would become 


(1) 200 Hz (Correct) 
(2) 180 Hz (Incorrect) 
(3) 160 Hz (Incorrect) 
(4) 125 Hz (Incorrect) 


Correct answer: (1) 
Solution: 


The fundamental frequency is given by 


TE RET 
2. \m 2VNm UN\ m 


On suspending the mass in water, its weight will become 


25 —0.009 x10° )g | newton = (16 )g newton 
(16) 


' The new fundamental frequency would be n'= = (16)g 
m 
n' {log 4 
25g 5 
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n'==x250Hz = 200 Hz 


Unit—10 : Oscillations and Waves 


Difficult Transverse Waves in a String 


70. A steel wire (Young’s modulus = 2x10" N/m’; coefficient of linear expansion = 1.21<107/"C) 
has a length of 1m, a uniform area of cross section of 10m’, and a mass of 0.1 kg. It is 
rigidly fixed at both ends. The temperature of this wire is lowered by 20°C and transverse 
waves are then set up in it by plucking it in the middle. The frequency, of the fundamental 
mode of vibration of the string, would equal (nearly) 


(1) 11Hz (Correct) 
(2) 17Hz (Incorrect) 
(3) 22Hz (Incorrect) 
(4) 34Hz (Incorrect) 


Correct answer: (1) 
Solution: 
The frequency ofthe fundamental mode of vibration ofa string, is given by 


1 IT 
n=— ,/— 
2 \M 


We are given that m oS 0.lkg/m and =1m 
m 


When the temperature of the wire is lowered, it contracts and this contraction developes a tension 1s it, as 
it is rigidly fixed at its two ends. This tension, say, T, can be calculated by using the formula for Young’s 
modulus: 


Y _ Stress _ (Has) 


Strain (44) 
T = Y(AL)x10° newton 
= 2x10" (AL)x10° newton 
=| 2x10°(AL) | newton 


Now, AL = ¢'—¢ 
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=| (1-a At)-£ | 

=—Q fAt 


s |AL|=(1.21x10% x1x20)m = 2.42x10* m 


T =2x10° x2.42x107 N 
= 4.84x10 N = 48.4 N 


n=|—— |" | pz 
2x1 V 0.1 
-|2 Jasa | Hz == Hz 


= 11 Hz 





[Note: We have used the value / = 1m, even for the contracted wire, because the change in its length 


(AL =2.42x10~ m) is very small in comparison to the original length (= 1m) ofthe wire]. 


Unit—10 : Oscillations and Waves 
Average Doppler Effect and Beats 


71. The velocity of sound, in air, equals 330 m/s. A source that can emit sound of frequency 256 
Hz, is held by an observer. The source and the observer, both move towards a (reflecting) 
wall with a speed of 5 m/s. The number of beats, heard by the observer, per second would 


be close to 

(d) 5 (Incorrect) 
(2) 6 (Incorrect) 
(3) 7 (Incorrect) 
4) 8 (Correct) 


Correct answer: (4) 
Solution: 


There being no relative motion between the observer and (the (direct) sound from) the source, the frequency 
ofthe direct sound, as heard by the observer, would be 256 Hz. 


For the reflected sound, the apparent source of sound (the ‘image’ ofthe direct sound in the wall) is moving 
towards the observer with a velocity of 5 m/s. Also, the observer is moving towards, this (apparent) source 
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(of reflected sound) with a velocity of 5 m/s. Hence the apparent frequency of the (reflected) sound would 
be 


™ 2 [ate 2s He 
v-V, y 


a O A 
330-5 325 


= 263.88 Hz = 264 Hz 











Hence, frequency of beats 


= (264 — 256)/s = 8 per second 


Unit—10 : Oscillations and Waves 
Easy Doppler Effect and Beats 


72. A source of sound, of (true) frequency 1122 Hzis moving with a velocity of 10 m/s towards 
a wall. An observer, at rest, is positioned between the source and the wall. The velocity of 
sound, in air, is 340 m/s. The frequency of beats, heard by this (stationary) observer, would 


be 

(1) Zero (Correct) 
(2) One (Incorrect) 
(3) Two (Incorrect) 
(4) Three (Incorrect) 


Correct answer: (1) 
Solution: 


The two sounds, reaching the stationary observer, are (1) the direct sound and (11) the reflected (from the 
wall) sound. For both these sounds the ‘source’ (real or virtual (the reflected sound)) 1s moving towards 
the (stationary) observer with the same speed. Hence, the apparent frequencies of both the sounds, are 
equal to each other. Hence no beats would be heard (by the stationary observer). 


Unit—10 : Oscillations and Waves 


Average Beats 


73. The frequency of beats, corresponding to the simultaneous sounding of two turning forks 
(of frequencies n, and n,), equals n. 


The turning fork, of frequency n, is in resonance with a length Z of the air column in a given 
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resonance tube. The other turning fork, of frequency n,, shows resonance, with the air 


column in the same tube, when its length is increased to (£ + AL ) . The frequencies, n, and 


n,, can then be expressed as 


Correct answer: (3) 
Solution: 


We have (v = velocity of sound in air) 





v 
n =— 
44 
d n - 
an = a ae 
4(L+AL) 
T gle 
n, 4 sé 


Also n,—n, =n (given) 


de 


n al 
AL 
4 
and n =n, +n=n |l1+— 
wo 
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(Incorrect) 


(Correct) 


(Incorrect) 
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Unit-10 : Oscillations and Waves 
Average Vibrating Wire; Doppler Effect, Beats 


74. The speed of sound, in air, may be assumed to be 300 m/s. A sonometer wire, under tension 
of 64 N, vibrating in its fundamental mode, is in resonance with a vibrating tuning fork. The 
vibrating portion, of the sonometer wire, has a length of 10 cm which has a mass of 1 g. 


If the vibrating tuning fork is moved away from the vibrating wire, with a constant speed, 
v» an observer, standing near the sonometer wire, hears 1 beat per second. The speed, v, 
equals (nearly) 


(1) 0.20 m/s (Incorrect) 
(2) 0.25 m/s (Incorrect) 
(3) 0.40 m/s (Incorrect) 
(4) 0.75 m/s (Correct) 


Correct answer: (4) 
Solution: 


The fundamental frequency, of the vibrating sonometer wire, 1s 


1 IT l 64 
n = —, | = A en araail Tae A Hz 
UNM |2x10x10° 40a) 
= §x8x 10 Hz = 400 Hz 
This is also the true frequency ofthe vibrating tuning fork. Its apparent frequency, to the observer, appears 
to be (400-1) Hz 
= 399 Hz 


[Since the source is moving away from the observer, its apparent frequency would be less than its true 
frequency]. 


Hence, 


300 


399 x = 400 
300 





+V, 


300+v, 400 399+] 








a 300 399 399 
U E S 
300 399 
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300 
. v =——m/s 
399 


= (0.75 m/s 


Unit—10 : Oscillations and Waves 
Difficult Beats 


75. Three (sinusoidal) sources, of frequencies (n—1), n and (n + 1) are sounded together. They 
produce sounds of equal intensity. The time instants, at which their resultant sound will be 
(i) maximum (ii) minimum and (iii) the frequency of beats, in the resultant sound, would be 
(respectively), 


(1) | (p)(p = 0,1,2,3,...... ) | l ic AG = 0,1,2,3,...... ) ; (1)/s (Correct) 
Joe =0,1,2,3,...... ) ; | (p)(p =0,1,2,3.......)]5 (2)/s (Incorrect) 


| 
(3) (i)o =0123 = )) | (p)(p =0,1,2,3.......) ] (3)/s (Incorrect) 


U 


(4) [(p)(p=0,1,2,3,......)]; (p+3}(= 01.28 a j|; (4)/s (Incorrect) 


Correct answer: (1) 
Solution: 


The three sources produce sounds given by 

y, =asin| 2n(n-1)t |; y, =asin(2nnt) and y, =asin| 2x(n+1)t | 
Their resultant is given by 
Yo oo sO 

=| 2asin(2nnt)cos(2nt) |+asin(2nnt) 


=asin(2n nt)| 1 + cos (2nt) | 


= Asin(2nnt) where A =(1+2cos2xnt) 
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The maxima of ‘A’, correspond to cos 2 nt = +1 


There occur when 27t = (2np)(p = (0,1,2, 3) 


.. Maxima occur at t =p (p =0, 1, 2, 3, .......... ) 
Similarly, we have A = 0 (minima) when 


1+2cos2nt = 0 or cos 2nt = -— = 0827 


These occur at times for which 


ont = (2pn)+ (=) 


| — 


cae 
3° 3°30 


Thus minima occur at 


t=[ prt (p=0,1,2,3,.....) 


The time interval between two successive maxima or minima (a minima occuring between two successive 
maxima and vice—versa) is | s. Hence time period of one beat = Is. 


"Frequency of beats = (1) per second. 


Unit—10 : Oscillations and Waves 
Average Doppler Effect 


76. A turning fork, tied to a string of length ¢@, is whirled around in a circle at the rate of (N) 
rpm. The velocity of sound is k times the linear speed of the rotating tuning fork. 


The turning fork is set into vibrations and its frequency is observed by a stationary observer 
located in its plane of rotation. The ratio, of the frequencies of the highest and the lowest 
notes, for this observer, would be 


(d) k:l (Incorrect) 
(2) (k+1):k (Incorrect) 
(3) k:(k-1) (Incorrect) 


741 


DO, OY 
UDAAN 
(4) (k+1):(k-1) 
Correct answer: (4) 
Solution: 


The angular speed of the tuning fork, 


a eee T: s7! 
0 30 





M = 
N 
The linear speed = ro = £ Zg ms (= r= ) 


mN E 
' Speed of sound = w =N) ms” 


For the stationary observer, frequency ofhighest note is 





N (n=true frequency) 


(kl )n k M 
mN) k-l 
kl, — g =— 
í vo a 


Similarly, frequency of lowest note is 


k 
n, = kal n 
+1 


m(x) 
n, \k-l 


Unit-10 : Oscillations and Waves 


Average 


(Correct) 


Doppler Effect 


77. The velocity of sound in air equals 320 ms“. A bus is moving towards a huge wall with a 
velocity of 5 ms”. If the driver sounds a horn of frequency 200 Hz, the frequency of the 


beats, heard by a passenger of the bus, will be (nearly) 


(1) 2persecond 
(2) 4per second 
(3) 6 per second 
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(Incorrect) 
(Incorrect) 


(Correct) 


UDOION 
(4) 8 per second (Incorrect) 
Correct answer: (3) 
Solution: 
For the bus passenger, the frequency of the ‘direct’ sound is 200 Hz. 


The sound ‘reflected’ by the wall, can be thought of as coming from a source approaching the observer 
with a speed of 5 ms. At the same time, the observer is approaching the source with a speed of 5 ms”. 
Hence the apparent frequency of the ‘reflected sound’ will be 


VtvV 
n'=| — |n 
v-V. 


_ (32045 
320-5 





} 200 Hz = 206 Hz 


.. Frequency of beats ~ 6 per second 


Unit-10 : Oscillations and Waves 
Average Doppler Effect + Beats 


78. Two tuning forks, with natural frequency of 340 Hz each, move relative to a stationary 
observer. While one fork moves away from the observer, the other moves towards him, 
with the same speed. The observer hears beats of frequency 3Hz. The common speed, of 
the two forks, expressed as a fraction of the speed of sound (v), is (nearly) 


(1) pe (Incorrect) 

(2) r (Correct) 

(3) ao (Incorrect) 
V 

(4) 341 (Incorrect) 


Correct answer: (2) 


Solution: 


Let the common speed ofthe two forks be z) l 
X 
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The apparent frequency, of the fork moving away, 1s 


| v í x l 
n =——xn=| — |n 
V x+1 
v+|— 
K 
The apparent frequency of the fork, moving towards, 1s 
V X 
— =| — In 
í v l í x- | 

nanos 


X 








a l l 
. Frequency of beats = n, —n, sales can} 
= 2xn 
ae 


We thus have 





2xx340 _ 


3 
alk 


or 3x°—680x—-3=0 


680 +./(680) +36 n 
D ` ) „ BOE 680 777 


AN 
.. Speed ofeach tuning fork = 797 


Unit-—10 : Oscillations and Waves 


Difficult Doppler Effect 


79. The velocity of sound, in air, equals 1200 km / hour. A train, approching a hill, at a speed of 
40 km/hour, sounds a whistle at a frequency of 580 Hz, when it is at a distance of 1 km from 
the hill. A wind, with a speed of 40 km/hour, is blowing in the direction of the train. 


The frequency of the whistle, as heard by an observer on the hill, and the frequency of the 
echo, as heard by the driver, would (nearly) equal, respectively, 


(1) 610 Hz and 621 Hz (Incorrect) 
(2) 600 Hz and 631 Hz (Incorrect) 
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(3) 610Hzand 631 Hz (Incorrect) 
(4) 600 Hzand 621 Hz (Correct) 


Correct answer: (4) 
Solution: 


(1) | For the observer, on the hill, it is the source that is approaching it. Hence the apparent frequency, of 
the whistle, would be 
y' (1 200 + 40) 


n= n = ————__ x 580 Hz 
v'i-v,  (1200+40)-40 





1240 
1200 


(Here the (apparent) velocity of sound is (1200+40) km/hr) 





x 580 Hz = 600 Hz 


(1) | When the driver hears the echo, the source (reflected sound from the hill) as well as the observer are 
both approaching each other. Hence the apparent frequency, 1s 


no V" Vo 
= —— n 

aoe A 
Here the apparent velocity of sound, v" equals (1200-40) km/hr 
1.e., 1160 km/hour 
Hence, 
1160+40 

1160-40 


-1209 5.580 Hz 


1120 
= 621Hz 


" 


x 580 Hz 


Unit-10 : Oscillations and Waves 
Difficult Doppler Effect 


80. A source of sound (velocity of sound = 330 ms“) is 
moving along a circular orbit, of radius 3m, with X 6m 6m 
an angular velocity of 10 rad/s. A sound detector, 
located far away from the source, is executing B C D 
linear simple harmonic motion, along the line BD, 
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with an amplitude BC = CD = 6 m. The frequency, of oscillations, of the detector, is (=) 
1T 


per second. 


The source emits sound waves of frequency 340 Hz. The maximum and minimum values, of 
the source frequency, as recorded by the detector, would equal (nearly) 


(1) 453 Hz and 284 Hz (Incorrect) 
(2) 453 Hz and 255 Hz (Incorrect) 
(3) 442 Hzand 255 Hz (Correct) 
(4) 442 Hz and 284 Hz (Incorrect) 


Correct answer: (3) 
Solution: 


The linear velocity of the source, in its circular path is 
V=ra=3xl0m/s=30m/s 


Its time period, of rotation is 


2mr 2nmx3 T 
T =— = S=— $ 
V 30 5 





. 5 . . 
The detector (frequency being (=| rad/s ), has a time period of 9 s 1.e., the same as that of the 
T 


source. 
The detector (executing a SHM), has a continuously varying velocity. However, its velocity amplitude is 


Vinx = 20 = 27 av 


m 


5 
=2nx6x—ms = 60ms” 
T 
The source, and the detector, are having the same time period. We can, therefore, have situations where 
the source and detector are both 
(1) approaching each other 
(1) | moving away from each other. 


In these two cases, (when the detector has its maximum velocity), the detector would record the maximum 
and the minimum (apparent) frequencies of the source. We have 
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V+Vo 
N =O 


max 


v= Va 


330+60) , 390, 340p 
330 —30 


n = 
300 
= 441 Hz 


V- Vo 
and nan =|——|n 
vty, 


oe | n= 2 x 340Hz 
300 + 30 


= 360 
= 255 Hz 
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